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In the following work I have endeavoured to account for the manifold 
phenomena of light as electromagnetic phenomena, deriving the same 
from the fundamental differential equations for electromagnetic dis- 
turbances. I have treated in Part I, the more familiar phenomena 
that can he explained by Maswell's theory, and have reserved for 
Part U. those for which hia theory fails to ofTer a satisfactory 
explanation. 

In the treatment of the subject-matter, I have laid more stress 
on a rigorous development of the fundamental laws of optics than 
on the derivation of the many consequences or secondary laws, that 
can be deduced from the former by familiar principles, and have 
little to do with our conception of the nature of light; for the 
consequences or secondary laws that can thus be deduced I refer 
the reader to the various text-books on optica, in which the same are 
most extensively treated. I have also omitted a description of all 
experiments on the subject-matter treated and have referred to 
empirical facts only where a comparison with the theoretical resulte 
has seemed of interest. 

At the beginning of each chapter I have endeavoured to give a 
brief historical sketch of the subject-matter treated ; and each chapter 
has been developed as independently of the preceding ones, as the 
treatment of the subject has allowed. Examples pertaining to the 
matter treated in the text have been added at the end of each 
chapter; these have been of great service to me in the general 
treatment of the principles set forth in the text, and I hope they 
may prove as useful to the reader. 
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The Bpberical waves and the Bo-called primary and secondary 
waves, which have been so extensively treated in the first four chapters, 
are perhaps only of theoretical interest. One of my chief reasons for 
the elaborate treatment of this peculiar class of waves has been to 
indicate another fertile field of research offered by Maxwell's equations. 
For those interested only in the more familiar phenomena of electro- 
magnetic wave-motion those portions of the text can be omitted- 

Iq tiie treatment of the familiar problems on optics I have made 
free use of all sources with which I am acquainted, but in particular 
of Preston's "Theory of Light," Helmholtz's "Vorlesungeu uber die 
Electromagnetiache Theorie des Lichte," Volkmann's " Vorlesungen 
fiber die Theorie des Lichtes," and Drude's " Lehrbuch der Optik." 

I have to return my best thanks to Prof Dr. K. Fischer, Munich, 
for many valuable suggestions, as well as for a most careful revisioD 
of the proofs. 

C. E. CURRY. 

MrNicH, JaKvaiy, 1905. 
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INTRODUCTION. 

Finite Telocity of Light.— Until Roemer'a discovery of the finite 
velocity of propagation of light from his observations of the aaiellitea of 
Jupiter, the many theories and speculations offered for the explanation 

of its manifold phenomena were of a most varied and even extravagant 
nature. The further discovery of the aberration of light by Bradley 
some fifty years later not only confirmed the great truth revealed by 
bis Danish predecessor, but showed that the light of the fixed stars 
travelled n-ith the same velocity as that reflected from the sun. Finally, 
about the middle of the last century the ingenious methods devised by 
Fizeau and Foucault for the direct determination of the velocity of 
light within a room left no further doubt as to its finite velocity. 
The discoveries of Roemer and Bradley not only gave us another 
example of the continuity of nature, but they opened up a new era 
in the history of optics. 

Two Modes of TnutsmiBiiion. — If we^acoegt the velocity of light as 
finite and the phenomemi, of vision as a manifestation of mechanical 
energy transmitted from the luminous object to the retina of the eye, 
we can evidently conceive only two modes of its transmission : either 
by material particles or corpuscles, which are projected at high velo- 
cities (that of light) from the luminous body, strike the retina of the 
eye and impart their kinetic energy to it ; or by means of a medium, 
aa a fluid, which carries the energy, imparted to it by the luminous 
body in the form of waves or oscillations, from one particle to the 
next, until that motion finally reaches the observer, and is transmitted 
to the retina of his eye in the form of a similar oscillation, which calls 
forth the phenomenon of vision ; this latter mode of transmission is 
characterised by an entire absence of any passage of material particles 
between the luminous object and the observer. The former mode of 
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2 ELECTROMACFNEnc THEORY OF LIGHT. 

transmieaion forms the fundament of the ao-called "corpuscular" or 
" emission " theories of light, the latter mode that of the wave theory. ' 
Emission Theory.— Th« e mi sa io ft theorie s are embodied in eho theory 
first propounded by Newton and modified by him and others Lo' sur- 
mount the many difficdlti^ encountered in a satisfactory explanation 
of empirical laws, Lmesiiormidable difficulties are met here at the 
very outset, among, others the assumption of such enormous velocities 

I as that of light for material particles ; for particles travelling at such 
high velocities would impart an enormoua momentum to the object 
they strike, and thus set it in motion ; but observations have failed 
to detect any such motion,* even when the supposed particles are 
brought to a focus on the given object by means of a lens or mirror. 
Moreover, although the law of reflection is evidently the same for 
elastic particles and beams of bght, it is easy to show that the former 
in passing from one medium into another obey quite different laws 
from those for the refraction of light : according to the former the 
velocity of propagation increases with the density of the medium, a 
law which is in direct disagreement with all empirical laws of light^ 

Its Hodiflcation8.^In order to make the material particles behave 
according to the empirical laws of refraction, it was found necessary 
not only to endow them with many new properties but actually to 
assume first the presence of an intervening medium capable of being 
set into an oscillatory motion and then certain reciprocal actions 
between that medium — its oscillations or waves — and the particles 
themselves. Tbe result of these many modifications was that Newton's 
emission theory finally assumed all the aspects of the wave theory 
proper ; in its ultimate form it was, in fact, known as Newton's wave 
theory of light; it differs from the wave theory proper only in the 
assumption of the presence of the material particles themselves and the 
laws regulating the action between the same and the waves of the 
medium. Such a complication of ideas, especially where nothing is to 
be gained, alone justifies us in abandoning Newton's wave theory and 
accepting in its place the simpler one, the wave theory proper. 

W&ve Theory. — Huygens must undoubtedly 'be regarded as the 
founder of the wave theory proper ; not alone because he was the first 
to state it in explicit form, but because he was able to offer a satis- 
factory explanation for the greater part of the phenomena then known 
to the world, namely those of reflection, refraction, and double refrac- 
tion (in crystals). Crhe difficulty ifapgips encountered in attempting to 
explun the rectilinear propagation of light and the presence of shadows 

^See, however, P. Lebedew: " UnterauchaiiKeii ueber die Dritckkiaefte de« 
LichU," Drudi'i AiutcUai 6, 1901, vol. 11, pp. 433-458. 
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fiJL/ 
(etr-^!trtptitiA^L.i>loi>e ftceoimta for the little recogFiition accorded Bfc^^ 
theory when first stated and its entire neglect for almost a century ; it 
first received attantion upon Young's discovery of the principle of inter- 
ference and Fresnel's confirmation of the same by experiment. These '.l* 
phenomena of interference dealt perhaps the last blow to the emiasion 
theory, since the presence of an intervening medium capable of being 
set into an oscillatory motion then became not only the essential but 
the predominating feature in every theory of light. Finally, the last 
formidable difficulty besetting the wave theory, the explanation of the 
phenomenon of polarisation, was removed by Fresnel's assumption that 
the light waves were not longitudinal like those of sound, as had 
hitherto been supposed, but transverse, that is, that the lihratioiia took 
place at right angles to their direction of propagation ; the rectilinear 
propagation of light and the presence of shadows soon after found a 
satisfactory explanati onj fcf. Chapter V,). 

The Ether. — The medium assumed for the propagation of light is 
termed " ether." Since ether e\-idently pervades not only terrestial 
but interstellar space, it cannot be identical with our atmosphere. 
Moreover, we must assume that ether pervades all transparent bodies, 
but, as the behaviour of light in such bodies is different from its 
behaviour in the air, that the ether pervading the former is difi'erent 
from that of the air ; that is, that the properties to be assigned the 
ether differ for different bodies or media. These properties are 
eWdently determined by certain unknown actions (resistances) between 
the material particles of the given body and the particles (elementa) 
of the ether pervading that body ; they thus differ for different bodies. 
Consequently, opaque bodies could also be conceived as permeated 
by ether, and thus ether itself as pervading not only all apace, ix)th 
terrestial and interstellar, but all bodies ; that is, it may be regarded 
as a continuous medium. 

The Elastic Solid Etiier. — Many ethers have already been offered 
for ^he explanation of the phenomena of light, and many more could 
readily be conceived that might give similar satisfaction. This free- 
dom of choice is due chiefly to our ignorance of the properties of 
the ether sought, and our consequent inability to form any concrete 
conception of it.* We have observed above that the phenomena of 
interference and polarisation can alone be explained satisfactorily by 
an ether that is capable of transmitting transverse oscillations; one of 
the first properties to be demanded of a luminiferous ether is, there- 
fore, that it is capable of being set into transverse vibrations, and of 
transmitting those vibrations further. Such ethers resemble now the 
*Cf. Cnrry : Theoty of Eltctritity and Hagnetitm, p. 4. 
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4 ELECTROMAGNETIC THKORY OF LIGHT. 

solid rather than the fluid, since the former alone is capable of being 
set into transverse vibrations ; hence the termination " elastic solid 
ether," that particular ether which possesses not only the required 
property of transmitting transverae oscillations, but other properties 
common to the solid,* The elastic solid theory of light was soon 
universally accepted ; and it remained the accepted theory till almost 
the end of the last century, until Hertz's great discoveries, which 
revealed the striking similarity between the electric waves and those 
of light, suggested certain modifications in the constitution of the 
elastic solid ether ; we could thus designate this new luminiferous 
ether as the " electromagnetic ether." The necessary modifications to 
be made in the clastic solid ether were naturally such that the 
phenomena of light already explained by it were readily and simi- 
larly deduced from the electromagnetic ether. Those text-books that 
treat light from the elastic solid standpoint have not, therefore, become 
entirely obsolete ; on the other hand, they may be used to great 
advantage by the student, and will often be referred to in the present 
treatise. For the fundamental differences between the elastic solid 
and the electromagnetic ethers, I refer the student to Section 1 of my 
Theory of Electricity and Magvetism. 

Haxwell'a Ether. — We shall accept Maxwell's equations as our 
definition of the electromagnetic or luminiferous. ether, and, as in 
my Theory of Elediicity and Magnetism, I shall leave it to the student 
to form any conception of the ether thus defined, that is consistent 
with the different properties of these equations. There are, indeed, 
other ethers defined by other systems of equations ; some may explain 
certain phenomena, or even groups of phenomena, as satisfactorily 
aa Maxwell's equations do, others are more general and thus allow 
greater freedom in the choice of the properties that may be assigned 
them, but none have stood the severe test of twenty-five years or 
more that Maxwell's have. This alone surely justifies us in accepting 
Maxwell's ether as the seat and transmitter of not only the electric 
and magnetic energy, but that of light. 

Helmholtz's Ether. — Helmholtz's equations of electricity and magne- 
tism define an ether that is more general than Maxwell's, but at the 
same time includes the same as particular case (e = 0, k arbitrarj't); 
it also includes other particular ethers, which dlfTer essentially from 
Maxwell's ; many of these have been more or less extensively investi- 
gated with regard not only to the electric phenomena, but to those of 
light. Tumlirz makes use of such a particular system of equations 

*Cf. Curry: Thtory of Electricity and Magiieliint, p. 6. 
■tCi.Ibid.,f. 356. 
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(k = 0) in hie book on the electromagnetic theory of light,* but the 
value of his book is ho greatly impaired by an unfortunate choice of 
surface conditions, that it is impossible, before examining his equations 
in detail, to pass judgment on their real value or ability to explain 
the phenomena treated. Helmholtz'a ether is more general than 
Maxwell's, chiefly in that it is capable of transmitting not only trans- 
verse, but longitudinal oscillations; the latter are represented by a 
certain function i^t that appears in Helmholtz's equations. A pecu- 
liarity of Helmholtz's ether is that ita property of being able to 
transmit longitudinal oscillations is quite independent of certain other 
of its properties and vice versa, provided the given medium be homo- 
geneous, that is, its medium-constants < and k constants, in which case 
it should be possible to eliminate this property or function ^ from 
Helmholtz's equations ; this has, in fact, been accomplished by Boltz- 
mann by means of certain substitutions.:^ On the other hand, the 
possibility of eliminating ^ revealed its independence to the other 
functions. Helmholtz's ether could thus be conceived here as defined 
by two independent systems of equations, the one representing ita 
longitudinal oscillations and the other its other properties. On making 
Boltzmann's substitutions we find that Helmholtz's equations reduce to 
Maxwell's, g Since now, as we know. Maxwell's ether is capable of 
transmitting only transverse oscillations — we confine this statement to 
the ordinary waves, whose intensity varies inversely as the square of 
the distance from the source — we can thus modify our present concep- 
tion of Helmholtz's ether, and conceive it as defined by two 
independent systems of equations, the one representing it« longi- 
tudinal and the other its transverse oscillations. But, as all attempts 
to explain the phenomena of light by longitudinal oscillations have 
proved fruitless, whereas the assumption that light is a manifestation 
of transverse oscillations has become empirical now-a-days, only the 
latter oscillations would concern us here ; that is, only that system of 
equations, which represent the transverse oscillations, need be examined. 
On account of the identity between these equations and Maxwell's, it is 
therefore immaterial, as far as the derivation and explanation of the 
phenomena of light are concerned, whether we regard Maxwell's or 
Helmholtz's ether as the seat and transmitter of light, and treat the 
different phenomena according to the equations of the former or those 
of the latter ; but, for brevity, we shall employ the more familiar 
equations of Maxwell. 

* Dk deitromaijntliKhe Theorin des lAchlet, Leipzig, 1SS3. 
tCf.CHrry: Theory o/ EUclricUy and Jtfagntiiml, % x\. 
iCt. Ibid., p. 40J. set. Ibid., p. 402. 
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Ftudamental Equations. — The phenomena of light with which we 

are acquainted are confined almost excluatvely to the transparent 
bodies, ae air, glass, crystals, etc. — the behaviour of light on the 
surface of opaque ))odies, as the metals, is perhaps the only exception 
of any importance. Since now transparent Ixxlies are bad conductors, 
we shall thus have to seek the phenomena of light, with the aliove 
exception, in Maxwell's equations for insulators and dielectrics ; these 
are 

\ lit ' dz dy\ 

v^ i/l~<ix dz j' ' 

^dZ_da dp 

v^ dt~dy dx j 
»nd 

Avda_dR dQ\ 

Vf, ^~ dt/ dz \ 

Po di dz dx 
i^dc^dQ _,IP 
Pd dt dx dy 

where P, Q, H and o, ft y denote the components of the electric and 
magnetic forces respectively along the x, y, z axes, .Y, i", Z and a, h, c 
their respective moments, and v^ the velocity of propagation of electro- 
magnetic disturbances (light) in any standard medium as air. 

Isotropic bodies are thereby characterised that the magnitude of the 
electric moment (displacement) is independent of the direction of the 
force acting ; we can thus write 

•^-^''■'■-ff«'^TS"- <'>: 

where 1> denotes the electric inductive capacity of the gii'en medium. 
The analogous relations between the components of the magnetic 
moment and those of the magnetic force, namely 



where M denotes the magnetic inductive capacity or the magnetic 
permeability of the medium, are assumed to hold for all media, as no 



* Cf. Curry ; Theory of K/eclricity and Magnetim 
+ Cf. Ibid., formulae (10, ii.) and % xiiii. 
%Cl.Ibid.,%->.is.y. 
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INTBODUCTIOH. 7 

appreciable variation with regard to direction has yet been detected in 
the value of this quantity M in one and the same medium. 

Hazwell's Equatioiu for Isotropic Dielectiice. — By tlie relations (3) 
and (4) Maxwell's equations can be written as follows for isotropic 
media: 

DdP_d^_dy'\ 

v^ di~ dz dyy 

DilQJ^d^ I (5). 

v^ dt dx dz i 

pdH_da dfil 

Vf, dt ~ dy dx ] 
and 

Mda^dR_dQ\ 

Vg dt dy ds I 

MdlijlP_dR\ (6j» 

I'd di dz dx I 

Mdy_dq dP 

Vf,dl~ dx dy ] 

Aeolotooplc Media. — Media, in which the electric moment varies 
with the direction of the electric force, arc called anisotropic or aeoh- 
hopk; the only such, with which we are familiar, are certain crystals, 
as the Iceland spar. In such media there are, in general, three direc- 
tions, and these are at right angles to each other, along each of which 
the electric inductive capacity becomes either a maximum or a mini- 
mum J these directions are known as the principal axes of the crystal. 
If we choose these axes as coordinate-axes and denote the values of D 
along the same by i),, D^ and D^ we must evidently replace the above 
relations (3) by the following : 

X=^P, Y=^Q, Z^^R; (7) 

4ir 47r 4ir ^ ' 

by which Maxwell's equations (1) can l>e written 

D^dP^d^_dy 
tJj dt ~ dz dy 

D_idQ^dy_dai^ (8) 

Vf, dt dx dz I 

D^dR^dad^l 

Cj dt dy dx J 

Equations (2) evidently retain their above form, formulae (6). 

*Cf. Theory of ^tctricity and Magnettem, fonnuUe (9) and (10), p. 34. 
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It is not, however, alwaya convenient to chooae the principal axes of 
the eryatal as coordinate-axes (cf. Chapter VIII.); in which case X, ¥, Z 
of formulae (1) are assumed * to be given by the expressions 

where these D'» are the following functions of D^, D^ Dg, the values of 
D along the principal axes of the crystal, and the cosines of the angles 
between the principal and the coordinate-axes : 

5,i = i)i co8!(z', z) + Z*3 cos«(!c', y) + D3 co3'(a;', z), 

/?, J = Z>, cos (/, a;) cos (y', x) + iJj COS (a:', y) cos (y', y) + i?g cos (a/, z) C08(y',i), 

etc., 
where x,y, z and !^, y", / denote the coordinate and principal axes 
respectively. For x = if, y=^, and x = d, it is evident that 

and ^ji = A> ^2, = ^K ^as = A; 

by which the general formulae for aeolotropie media reduce to formulae (8). 

Non-homogeneons Media. — With the exception of our atmosphere, 
there are few non-homogeneoua media within which phenomena of light 
have been observed ; the treatment of the behaviour of light in such 
media would, however, meet with no serious difficulties ; the phenomena 
of refraction, absorption, et«., of our atmosphere can be quite simply 
deduced, only an cxacter knowledge of the law of variation of its 
density would be desirable ; its introduction, on the other hand, offers 
no difficulty. 

Transition Films. — The assumption that adjacent media are separated 
by transition films, within which all quantities are supposed to vary 
rapidly but continuously as we pass through the films, assuming on any 
surface the values in the respective medium.J suggests a Idnd of non- 
homogeneity ; on the other hand, it does away with all discontinuities 
and thus permits an integration throughout entire space. The import- 
ance of these films in the theory of electricity and magnetism urges as 
simple a treatment of them as possible ; the simplest and most natural 
assumption concerning their constitution is that, aside from the rapid 
*Cf. Theory qf EUflrieily and ifagnttiam, i xliii., pp. 433-137. 
tCf. /Wd., gxliii., tormnl«e(25). ; Cf. /ftirf., g v. 



.„ Google 



INTRODUCTION. 9 

and continuous change of all quantities as we pass through the films, 
Maxwell's equations (1) and (2) hold at every point of the same. The 
surface conditions derived therefrom are then not only consistent with 
one another but they suffice for the determination of the quantities 
sought. 

Bnr&ce Otoiditioiis. — If we choose the normal to the given dividing 
surface as z-axls, we find, on integrating Maxwell's equations (1) and 
(2) throughout any film, the surface conditions 

S<^.-^>=" \ (.0) 

and 

|,(..-«.)=o 

where the indices and 1 refer to the two adjacent media. For the 
derivation of these equations cf. g v. of my Tkiory of EUciridly and 
Moffnetism. 

HtanogeneooB laotroplc DlelectriCB. — Let us examine the electro- 
magnetic 8tat« of an homogeneous isotropic dielectric; it is given by 
the above equations (5) and (6), or, if we replace the electric and 
magnedc forces by their moments (cf. formulae (3) and (i)), by 

I'g (it ilz dy 

Va lit dx dz i 



(12) 



MdH 


d<i 


dh 


Vg tit 


-dy 


dx 


Dd,i 


dX 


dV' 


,,^'d) 


dz 


Ddb 


dX 


dZ 


r, *-&' 


dx 


D dc 


dr 


dX 


', dl 


Jx 


i, 



■■(13) 



It is quite immaterial which of these two systems of equations (5) and 
{6) or (12) ajid (13) we employ in examining the state of the given 
medium ; the former contains the forces acting in the medium, by 
which, when determined, its state is indirectly given (cf. formulae (3) 
and (1)), whereas the latter contains the moments themselves, and 
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10 ELECTROMAGNETIC THEORY OF UGHT. 

thus defines ite state directly. We shall, however, follow Maxwell's 
example here and make use of equations (12) and (13). 

The Electric BEomentB.— To determine the electric state of the 
given medium, we must evidently eliminate the magnetic momenU 
from formulae (12) and (13); for this piupose differentiate the first 
equation of formulae (12) with regard to (, and we have, on replacing 
-,- and -J- hy their values from formulae (13), 

M <PX 1^ r rf /,IX _dZ\_<i (dY_ ^^W 
v^ dP ' D\_dz\iz dx) d~!/\dz Ti,}]' 

DMd^X 

~dx 



= VU'- 



where V* = £ + ,-£ + ^^ (U) 



and 



dl?^df^d::^" 

dX dY dZ. 
dx dy dz ' 
denotes the density of the real electricity.* 
Similarly, we find for the other component-mom ents 



In the given case — for dielectrics — the quantity t is independent of the 
time /, but may be a function of the coordinates x, y, z. To confirm 
this, differentiate formulae (12), the first with regard to x, the second 
to y, and the third to z, add, and we have 



or by formula (15) 



Md/dX dV dj\ 

Vg dt\dx'*' dy'^ dz) • 



= 0, hence t =f(x, y, s). 



The integration of the above equations can thus be performed without 
any regard to the value of c at the given point ; that is, the accumu- 
lation of electricity within a dielectric will evidently have no effect 
whatever on the passage of rapid oscillations, as those of light or 
the Heri^zian waves through it ; its presence can thus be thoroughly 
ignored, that is, we may put < = 1 in all such cases. 

* Cf. Curry : Theory nf Eletlrieity and Hagnftvoa. % vi. , p. 46. 

tCf. aXtioIlnd.,^. 64. 
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We may thus replace the alxive equations by the simpler ones 
DM<PX _,-, DM<PY _^„„ DM(PZ 



■w-='-'' -^w 



V'Z, (16) 



The particular integrals of these equations representing pkne- 
wavea have been examined in Chapter IV. of my Theory of Electricity 
and Magnetism, to which I refer the student here ; their velocity of 

propagation is -^^- The Hertzian waves are also treated in the 

same chapter (cf. also Ex. 1, Chapter II.). 

The Uagnetic Moments. — Similarly, we can detennine the magnetic 
state of the given dielectric, on eliminating the electric momenta from 
formulae (12) and (13); to accomplish this, we proceed exactly as in 
the preceding case, and we find 

DM<Pa „ DM>fib „, DM <Pc „, ,,_, 

Pq* af Vfi^ at- P(|' ilF 

The similarity between these equations and those above (16) for the 
electric moments — this similarity could have been anticipated from 
the analogous parts played by the electric and magnetic moments 
in the fundamental equations — renders an examination of only the 
one system necessary, provided, of course, the given solutions or expres- 
sions hold for both systems or one and the same system of electro- 
magnetic disturbances; but this would not, in general, be the case, 
since certain relations exist between the electric and ma^ietic moments 
(cf. formulae (13) and (13) and Chapter II.), among others that express- 
ing the empirical law that the electric and magnetic moments take 
place at right angles to each other, the proof of which follows on pp. 
1445. 
Plane-Waves. — The most general expression for plane-wave motion 

'^ y = '^(^±r(), (18) 

where y denotes the displacement of any vibrating particle from its 
position of rest, x its distance from any given point in the direction of 
propagation of the wave, v the velocity of propagation, t the time, and 
<ft an arbitrary function. The most familiar such functions are 

y=asin»((±-)l 

; ''] (19) 

^•■acoBnlf±~u 
or y=-ae"'^'^'\ (20) 
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12 ELECTROMAGNETIC THEORY OF UGHT. 

where e denotes the so-called "ba^e" of the natural system of 
logarithms and i.the imaginary unit, ■J~^\. 
The expression 

y=asinn((-^), (21) 

evidently repreaenW a simple plane-wave of amplitude a propagated 
along the x-axis in a sine curve with the velocity r. Since y remains 

unaltered, when ( is increased by — , it follows that the periodic time 
r = — ; the wave-length X is thus 

k = tT=--, hence " = -7-- 
We can, therefore, write the expression (21) 

y-asin^(i;/-j;) = aBin2>r(^y-|j; (22) 

the angle "jr('''~^) = 2T( j.- . ) is called the "phase" of the wave. 

The other expreEstoiis (19) and (20) can be similarly interpreted. 

The Intensitr of Plane Waves. — We define the intensity of an 
electric or magnetic oscillation or beam of light at any point as the 
average kinetic energy / of the vibrating particle or particles at that 
point. To determine the average kinetic energy of the plane-wave, 
represented by formula (22), at any point, differentiate formula (22) 
with regard to t, and we have 

and hence its kinetic energy at any time t 

m/iM* 2mjrV „ .,2n-, , . 

where m denotes the mass of the given particle; ita average kinetic 
energy / is, therefore, 

The intensity of an ordinary* electromagnetic or luminous plane- 
wave thus varies directly as the square of its amplitude and inversely 
*Cf. p. 5. 
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as the Bqu&re of its wave-length or period of oscillation. This law 
is not restricted alone to plane-waves, but it also holds for spherical 
waves (of. ex. 3 at end of Chapter), In photometry, where we compare 
sources of light of the same period of oscillation, we thus have the 
following simple relation between their intensities : 

/,:/,..,•:«,■; (24) 

that is, the intensity of the one is to that of the other as the squares of 
their respective amplitudes. 

We cannot easily compare the intensities of waves or beams of light 
of different wave-length or colour, since they produce quite different 
impressions on the retina of the eye; this is, of course, due to the 
fact that the expression for the intensity contains the wave-length 
(cf. formula (23)). We encounter, in fact, this same difficulty to a 
less degree in most photometric measurements, where the given sources 
are assumed to emit waves of the same wave-length. 

Pimciple of Snperpositioti. — The principle of the superposition 
of disturbances or waves is recognised as empirical in the theory 
of light, since all problems treated according to the same agree 
with observation and experiment. We can state the principle of 
superposition aa follows: When two or more disturbances are simul- 
taneously brought to act on one and the same particle of a medium, 
the resultant disturbance is determined by the direct superposition of 
the single disturbances (cf. also Chapter IV.). 

Doctrine of Interference. Simple and Oompottnd Waves. — The 
doctrine of interference is only another form of or sequel to the 
principle of superposition. The acceptance of some such principle is 
evidently indispensable in the treatment of most problems on light ; 
it must, indeed, be employed at the very outset in the examination 
of the particular integrals or solutions of our fundamental equations. 
With the exception of the phenomena of interference proper (cf. Chapter 
IV.), the only other simple particular integrals of these equations, (16) 
and (17), that would concern us here, are those that represent the 
so-called "stationary " waves. We shall now find it convenient to dis- 
tinguish between the " simple " waves, represented by such simple or 
fundamental particular integrals as (19) and (20), and the "compound " 
wave, the resultant obtained according to the principle of superposition, 
of two or more such simple waves ; the stationary waves belong to the 
latter class, as we shall see directly. 

Stationary Plane- Waves. — The " stationary " waves are so termed 
because they have apparently no velocity of propagation, their crests 
and troughs remaining stationary with regard to their direction of 
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propagation. The stationary plane-wave must, therefore, be repre- 
aeuted by some such function as 

i/=aam ^rtcoa—x, '.'. (25) 

which can also be written 

^ " 1 ^'" X ^"^ " ■'^ ■*' i *'"'£*"''*■ ^^ = 

that ie, according to the principle of superposition, we could thus con- 
ceive this stationary plane-wave aa the resultant of two simple plane- 
waves of one and the same amplitude - and wave-length A, the one 
advancing with the velocity v along the x-axia, and the other with the 
same velocity in the opposite direction. It is evident that the given 
expression (25) is also a particular integral of our differential equations 
(16) and (17). 

Other compound waves, the resultants of simple waves of different 
amplitude and phase, are treated in Chapter IV. on interference. 

The Elactric and Uacnetic OsciUatione take place at X to each 
other. — Lastly, let us return to the proof of the law stated on p. 11, 
namely, that the electric and magnetic oscillations take place at right 
angles to each other, restricting ourselves thereby, as above, to plane- 
wave motion. Take, for example, the plane-wave 

y=aB\n'~(vt-x), (26) 

and let y correspond to the electric moment Y ot formulae (12) and 
(13); the other two momenta, X and Z, vanish, and formulae (13) 
reduce to 

Dda_ dY_ 



rW-^) 







Ddb ^ . Dde 


dr 

dz' 


hence 




a-b-O (cf. p. 


10), 


and 




'-'i\1^-. 




replace here Y by its 


value (26), and we 


Ind 




-Si" 


?^eo.5f (.(-«)« 
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INTRODUCTION. 15 

that is, the (resultant) magnetic oscillation accompanying the given 
electric one takes place parallel to the s-axis, and hence at right angles 
to the given electric oscillation. Since these two oscillationa otherwise 
differ from one another only in amplitude— their wave-lengths and 
phases are the same — it follows that the creata and troughs of the one 
wave will coincide, with regard to direction of propagation, with those 
of the other; that is, the electric and magnetic moments will attain 
maxima simultaneously and periodically at any given point. These 
oscillations are represented graphically in the annexed figtire. 




BeUtiTfl Position of Orests of Electric and Uagnstic Plane- Waves. 
— Although the above law is quite general — for its proof see Chapters 
II. and III.* — we cannot conclude that the relative position of the 
crests or troughs of all electric waves and the magnetic ones accom- 
panying the same is always that just deduced; for example, the 
stationary electromagnetic plane-wave behaves quite differently in this 
respect. Let ua examine it briefly ; take, for example, the stationary 
plane- wave o^ ^„ 

y = a sin ^vicos^x, 

formula (^5), as our electric wave ; we have then 

X=Z-.0 and y=Y, 
and formulae (13) reduce to 






IM 



cos .vt sin -. 



It is evident from these expressions for F and c that 

(l)for z = (i and t= ^, 

Y=a and c = 0, 

«Cf. alto Maxwell ; Elttlncity avd MagiutUm, $g 790-TSl, vol. U., pp. 339-401 
(■eeond edition). 
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or the elsctric oscillation has a crest (maximuin), where the amplitude 
of the magnetic oscillation vanishes, 

T 



(2) for 



\ and ( = 
■a and c 



or the electric oscillation has a trough (minimum), where the amplitude 
of the Diabetic oscillation vanishes, and, lastly, 

(3) for x = ^ and (=^, 

r=0 and c = 0, 
or the amplitude of the electric oscillation vanishes, as the magnetic 
oscillation is passing through its (initial) position of rest from a trough 
to a crest (cf. the annexed figures). 




Similary we find that for (= f. and 3r= ^, ^, and --, 

y = 0, c = a, 

and y — Oi c= -a respectively, 

or the magnetic oscillation has a crest, where the amplitude of t' e 
electric oscillation vanishes, the amplitude of the magnetic oscillat< in 
vanishes, as the electric oscillation is passing through its (initial) posit on 
of rest from a crest to a trough, and the magnetic oscillation has a 
trough, where the amplitude of the electric oscillation vanishes. The 
given waves are represented graphically in the above figures. 



mzecDy Google 



i = t^V'* (27) 



INTRODUCTION. 17 

Sphwical WftTOB. — Waves that diverge radially from a common 
centre or source at finite distance are termed "Bphericat"; this is 
evidently both the more general and the commoner form of radiation, 
the plane-wave being only a particular case of it, that, namely, where 
the common centre of the advancing wave-fronts lies at infinite distance. 

The general equation of wave-motion is 

where o denotes the velocity of propagation of the waves represented 
by the function <l>. For pUne-wave motion propagated along the 
iE-axiB this equation evidently assumes the simpler form 

-dP^-" -^ <^^' 

Purely Spherical Waves. — To obtain the particular form assumed 
by equation (27) for spherical wave-motion, we shall make use of 
that property, by which the simplest kind of spherical waves is 
characterised ; these would evidently be waves that diverge radially 
with one and the same intensity in all directions from a common 
source ; and they would thus possess the common property that their 
wave-function, <^ of formula (27), be a function of r alone, the distance 
of any wave-front from its source, and not of the coordinates x, y, z 
singly ; let us term such waves " purely " spherical waves. We may 
thus express V^<^ here as a function of r and I, on the assumption that 
^ itself be a function of these variables only. By the analytic relation 



we thus have 



rf^ _ difi dr d<f> X 
dx~ dr dx dr r' 



d^ _ d /I d<l>\ I d<l> _ d n d-jAx^ \d<l> 
^-'^\V'^r*?dr -Jt\t dr) r'^rdr 



^t^_^d^ 1 rf^ 
"i^ di^ r'dr'^rdP 



and similar expressions for 

3f' 



W- 



j^^+£dH g' + y' + a' rf^ 3(f^ 
r* dr* r^ dr r dr 



'dr'^rdr' 
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18 ELECTROMAGNETIC THEORY OF LIGHT. 

Equation (27) can thus be written here 

On replacing here ^ by the new variable 

it-»A (29) 

we have - j^ = - j-L 

which f or r 5 reduces to 

'^t^^^'^t (30) 

df^ ^ dr^ ^ ' 

This equation is similar in form to those that represent plane-waves ; 
the only difference is that the radius-vector r takes the place here of 
one of the coordinates x, g, z (cf. formula (28)). The solution of 
the latter was 

'l>=/iz±vt). 
The corresponding solution of the given equation (30) for purely 
spherical waves would thus be 

or, by formula (29), 

-4> = \/{r±vt) (31) 

where /is an arbitrary function of (r±rf). 

The function ^ = - /(r — rf) represents a Bystem of spherical waves 

diverging radially with uniform velocity, and one and the same in- 
tensity and phase in all directions from a common centre r = ; their 
phases remain the same, as they advance, but their amplitudes decrease 
inversely as the distance r, since i^ decreases as r increases (cf. also 
pp. 72-74 of my Theory of EleciricUii and Magnetism). Hence the 
empirical law that the intensity of a (piirely) spherical wave varies 
inversely as the square of the distance from its source. 

On the other hand, the function 0=-/(r + ii() would represent a 

system of spherical waves, converging radially with uniform velocity 
and one and the same intensity and phase in all directions towards 
a common centre ; their phases remain the same, as they advance, but 
their amplitudes increase inversely as the distance r. 

The Point r = 0. — The determination of the behaviour of the given 
spherical waves at the point r = would require special investigations 
and these would naturally have to be of a purely mathematical — 
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ch&racter — since the above equation (30) does not, as we have obaerved 
above, necessarily hold at that point The purely mathematical treat- 
ment of such physical problems seems to me, however, to be seldom 
justified, and we surely cannot be surprised when it leads to unsatis- 
factory or even absurd results ; for what is to be understood by the 
presence of a system of waves or the occurrence of a natural pheno- 
menon in a mathematical point 1 It is, therefore, customary to exclude 
such pointe from the region treated, as wo shall do later in Chapter Y. 
Tlie DerivatiTAS <tf ^ as Integrals.— We have examined above two 
classes of particular integrals of our equation of wave-motion (27), 
the plane-waves and spherical waves (31) of the simplest kind; the 
latter are of particular int«reat, since the derivatives of any such 
integral or function <(> with regard to x, y, 2 are also particular integrals 
of our equation of wave-motion, provided of course the same can 
be formed and physically interpreted. This follows, since our equa- 
tion of wave-motion (27) is both homogeneous and linear, and its 
co-efficient 1^ a constant. These derivatives of ^ form a new and 
interesting class of particular integrals of our equation of wave-motion; 
each such integral is a compound* integral (cf. p. 13), that is, it 
consists of two or more terms — not necessary integrals themselves — 
which are thereby characterised that they contain the different powers 

of - as factors. Let the following examples serve as illustrationB of 

this new class of integrals. 

The Farticnlar Integral - 



^t 



dx dxlr^^^-*''j 



x_dl X. 

or, since x^rtxxa, where a denotes the angle between the radius-vector 
T and the x-axis, 

£=(if4/h« <-) 

This integral is a function not only of r and (r±ii) but also of the 

angle o. For = ^ the expression for ^ vanishes, whereas for <»>5 

it reverses its sign ; it thus follows that there will be no disturbance 
throughout the yz-plane, and that on the one side of this neutral plane 
the oscillations will take place in an opposite direction to those on the 

*The word "compound" is used here in a lomewhat different senae from 
that employed on p. 13 ; bat, u in »□; given case, tbe meaning intended ia 
apparent, we shall make no further discriniination between tbe t' 
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other. The amplitude, and hence the intenaitr, of the oscillations will 
thus decrease, ae we recede over any sphere, r=coiist., from the a^-axJB 
towards the neutral (yx) plane, where both vanish. 

Since the expression (32) consists of two terms, we can conceive the 
given wave as the resultant of the two waves represented by those 
terms. We should observe, however, that, although the expression 
itself is a particular integral of our equation of wave-motion (27), 
it does not necessarily follow that ita single tenns are also, or, in 
general, that every compound wave is the resultant of two or more 
waves, that is, waves in the sense that the functions by which those 
waves are represented, be particular integrals of our equation of 
wave motion (27). 

The amplitude of the given compound wave can be determined 
by the method given in Chapter IV — it is the resultant of the 

amplitudes of the two waves --/cos a and -4 cos a determined 

by that method. Since the amplitude of the- latter varies inversely 
as the square of the distance, and that of the former inversely as 
the distance it«elf, it follows that the amplitude of the given wave 

would approach that of its one simple wave, - 4 cob a, near its source 

and that of ita other, - -/coso, at greater distances from it: the wave 

. rdr° 

-^cosa would thus predominate near the source of disturbance 

and the wave - -/ cos a at greater distances from the same. 
r dr J . , . 

The particular integrals -^ and -S evidently represent similar waves 

to that just examined. 

The Partdcnlar Integral -pf- 

^i, d fx df _ X f\ 

'r^dr ?'^'^dr\j^dr r'J'r 

= lgcOS«a + ^^(l-3cOS>a)-^/(l-3cOsW| 






..(33) 



As above, we can conceive the compound wave, represented by this 
integral, aa the resultant of the three waves, represented by the three 
terms in -, -^ and -^ of which that integral is composed, and advancing 
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quite indepeadently of one another with intensities that vary inversely 
as the second, fourth, and sixth powers of the diatance. 

On the other hand, we could conceive the given compound wave as 
the resultant of the two waves 

r* (It t^ \r df^ r^ dr r'J 

The former, as function of r alone, represents a purely spherical wave, 
or one that is emitted radially with one and the same intensity in 
all directions from the given source. The latter is not a function of 
r alone, but contains cos^o as factor ; the disturbance represented by 
it is thus confined chiefly to the region round the x-axia, diminish- 
ing rapidly in intensity, as cos*ci, as we recede along the surface of 
any sphere with centre at origin from that axis towards the jiz-plane, 
throughout which it rauishea entirely ; on either side of this neutral 
plane the given disturbance is one and the same. The amplitude of 
the purely spherical wave is the resultant of amplitudes that vary 
inversely as the square and third powers of the distance, whereas the 
amplitude of the other component wave is the resultant of amplitudes 
that vary inversely, not only as the square and third powers of the 
distance, but as the distance itself. The given compound wave would, 
therefore, be represented throughout the ya^plane alone by the purely 
spherical wave, and in the immediat* neighbourhood of the avaxis, 
hut especially at greater distances from the source, approximately by 
the other component wave. 

The particular integrals -j-? and -3^ represent similar waves. 

The Particiilar lEtegral -^-f-. 
amy 

dxdy ''TyXr^dr t*J 

_^yd(ldf_f\ zjfd^f 3df Sf\ 
~rdr\ridr i« T i*\dr^^ r dr t^ )' 

If we denote tbe angle between the radius-vector r and the x-axis 
by a, as above, and that which the OT-plane makes with the xy-plane by 
6, as indicated below in figure 4, we have the following relations 
between these two systems of co-ordinates : 

j; air cos a, 

y=rsinacosf, 

f^rsinasin^; 
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) am a COB o cos ft 



b; v^ich the above expreseion can be written 

This function evidently represents an even more complicated dis- 
turbance or, more Btrictly, distribution of the amplitudes according to 
their magnitudes and direction of oscillation over any given sphere, 
than those already examined. Here not only the y& and :i:£!'plane8 are 
neutral pianos, but the z-axis is also a. neutral axis, or one along which 
no disturbance appears, whereas the direction of oscillation is reversed, 
aa we pass through either neutral plane. 




The KuticnUr Integral 



, X + i^+v 



—It is evident that 



d"if> 
' dx^dgi^dz'' ' 

the higher the derivative of ^ the more complicated the disturbance 
represented by that derivative. Although we cannot enter into the 
further explicit examination of such particular integrals here, we shall, 
nevertheless, call attention to some of the properties peculi&r to them 
in general. A glance at the above solutions shows that the n*' deriva- 
tive of ^ would have the form 



i^i 



Pj(coH a, sin o COS Qf si 

+ i'i(oosa, sinncosfl, siiiosin^) 
+ . . .P,(cos a, sin a COS Q, sin o sin 



1 



\^1 
fdr 



_L ^ 



-t-.../'„(co3ii, sin a COS 9, sin a sin ff) - r^ 
where i^ the coefficient of the i+l" term of this series, denotes a 
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fonction of the n'' degree in cos a, sin a cos 6, tin a sin 6; any given 
eoefScient P» is evidently a function not only of the integer it but also 
of the n derivativee taken or the number of differentiationa of ^ with 
regard to x, y, and z respectively. 

The form of any coefficient P^ determines the law of distribution of 
the amplitudes * of the wave k over any given sphere, and the other 
factors the law of variation of those amplitudes along any vector. The 
total resultant disturbance at any point would thus be determined 

not only by the various coefficients P^ but by the factors t^, and 

-j^-i=0, 1, 2.,.n; its actual determination would require, however, 

considerable calculation, especially for large values of.n, as we shall see 
in the following chapter. Near ita source the given disturbance would 
be represented approximately by the first term or terms of the series 
(34) and at greater distances from it by the last term, —5 -A, or terms 
of the same. 

We have just observed that the form assumed by any coefficient P, 
depends upon the number of differentiations of <^ with regard to x, y, 
and X respectively ; the number of such coefficients P^ of the n*"" degree 
for any given k evidently increases rapidly as n increases. Each and 
every such coefficient represents a given particular law of distribution 
of the amplitudes * ; other laws than those determined by any such 
group — ie given — could be expressed by the sums of these different 
coefficients ; let us denote such a sum of P^'a by 'SP^. It is now shown 
in the theory of spherical harmonics that any given law of distribution 
over any finite plane can be represented by a similar coefficient P, or 
ZP^ ; hence it follows that any pencil of plane-waves, whose amplitudes 
shall be distributed over any plane pierced by that pencil according to 
any given law, however complicated, could be represented anaiyticaUy 
by some given series (34) or sum of such seriee, provided that pencil be 

P iff P d'f 
conceived as the residual — represented by -^-A, or 2^-~ — of the 

spherical waves, represented by that series or sum of series, at a very 
great (infinite) distance from their source. 

*Par brevity, we u«e the eipreMion " diBtribatiou of the amplitades " inatead 
of "diitribation of the amplitudeB accordiog to their magoitnde ftad direction of 
(■•cilUtion." 
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EXAUFLEB. 

1. Show that the expreaaiOD -Bui^trt-r] 

repraents a ayitem of purely apherioal wttToB of unplitude - uid wftve length 
divergiiig from the oommon aonroe r=0 with the velocity of propftgntlon v. i„ 

U evidently % particular (olution of the general functioD ^^ 

which repreaenta parely apherical wave-motion. 

^, therefore, repreaenta a ayatem of purely apherical wavea of amplitude 
diverging from r=0 with the velocity c. Since ^ remains unaltered, when t 
increaaed by — , it followa that the periodic time T= — , and hence the wav 
length \ = vT=- — ■ 0] can thua be written 

*, = "ainy(rt^r). 

2. Show that the following ezpreuiona repreaeot poeaible forma of sph^er' 

2xo a 

--z^ -coa'BCoaw-{3oo^-l) j-^«inu + (3co<'o-l) -jCOtK, 
-j--ainacoBocoBecoacii-3-jeinaco»iicoge(— sinui-coaiiil, 

and -rr -ain*ocoBoainScoaflcoa« + -p- -jein'aooBaainScoaSaiiiu 

- -j— -J 8in*B coa « Bin S coa tf coa M - 13 -j ain"B coa n ain S coa 9 Bin u, 

where w = — (ni-r), 

and n and B are the anglea employed on p. SI. 

3. The average kinetic energy I of any particle of the aimple apberical wave 

*=^8in^(t<-r) 

where m denote* the tnaaa of that particle. 
W.b... £=T-°°'"t'"-"' 
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He following reUllon woald, therefore, hold between the ii]t«Tuitiee of two 
jch Bimple ipherical waves of one and the same wave-length (and phase), 

/, :/, = o,V,';(ijVA (L) 

(Cf. pp. 12-13.) 

Oor, 1. For one and the iame wave {,a^ = a^ tbit proportion would Barame the 
^smiliar form j ;/,=r ':t'. 

'■'.pp. 12-13 and formnla 24.) 

Jot. 2. If we make I, — I,, which ll customary in photometric measurementa, 
I-'<iportioD (L) would give b, : a,=r, ; r^ 

the amplitude of the one wave ia to that of the other as r^, the distAnce of the 
■me eje of the obaerver from the source of the foi-mer, is to r^ the distance of hie 
other eye from the source of the latter ; these distances are determined by 



^ 4. The average kinetic energy of any particle of mass nt of the spherical wave 

■« - or/3 i^\ Or . -) , . 

ls--rrl«>5M- — sinw sinacoeacoB0 

Wehave g=^|_— (^-^^--^j g,u«-^^ co.«.Jsin«eo..coaS. 

•hence /=^^^sin»aco.<«coB>p/'[(^-5)Vn'« 

12--/4*' 3 \ . " 3flF^ , -| ,, 

mrea* . , . ^XVifiw' 3 \' 18»*1 
= ^jj«n»«o«»ace.^|[_^(^^-^j 4-^c 

mrrVaVlOw* 12ir' %\ . , , -. 

The following relation would thus hold between the intensities of two inch 
^herical waves of one and the same wave-length (and phase) ; 

/, :/,=a,Vj»(lBT*r,' + 12ir*\V + 0^*)i'4''"i'(18irV,*-H2ir^V,» + 9X'). ...(II) 
Cor. I. If we make I-i — Ij, as in photometric measurements, this proportion 
would give the following relation between the amplitedes of the two wavea: 
o,»:(i5' = T-i'(16T<rj*-H2i»XVj'-l-9X*):r,"(165r*ri' + 12T»XV,' + 9X*). 
Cor. 2. If the wave-length \ is small in comparison to the distances r, and r, 
of the given sources from the point of observation— this would be the case with 
light-waves — the last proportion would assume the tamlliir form : 
a,:<,,=r,r, {ii = /,). 
5. Show that the function* 



stationary spherical waves 



2*^ , 2s- 
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6. Show th&t the coefficienta Pt of fonnnU (31) Maume the following form* : 
la) Forii = X = l, it=r = 0, 

P,= ~CO»tt, Pj^OOta. 

(6}For«=X=2, #i=»=:0, 

/'o=-(l-3oo8'a), Pi = l-3oos«fl, P, = oo«V 
Mid (c) Forn=2, h = )x=:l, r=0. 

Pg =3 un a coe a CO! 9- ^ ain 2a coa 0, 

^1= -lalnSacosfl, Pj^iainaocoafl. 



7. The particalar integral jSji''* the form 



-3(3-5coa*a)c<»a 

(I rPf 



„ / 1 d*/ 3 .i/" 3/\ ' . /I rfV 6 (P/ 15 rf/ 16 ,\ 

The coefficienta Pi of formula (34) thus asaume here the form 
PD = 3(3-5coaMcoe<>. Pi= - 3(3 - 5 coaM coa <>. 

Pi=3{I-2co8^)ooao, P, = co>'«. 

B. Show that the coefficient* Pi oE formula (34) ouume the foUowiug forma : 
(a)For»=3, \ = 2, /i=l, »^0. 
Pa=3(I - 5coa*a] ain a coa B, 
P,= -3(l-6coa<a)BiQaooB«, 
P,= (1 - fi coa>a) BID a COB 0, 
P, = ain a cob's coa ff::: ^ ain a Bin 2a coa ; 
and (6) Forn=3, \=^=,=\. 

Pg=-l5aiu<aco*a ain 0008 0= -■2-BmaainSasin2», 
P, = — tin a ein 2a tin 20, 
Pt=-^ainaain2iiain20, 
P,= -^ainaaiD2aain3e. 
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CHAPTER II. 

SPHERICAL ELECTROMAGNETIC WAVES: PRIMAEY AND 
SECONDARY WAVES; PECULIAR PROPERTIES OF 
SECONDARY WAVE; THE ROENTGEN RAYS. 

Wave-FimctionB and Electromagnetic WaTe-Ftuctioiis. — In tlie pr»- 
ceding chapter we have sought solutions of the equation of wave-motion 

-J- =11*72^ ; not only these but all particular solutions of this equation 

are particular integrals of any or every one of our differential equa- 
tions (16 and 17, /)• for electromagnetic disturbancee in homogeneous 
dielectrics ; but it does not necessarily follow that arbitrarily chosen 
particular integrals of the former will be particular integrals of our 
9i/3tems of equations ((16), /) and ((17), /), that is, that the same 
will represent an electromagnetic wave, for not only do certain 
relations hold between the components of the electric moment and 
others between those of the magnetic moment, but the latter are also 
always related to the former ; and we have, in fact, made use of those 
very relations to obtain our fundamental equations in the given 
familiar form ; those relations were 

2^f-f=» (■) 

E*|4=» « 

(cf. p. 10), or there is no accumulation of electricity or magnetism in 
the given dielectric. 

A more convenient ByBtem of Differential EanationB for Electro- 
macnetic Wavea. — It will now be found desirable to have a more 
convenient form of expression for the electric and magnetic moments 
than the above given one, the difTerential equations (16 and 17, I) 

* Id referring to formalae of other chftpters, we chall iiwert the chapter directly 
after the formnla in qneition. 
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with the six variables X, Y, Z, a,b, c and the conditional relatione (1) 
and (2) between the same ; such would be a single system of ditfcreutial 
equations with three variables and one conditional relation between those 
variables (potentials), from which the electric and ma^etic moments 
could readily be deduced (see below). For this purpose we first replace 
the three variables X, Y, Z by four new ones, U, V, W, and >}/, which 
shall be determined as functions of the former by the four equations 

X^dSV_dV_\_d£\ 

D~ dy dz 4r dxl 

Y^da'_dJF_l^d<fr\ (3) 

D dz dx 4jr dy j 

Z^d_r^dU__\_ d^l 

I) dx dy 4jr dz } 

""•^ ^+^^^='>- (*> 

As we are replacing here three variables by four, we can evidently 
asaurae any given relation, aa (4), between the latter ; this is, in fact, 
necessary, if Ihe new fmictions shall be determined uniquely. 

Difierentiatfi, next, equations (3), the first with regard to x, the 
second to y, and the third to z, add, and we have 

d /X\ d /Y\ d /Z\ 1 „. , 
TAD)^dy[D)*Tz{l)r-w'^''l'' 
or, since D is constant, 

dX dY dZ D„., 
dx dy dz iir 
hence, by formula (1), ys^ = 0. 

It thus follows from the well-known theorem from the theory of the 
potential that >!■ also vanishes, namely: "If y'lf"*^ ** every point 
of any region, and f vanishes at infinite distance — this is, of course, 
assumed in all such physical problems, y- it«elf then vanishes at every 
point of that region." 
Formulae (3) thus reduce to 

X^dH^_dJ'\ 
D dy dz \ 

Y _dU_dw\ 

D~ dz dx {' ' 



(5) 



Z ^dV_dU 

i) Jx dy ) 
The electric component moments, X, Y, Z, are replaced here by the 
three new variables, U, V, fV, and the conditional relation (1) between 
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the former is thereby fulfilled, being replaced by a similar relation (4) 
between the latter. 

We next replace X, T, Z in formulae (13, /) by their values (5) in 
U, V, W, and we have 

v^dl'dxdy 1^ d;? "" dxdz'' dx\dx "" dy "" ~^ ) ^ ' 
or, by formula (4), 1 ^ = _ ys t/^ ] 

andaimiUrly - ^= -VW \ (6) 

1 rfc_ 

v^dr 

Since the electric moments X, Y, Z are particular integrals of the 
equation of wave-motion (27, /) (cf. also formulae (16, /)), whereby, 
however, condition (1) must always be fulfilled, we shall assume that 
U, V, W are also particular integrals of the equation of wave-motion 
or so-called " wave-functions," which shall satiafy condition (4) ; the 
moments X, Y, Z remain thereby wave-functions, since the derivatives 
of any wave-function are also particular integrals of the equation of 
wave-motion itself (cf. Chapter I,), Formulae (6) can then be written 

\ da _\_^ 

v^dC t^ dp' 
with similar equations for b and e, or integrated, 

with similar equations for b and c, where f{x, y, z) denotes the initial 
magnetic component moment along the x-axis at given point (x, y, z). 
J(x, y, a) 5 0* would denote that the given medium contained a certain 
quantity of magnetism that remained constant during the passage of 
the given waves; since any such function would evidently have no 
effect on the oscillatory behaviour of the medium (see p. 10), we can 
therefore put /(k, y,z) = 0; and we have 

"= -«* di 

and similarly J= — 9 — \ n\ 

i^ dt \ ^ ' 

"^ ~^ dt ] 
* Phjiically spuking, f{x, y, z) ^ would indicate the presenoe of foreign 
bodies, aa permansct rnkgnett, in the given dteloetric, which bM been MHiuned 
kbove to be homogeneoui. 
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To determiae the component-momeuto of the magnetic wave that 
accompanied any given electric wave, we should, therefore, have to find 
U, V, W a& functions of X, Y, Z b; formulae (5), and then replace 
these auxiliary functions by those values in formulae (7), It is, how- 
ever, customary to assume U,V,W »& given, and to determine X, Y, Z 
as functions of the former. 

Let the following problems serve as illustrations of electromagnetic 
spherical waves : 

Problem 1. Let V, V, ^be given by the wave-functions 

U^a, V--% wA* (8) 

dz ay 

where ^ shall denote any purely spherical wave-function (cf. p. 17). 
These values evidently satisfy the given condition (4). 

We replace U, V, W by these values (8) in formulae (5) and (7), 
and we have X^^ «P0 1=.^^ ^ -^^ 
D df"*"!?' D (^ d' ^i? 

(cf. also Ex. 1 at end of chapter). 

Since we are assuming that ^ is a purely spherical function, that is, 
a function of r and t only, the following relations will hold between its 
derivatives: d^^d^y d^ d^ : 

dy dr r* dx dr t' 

dy^~r dr'^^Jy\r drj'r dr""^ dr\r dr)? 

rf»^ d/\d^\ df\ii<t.\x 
ai'>Mi T,)-^dr\f Tr)? 

•ndsimikrly fi-4C-''4Y-, 

■^ lixdz dr\r dr J T 

by which the above formulae for the electric and magnetic momenta 



d^ f_+J^ d_/li<f>\ 
'dr'*' r ' dr\T dr) 



D 

r 3^ d (\ rf*^ 



r dr\T dr) 



' H. von Helmholtz, VorlMwgai flier die ddaromagnetucJie Theorit dtt LkhU, 
S9 36 and 37, pp. 125-130. 
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-§fS, 



..(10) 



Electric and Uagnetic Osdllations at X to eacb other. — The 
analytiG condition that two momentB, forces or vectore, / and A, 
stand at right angles to each other is 

co8(/, A)"Cob(/, x)coa(h, x) + coa(f, y)coe(A, y) + c08(/, 2)eoB{ft, 2) = 0, 
or, if we replace these oodnes by the quotients ), 4, -? and ^> 
*», ^, where /,, f^ f^ and Aj, Aj, Ag denote the componente of/ and A 
respectively along the x,y, z axes respectively, 

coa^ f KS =-^ ^ +f^ hJlh = 0, 

/A+fA+/A'0 (11) 

The following relation evidently holds between the values (9) and 
(10) for the component electric and magnetic moments X, Y, Z and 
a,b, e: 

Xa+Yb + Zc = 0, 

which interpreted according to formula (11) expresses the familiar law: 
the electric and magnetic oscillationB take place at right angles to each 
other. 

ICagnetic OBcUIattons at j. to Direction of Propagation. — Let us 
first examine the magnetic oscillations (10) ; we evidently have not only 

ax + by + cz=0, 
or, by formula (11), the magnetic oscillations take place at right angles 
to their radius vector, but, since a = 0, also 

by + es^O, 
or they take place along the parallel circles intercepted on the spheres 
with centres at r — by the planes parallel the ^'z-plane. Since the 
resultant magnetic moment is given by 



JF+?'. 






where a denotes the latitude of any circle with regard to the x^axia as 
pole, it follows that the amplitude of the given oscillations will vary 
as the ^na, as we pass along any meridian from either pole, where it 
vanishes, towards the equator, where it reaches a muTriTniiTn The 
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magnetic oscillations could thus bo represented mechanically by the 
periodic oscillatious of spherical shells about their (z)-axi8. 

The Electric Wave as Besnltaat of two Waves. — As above, we can 
conceive the electric wave represented by formulae (9) as the resultant 
of the two waves 

5=?S' ^' = ■^' = 02) 

and 

D T dT\r 1?/' D~~ r dr\r drj' D~ r dr\T drj' ^ ' 

The former oscillations evidently retain one and the same ampUtude 
and direction of oscillation, that parallel the x-axis, over one and the 
same sphere with centre at r—0;* they could thus be represented 
mechanically by the periodic oscillation of spherical shells with centres 
at r=0 along that axis. The oscillations X", Y", Z' take plaoe along 
the meridians of the spheres with centres at r = ;* this follows from 
the two analytic relations 

or these oscillations take place at right angles to the magnetic ones, 
that is, to the circles intercepted on the spheres with centres at r=0 
by the planes parallel the t/s-plane, and 



or they take place along the surfaces of the spheres with centres at 
r=0. The resultant electric moment X', Y", Z" is evidently 

D d n d4>\ 

The Electric Waves at great distance from Source.— For large 
values of r the moments X', Y', Z' may be neglected in comparison 
to the moments X~, Y", Z', and thus be rejected ; that is, the 
periodic oscillations parallel to the x-axis are gradually lost sight of, 
when compared with those along the meridians, as the given dis- 
turbance recedes from ita source. This becomes evident when we 

*Cf. T, Helmholtz: VorUtmigen aber dU eUktrmnagHtliKhe T'heont dti LiehU, 
p. 128. 
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replace the purely Bpherical function <ft by ite value - /(r ± vf) (cf. 
formula (31, /)) in formulae (9) and also -, " - by the direction 
coeines a, /i, y. We have then 

Z_ riiP/ 3 d/ 3 1 
b~ '^IrVi'drr'^i 

which for large values of r could evideully be replaced by 



(13) 



X /fflt/jy y_ 

D' r di'' D~ 



'1& 

r ir>' 






..(14) 



The Electric Wares near Source. — Near the source of the disturb- 
ance the following formulae would evidently be approximate : 



.35^3 



_3aj. 






,..{15) 



Observe that the electric moment X ie here a function of both the 
momente X' and X", and is not, as might be supposed, given alone by 
the latter. 

The Uagnetlc Wave. — On replacing ^ by its value - / and -t~t~ by 
a, ft y in formulae (10) for the magnetic moments, we have 



^'IrdUr r'diX 
'~ ^''^Irdtdr r'dlj 



For large values of r the resultant magnetic moment is thus approxi- 
mately 

^ r dldr' 



■M 



we observe that the electric and magnetic moments are here of the 
eame order of magnitude in f-V 
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Near the source of the disturbance the resultant magnetic moment 
would be approximately ^____ 

t^ 1^ tU 

which is of a lower order of magnitude in - than the expreseion for 
the resultant electric moment. It would thus follow that, as we 
approached the source of the disturbance, the electric OBcillatJons 
would become more perceptible than the magnetic ones. 

Liiiearl7 Polarized Light. — We have seen above that for large 
values of r the electric moment X' (K' = Z' = 0) vanishes in comparison 
to the electric moment X", Y", 2' ; ae r increases, every element of 
wave-front approaches more and more that of a plane, until for 
infinitely large values of r X' vanishes entirely, and the wave-front 
itself becomes plane. The oscillations X", V, Z" take place, more- 
over, at right angles not only to the magnetic ones accompanying 
them, but also to their direction of propagation, and are propagated 
according to the law that their amplitudes decrease in magnitude 
inversely a« the distance from their source.* At great distances from 
their source these waves may, therefore, be identified with those of 
linearly polarized light, or, conversely, linearly polarized light may be 
represented by the given system of equations (12a} or (14). 

PiJmuT and Secondary Waves. — The electric wave represented 
by the electric moment X' differs materially from all ordinary 
electric waves; it appears only in the neighbourhood of its source, 
within which region its ampUtude decreases inversely as the square 
and third power of the distance (r), whereas the oscillations themselves 
take place, in general, neither at right angles to nor along their 
direction of propagation. As I shall henceforth draw a sharp dis- 
tinction between this kind of wave-motion and the ordinary one, let 
UB term the ordinary electromagnetic waves, or those whose oscilla- 
tions take place at right angles to their direction of propagation, and 
whose amplitudes decrease inversely as the distance " primary " and 
all other electromagnetic waves, or those whose oscillations do not 
take place at right angles to their direction of propagation, and whose 
amplitudes vary inversely as the square and higher powers of the 
distance "secondary." These two definitions of secondary waves, 
" those whose oscillations do not take place at right angles to their 
direction of propagation," and " those whose amphtudes vary inversely 

*W« are rejecting here the t«rioa in -^ oad ., which for large valnea of r 
■pproxii>iatel]r vanish, whan compared with those in — 
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as the square and higher powers of the distance," will be found to be 
identical. 

As an illuBtratioD of the resolution of a compound wave into its 
jHimary and secondary, take that represented by formulae (13); we 
conceive the given wave as the resultant of two waves, the primary 



D~ r 'V D r dfi' D~ 




and the secondary 




JT, 2-3(/J' + 7-')# 3-3(;9' + y") 


f. 



The primary and secondary waves are, in general, dependent on 
each other, or the presence of the one demands that of the other, that 
is, neither can exist alone by itself ; this followe, since the expressions 
for either wave are not, in general, particular integrals of our differ- 
ential equations, although their sums are Buch, the compound wave 
being represented by those auma ; this is demonstrated by the given 
example. 

Besides the above class of electromagnetic waves, a primaiy accom- 
panied by a secondary wave, we have, of course, the simple electro- 
magnetic wave or primary wave, if we may then term it such, that 
is not accompanied by a secondary wave. Such waves are represented 
by the simple or purely spherical wave-functions <l>, and not by their 
derivatives. An irregular distribution of wave-intensity over any 
given sphere, with centre at source of disturbance, would, therefore, 
always indicate the presence of a secondary wave in the given electro- 
magnetic wave and vice versa. 

Analogy between Primary and Secondary Waves and Primary and 
Secondary Cnrrents. The Beentgen Bays.— The idea of conceiving a 
compound electromagnetic wave as composed of two waves, a primary 
and a secondary one, was suggested by the somewhat analogous 
behaviour of the primary and secondary currents in current-electricity. 
As the primary and secondary currents arc dependent upon each 
other, so are the primary and secondary waves ; this dependence lies 
in the one case in the variation in the current-strength of the primary 
current, in the configuration of the two conductors or circuits and 
their relative position to each other, and in the other case indirectly in 
the similarity or relations — the appearance of the same quantities — 
between the analytical expressions for the two waves. Let us pursue 
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this analogy further. The generation of a secondary current a 
first of all, tho presence of a conductor or circuit in the field for the 
passage of the same ; analogously, the appearance of secondary waves 
would demand the presence of foreign bodies or media, aside from 
those within which the given electromagnetic disturbance is generated, 
in the given, otherwise homogeneous, field ; the vacuum tube — the 
vacuum within the tube, the tube (glass) itself, etc.— employed in the 
generation of the Itoentgen (X) rays may serve as an example of such 
foreign bodies or media brought into the field. The introduction of 
the second brass knob of the Hertzian vibrator would, in fact, consti- 
tute a field, within which such secondary oscillations might be expected 
to appear ; but these knobs are placed so near to each other — 2 to 3 
millimetres apart — in the generation of the Hertzian oscillations, that it 
would be difficult to detect these secondary oscillations except in the 
neighbourhood of the vibrator (cf. Ex. 12 at end of chapter). On the 
other hand, could not the insertion of the vacuum tube, employed for 
the generation of the Roentgen rays, into the field give rise to 
secondary waves that could easily be detected 1 The integrals em- 
ployed for representing given disturbances would naturally have to 
be supplemented by the corresponding surface conditions. The 
observed variation in the intensity of the (primary) vibrations emitted, 
due to the heating of the apparatus, sparking and radiation, would 
correspond to the variation in the current-strength of the primary 
current, and thus give rise to secondary oscillations. Henceforth 
J shall lay no great weight on the given analogy, which is to be 
rt^arded merely as a suggestion.. 

Problem 2. Let the auxiliary functions U, F, fF he given by the 
wave-functions 

~ dyds' ~dxdi' " dxdy' 

where <^ is a purely spherical wave-function, that is, any spherical 
wave-function that is a function of r and t only. These functions 
evidently satisfy the required condition (4). 
Replace U, V, W by these values in formulae (6), and we find 

X^^^ d^-f, d /iPj, ^\ 

D dxdy- dzdz^~ dx\di/^ dz^J' 

y_ g.d^i, <i»* _ l/^dij, (P^\ 
J) ~ Sydi'"SMy 'dy\ di^ dx^r 

h d!>?dz'^-'di^z dz\d^*^l^J' 
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or, since ^ ia a function of r and t only, 

D di\_ r dr\rdr)i~ r' \dr'\r dr)~ rTAr dr)\' 
Y _dVid^j^ + 2^ dnd^ 
D~ d)\_r dr* r dA'r dr)] 

" i-L >■ df\rdr)'^ r" TT\r dr)} 

and, similarly, 

Z £r^+2/ ^ /l d^\ ^x^ + f + 3z^ d (\ d^W 
D'rl r dr'\' drj* r" HrKrdrJS 

We next replace here the purely spherical wave-function <^ by ii 
value ~f{r±v^ (cf. formula (31, I.)); for this purpose we build th 
following expressions ; 

d^. \df 1 , 
Tr'rdt'ii'' 
d^ld'f Id/ 1 
dr' rJi^^r^dr*}^^' 
i»«_l^_3^ 6ii/ 6 
drt^rdt* r* dr** fi Tt't-'' 
d/\d^\ l(^*_lrf* 
Tr\rdr)'rdr' r' dr' 
hence .l^'S^df 3 

, (f* /I rf*\ 1 (P^ 2 (f*^ 2 (/A 



_l^f 5« 12^ 12f 
r^ 3ii^' r» dr^* r* dr~ 



dr'Kr dr)~ r dr' f'd^^'r'dr' 

S,^ \2.]f ^,. 
' i' dr'* rt dr~ ->' ' 

by which the above fotmulae can be written 

.Y_i(f-2>)r<i'/ S'W 15 li/ 1S,1 
B" f \jb'~ r W* f dr r>'i 

H- 7\}'^*">d,' r dr> 

3(a^--3/ + 7eS)/'rf/ 1 A-| 
* 3 W r-'JJ 

and, similarly, ^ = ^ I (a^ + 2y*) j^ - -i ^ ■' -•' 



,..(17) 



* rt Kdr'r^Jj 
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The Priiiuu7 imd SftconduT Electric Wavee. — Since / and its deri- 
vatives with regard to r are evidently of the same order of magnitude 
in -, we can thus conceive the given electric wave as composed of four 
single waves, whose amplitudes vary as the different powers — the first 
four — of - ; the secondary wave would, therefore, be here the resul- 
tant of three waves, whose amplitudes decrease inversely as the second, 
third, and fourth powers of the distance. If we exclude the immediate 
neighbourhood of the source of disturbance from the region in 
question, we may evidently reject the terma in -^ and -^ of formulae 
(17) in comparison to those in -^, and the secondary wave would then 
be given approximately by the latter terms. Since the immediate 
neighbourhood of any source is seldom accessible to examination, we 
shall, in general, exclude it from the region in question ; the secondary 
wave would then be represented approximately by the terms of the 
second order of magnitude in -^ and we shall, henceforth, refer to it 
as thus defined, unless otherwise specified. For the given region the 
electric moments of formulae (17) can thus be written (approximately) 

-^ ■X,^x._»(/s»-r=)rf»/ 6a(ff'-/ )'^!/" 

r Y ¥^ p(a? 4- 2y') rfy 3j3(^^ - j3^ -H ay' ) rfy 

Z Z, Z^ y {a^ + 2^) ,Pf Syla.^ + 3^-y^) d'f 
tr D D^ r dr^ r" dr^ 

where a, (3, y are the direction -cosines of r; A'„ l',, Z, denote the 
moments of the primary and X^ Y^ Z^ those of the secondary electric 
wave. 

The Uasnetic Wave.— By formulae (7) and (16) the magnetic 
momenta are 

2i^ d^f 2po y3_(P /I d<i>\ \ 
"^ v' Mydz^'^ r dldr\r dr) 



..(18) 



._ _Vj rfs^ _ v^xz rf« /I d^\ 
i« dtdxdz 'if' r 3i^\r dr) 

'"" f^dtdxdy^ v^'r SlJrKr dr) 

By the relations on p. 37 between the derivatives of ^ and /, these 
expressions for a, b, c can be written 
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. C„ ay rf /(i*/ 3 rf/ 3 A I 

^a^d/^_3rfA 3 \ 
~t« r diWn rdr'*'T»^) ] 
We can thus conceive the given magnetic wave as composed of three 
single waves, whose amplitudes decrease inversely as the first, second, 
and third powers respectively of the distance. In the region in 
question, that, namely, in which formulae (17A) approximately hold, 
the secondary magnetic wave would, in general, be represented approxi- 
mately by the terms in -^ of these formulae (18a). 

Regions in vhich the Primary Ware disappears.- — From a glance at 
formulae (I 7a), it is evident that there are certain regions, io which the 
secondary (electric) wave alone appears* and cannot, therefore, be 
overlooked when compared with the primary (electric) wave, even at 
greater distances from the source of disturbance. These regions are 
characterised by the disappearance of the primary wave,* that is, they 
are determined by the vanishing of the coefficientA of the terms of the 
first order of magnitude in - ; the given particular regions, lines or 
surfaces, of formulae (17a) are four in number and are determined by 
the following set^ of analytic relations : 

Reguml. _a{^-y^) = fi(a? + 2y») = y{<,^ + 2^) = Q (19) 

Region 2. ' a{l3i-y'i) = 0, ^(aa + 2y*)50, 7(a« + 2|8*)50 (20) 

RegimB. o(/32-y2)50, /3{a2 + 2/) = 0, y(a» + 2^^)50 (21) 

Btffimi. 0(^-7^)50, ^{oi! + 2y*)50, y(a2 + 2/3«)-0 (22) 

It is easy to show that the vanishing of any two of the given 
coefficients is identical to that of all three or to the analytic relations 
(19). Moreover, since formulae (17a) are symmetrical in y and z, it will 
be neeessary to examine only the first three regions, formulae (22) which 
determine the fourth region being analogous to those (21) for the third. 
Begion 1 : The Three Coordinate Axes. — The analytic relation (19) 
can evidently be replaced by the following : 
a=0, y8 = .and hence y=l; 
a-0, o' + 27» = 0, hence y = and /3=1; 
and l^=y, ^ = 0. hence y = and a=l, 

or the three coordinat«-axes. 

* Or, more atriotlj apeaking, one or more of the electric componeDt-moRieDU of 
the primary wave dilttppear. 
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It thus follows that the electric moment Xi, Vi, 2^ vanishes along 
all three axes x, y, z. The electric moment X^ Y^ Z^ assumes the 
following particular form along the same : 

X, = Fj = 2^ = along the le-axis, 

Xj = 2j="0, yj— --5- -iL along they-axis, 

and ^j = Fj = 0, Zj = -^ t^ along the z-axis ; 

that is, the secondary wave disappears entirely along the »«xis, but is 
propagated along the y and z axes as a longitudinal wave. 

Segiott 2: The yz aod jS^ = y^ Planes. — This region evidently com- 
prises the two regions o = or the y^^plane and P* = y^ or two planes 
passing through the origin at right angles to each other and bisecting 
the angles between the xy- and xs^planes. 

Fora — 0, hence /3* + y^ = l, formulae (I 7a) reduce to 
X=0, 

^° r di^ r" rfr«' 

2g^rfy 3y(3ffl-Y«) rfy 

where, for brevity, we have put D = \. These values give 

and s/^^+i7+^ = ^§S^ 

It thus follows that both the primary and secondary oscillations of 
the ys-plane take place in that plane and that the amplitude and 
intensity of the latter are functions only of the distance from the origin. 
Formulae (18a) reduce here to 

2v,^ydf^ ^df 3 \ 
p» r dtWrdrT^^J' 
b=c=0; 
that is, the magnetic oscillations of the yz-plane take place parallel to 
the z-axie. 

The analytic relations a = 0, 

and ^(<i» + 2f) = y (a? + 2/3*)? 0, 

or, dnce a — O and hence (9° + y° = l, 
a = 0, ^^ 

correspond to a particular case of the given one. The particular region 
is evidently two straight lines passing through the origin at right 

.Ogle 
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angles to each other and the x-axis and bisecting the angles between 
the y and s axes. 

The resultant electric and magnetic momenta assume the following 
values along these lines : 

^'''^1 +'i +'*! rrf?* 

■JA^ +Ii +^j r''dr^ 






For ^ = 7*, hence o?^'2IP = a? + 2y'=\, formulae (17a) reduce to 
X-0, 

Formulae (18a) give here the following expression for the resultant 
magnetic moment : 

/^— .-5 — , ■Jiv.yd/d'f 3df^S,\ 

Both the priomiy and secondary oscillations of the planes ^ = -^ 
thus take place at right angles to the :&axi8, whereas their resultant 
moments, and also that of the magnetic oscillations accompanying them, 
are entirely independent of the direction-cosine a. 

Begion 3. See Examples 2 and 3 at end of chapter. 

Proof of Oenenl Laws. — To confirm the validity of formulae (17a) 
and (18a), let us next prove some of the well-known laws of electricity 
and magnetism for the oscillations represented by the same. 

The Electric and Magnetic Oscillations take place at J. to each 

other. — The analytic condition that electric and magnetic oscillations 

take place at right angles to each other is, by formula (1 1), 

Xa+Vb + Zc=0. 

That the primary (electric) and the magnetic oscillations of the given 

problem take place at right angles to each other, the relation must 

then hold x^a + r,6 + Z^c = 0. 

To ascertain whether this condition be fulfilled, replace here the given 

moments by their values (cf. formulae (17a) and (ISA)), and we find 

-V + r,6 + Z,c = (7a^7 [2 (^ - y^) + (a» + 2y*) - (a^ + 2j8>)] = 0, 

, ^ Jh.d»/ d /cPf Zdf Z \ 

''here c=^ ^ j^(;^--^; + ^). 
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Similarly, we find 

X^ + Y^ + Z^c 

= 4C^[-3{^-7*)-(a«-/Ss + 3yn + <<'*+3;8»-/)] = 0, 

or the secondary (electric) and the magnetic oscillationB take place at 
right angles to each other. 

It thus follows that the electdc oscillations represented by formulae 
(17a) and the magnetic ones accompanying the same take place at 
right angles to each other. Moreover, it is evident from the form of 
the above expressions that not only the magnetic oscillations repre- 
sented by formulae (18a) but also all three component oscillations, of 
which the same may be conceived as composed, take place at right 
angles both to the primary and to the secondary (electric) oscillations. 
Similarly, it is easy to show that the electric oscillations of the third 
and fourth orders of magnitude in - of formulae (1 7) also take place at 
right angles to the different magnetic ones (18a) that accompany them. 
Hence the general law : the (total) electric and the (total) magnetic 
oscillations take place at right angles to each other. 

The Majmetic Oscillations take place at J. to their Direction of 
Fropagation. — A glance at formulae (18a) shows that the condition 
that the magnetic oscillations take place at right angles to their 
direction of propagation, namely, aa; + 6y + K — 0, is fulfilled. 

The Primary Oscillations t&ke place at J. to their Direction of 
Propagation. — ^It is easy to show that the primary (electric) oscillations 
also take place at right angles to their direction of propagation. 
Keplace X^, Y■^, 2, by their values from formulae (17a) in the given 
condition, and we have 

= [a>(/?=-7^)-^(a= + 2v^) + y^(a^ + 2^]^^=0. {D=\). 

The Secondary OscillationB do not take place at j. to their 
Direction of Propagation. — Lastly, replace X^ Y^ Z^ by their values 
from formulae (17a) in the form* of the condition that the secondary 
(electric) oscillations take place at right angles to their direction of 
propagation, and we find 
A^+Ksy+Zj.: 

= [_6a^(^--y^)+3/?>(a'-^-t-3r«)-3v^(aU3;3^-ri)]^^ {I>=1), 

1 1 d\f 



= 3[(.» + 7=)y!-(a^ + ^)^]; 
* The word " tonn " is ased here B8 in the theory of invariants. 
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or, since «*+^+y'--l, 






-m r^soi 



that is, the condition, that the secondary electric oscillations take place 
at right angles to their direction of propagation, is, in general, not 
fulfilled. 

Detenniiiation of the As^ of OsdllatioiL — Let us next determine 
the angle the given secondary oBcillations make with their direction of 
propagation. We denote the given resultant moment by /, and its 
directioQ-coaines hy Xj, /ij, m, ; the angle in question, which we shall 
denote by (/,, r), is then given by the familiar formula 

c<w(/a.'") = V+/^ + »'2y. (^^) 



/■/A A 



or, siDce ^ /^ >'j may be replaced by the quotients 
respectively (cf. p. 31), vfYienf^^^Xj^+Y^ + Z,'^, 

eo8{/g, 

Replace here X^, Y^ Z^ by their values from formulae (17a), and 
we have 

^, _ - 6a^(ffl - Y') + 3ff'(a' - ^ + 37') -ma? + 3^°-^) 

^■'*' 3V4a^(/f^ - 7^)'"+/f(«^ - li-' + Ay-^f + TV + ^P" " 7^ 

Since this expression for cos {/„ r) assumes one and the same value 
along any given vector, that is, for any given ray or pencil of waves, 
it will be sufficient to determine its behaviour over any sphere with 
centre at the source of disturbance ; for this purpose we replace the 
rectangular coordinates x, y, z by the polars ;■, &, <^, already employed 
on p. 21, where 9 denotes the angle, which the plane passing through 
the a>«xis and the vector r or direction of propagation of the given 
wave makes with the a;y-plane at the point a;, y = z=0, and ^* the angle 
between the vector t and the awixis (cf, figure 4, p. 22). 

The following analytic relations hold between these coordinates : 

Z = rC0S<j>, a = C08<^ 1 

y = r sin ^ cos fl, hence j8=sin0cos9l (26) 

3 = r sin <(i sin C, 7 = sin sin S J 

*0n pag« 21 we denoted this angle by a. 
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The general fonnula (23a) for the angle {f^ r) can, therefore, also be 
written 

and formula (24) for the given particular wave in the simpler form 

«M(/j,r)= -ain^(co8*«-Bin''ff)= -siu^caaie. (26a) 

BegioBS in which the Secondary Oecillatlons are Longitndinal. — The 

given oscillations are longitudinal, when cos(/j,r)= ±1, that is, they 

are longitudinal in the regions determined by the equation 

±1- T8in^cos2e, or sin </)C082e= ±1. 

The region smi<^ cos 2S=1: this region evidently compriees the 

■c&^owi ain^=l, caa2B=\, 

beuce ^"v ^=^ *""' '^' °^ *^ y-aJuSi 

and ain^— -1, cos2ff=-l, 

henoe 4>='-^, tf=^ and -^, or the -s-axis. 

The region rin -^ coj 20 = - 1 : this region comprises the regions 

hence ^~9' ^"5 *'**^ "^' o''*!'^--™^ 

and sin-^"-!, eo82fl=l, 

hence ^="7^-1 & = G and jt, or the y-axis. 

Begions in which the Secondai? Oscillations are transreiM. — The 
given oscillations are transverse, when cob(/j, r)''0, that is, they are 
transverse in the regions determined by the equation 

sin 0CO3 20 = 0, 

or ^n i^ = 0, 
heuoe ^ = and n-, or the j^-axis. 

and COB 20 = 0, 

■ /I T 3jr 5ir , "Jtt 

hence ^ = 7> "T' T ~T' 

or two planes passing through the z-axis at right angles to each other, 
and bisecting the four quadrants {y, z), (z, -y), ( - y, - z) and ( - ?, y). 
We have now seen on p. 39 that the given secondary oscillations vanish 
along the X-axis, and on p. 41 that they take place at right angles to 
that axis throughout the planes jfi = y^ or the planes ^ = 7. -j, -7. 
and -J, throughout which they have just been found to be transverse ; 
their direction of oscillation is thus thereby determined uniquely, 
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4S 



as indicated in figure 5 below. The resultant moment of these trans- 
verse oscillations is 

*^^i ■•"^i ^ 5^ 

{cf. formulae on p. 41), which by fonnulae (25) can be.written 
3 sin^ d*/ 



JY^* + Z^^' 



that is, their amplitude increases according to «tn ^ as we recede from 
the X-axis, where it vanishes, along any circle, intercepted on the planes 
^=7* by any sphere with centre at source of disturbance, towards the 
y^plane, where it reaches a maximum, as indicated in figure 5. 




The Secondary OBcillationa of the yz-Flans; Botation of their 
Dtraction of OscUlatlott thion^ 90°. — We have seen on p. 40 that 
the oscillations of the yz-plane take place in that plane, and that their 
amplitude and hence intensity remain constant for any given radius- 
vector. Along the lines (vectors) of intersection of this plane and those 
of transverse oscillation ((8* = y*), the given secondary oscillations will 
thus take place in the j(z-plane and at right angles to their direction of 
propagatioa; that is, their direction of oscillation is determined 
uniquely along those lines of intersection or vectors. Moreover, it 
follows from the expressions lor X^ Y^ Z^ along the y- and s^ixes (cf. 
p. 39), as we recede from the y-axis along the circle, intercepted on the 
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y^-plane by any sphere with centre at origiD, towards the z-axia, that 
the given secondary oacillations are turned through an angle of 90° in 
the y?-plane or 180° with regard to their radius-vector, their amplitude 
and intensity remaining constant (cf. the above figure). Formula (26a) 
reduces here to 

cob{/^ r)— - cos 29, 
hence (/j,r) = 180°-2tf; 

that is, the angle (/^ r) varies as 180* - 2^. 

The SecondaiT OaciUationB of the xs-Flane; Botation of their 
Direction of Oscillation through 160*. As we recede from the x-ajoa 
along the circle, intercepted on the xs^plano by any sphere with centre 
at origin, towards the z-axis, the given secondary oscillations are 
turned through an angle of 180* in the xs-plane or 90° with regard 
to their radiua-veotor, whereas their amplitude increases as sin <fi, from 
at the X-axis to a maximum at the z-axia, as indicated in the above 
figure. This follows from the particular form assumed by formulae 
{17a) and (26a) in the given plane. Formulae (17a) reduce here to 

-v,='?f. r,-o. z.^-'-^i^% <«-!), 

which by formulae (26) can be written 

„ Ssin-^sin^^rfy v n -7 3sin</>coa2^dy 

hence the resultent moment is 

or the given oscillations take place in the a«r-plane, their amplitude 
varying as sin <^. Formula (26a) assumes here the particular form 

cofl(/p»-) = 8in0, 
or the giveu oscillations are turned through an angle of 90° with 
regard to their radius-vector, as we pass from the z- to the z-axis ; that 
is, they either retain one and the same direction in space or they are 
turned through an angle of 180° in the a:!-plane. To determine the 
direction of oscillation in question, we seek the values of the momenta 
X^ and Z^ at some intermediate point of the given arc, for example, at 
the point z=z or <^ = 45'. The above formulae become here 



.tl 



-2,-0, 



from which it is evident that the oscilUtions in question are turned 
through an angle of 180* in the ^-phine, as we pass from the z- to the 
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The Becondary OBcillationB of the zy-Flane. — Since tlie given 
secondary oBcill&tions are symmetrical with regard to the xy- and 
xs^planes, except in sign (cf, formulae (17a)), the oscillations throughout 
the former plane will behave similarly to those of the latter, which 
we have just examined ; namely, as we recede from the x- towards 
the y-axis along the circle, intercepted on the ay-plane by any sphere 
with centre at origin, the given oscillations are turned through an 
angle of 180° in the x^plane or 90° with regard to their radius- 
vector, whereas their amplitude increases as sin <(>, from at the 
jHucis to a maximum at the y-axis ; these oscillations are also indicated 
in the above figure. 

The Prlmarr Wave. — The primary wave of the given problem 
difiere only immaterially from that of the preceding problem. We 
identify it, together with the magnetic wave accompanying the same, as 
the linearly polarized electromagnetic or light-wave, whose oscillations, 
both electric and magnetic, take place at right angles not only to each 
other but to their direction of propagation ; it is, in fact, only another 
type— another distribution of the oscillations with regard to direction 
of oscillation and to amplitude over any given sphere — of the electro- 
magnetic waves, with which we are already familiar. 

The Secondary Ware. — The secondary wave of the given problem 
differs from that of problem 1 chiefly in that its direction of oscillation 
does not remain one and the same at all points — parallel the z-axis — 
but varies from point to point ; this demonstrates that other secondary 
waves than those (the secondary Hertzian), whose oscillations retain 
one and the same direction of oscillation throughout the given region, 
are consistent with our differential equations. The given particular 
law of variation of the direction of oscillation is, of course, only one of 
the many possible laws (cf. also p. 63). A peculiarity of the given 
secondary (electric) wave, to which we may call attention, is that it 
is propagated along the t/- and saxes as a longitudinal wave, unaccom- 
panied by either a primary (electric) or magnetic wave (cf. Ex. 12 at 
end of chapter). 

Problem 3. Let W, V, W be given by the wave-funetions, 

^ dy (fe I 

„ dA. dip, 

^-ih--di\' (27) 

ax 'dy ) 
where ^, ^ <^ denote purely spherical wave-functions. These values 
evidently satisfy the required condition (4). 
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Since the -^'s are functions of r and I only, we can write 

r dr T dr' 



with analogous expressions for Fand W; or, on replacing the ^'s by 
the/'s (ef, formulae (31, I)) and p -, - by the direction-cosines a, j8, y, 

"-'Mr-y'Ifj-^w.-rA) m 

with analogous expressions for fand ^. 

Lotus, next, a^uma that the oscillations represented by the functions 
/„ /y /g differ only in amplitude from one another — the more general 
case, where these functions shall represent oscillations of different 
phase, is treated in the following chapter. Moreover, let these 
functions be the simple sinus functions, namely, 

/,=«,sin^(rf-r)| 



/j-«3_sin-^(rf-r)l 

where the amplitudes a„ Oj, a, shall be constant— not functions of 
X, y, s. 

If we replace /j, f^, /j by the functions (29), formulae (28) assume 
the form 

^-" (ajr - «»^)co8 <" + ^ ('^17 - <hP) sin ■" 

W= — (oj^-Ojo)cosiu + -,j ((i,/3 — fl^a)sinw I 
where '^^T *"** o' = w(i^.-r) (31) 

The Wave-Letiffth A.— The wave-length X of the waves of light, with 
which we are familiar, is small in comparison to the radius-vector r, 
except at or near the source of the disturbance itself ; this region, the 
examination of which offers serious difficulties (see Chapter V.), is so 
email — it is of the dimensions of the wave-length— that it is of little 
importance, if, for no other reason, for that that all empirical data 
concerning it are necessarily wantdng. Hence, at finite distance from 
the given source the second terms of the above expressions for U, V, W 
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would, in general, be small in comparison to the first and could thus 
be rejected (ef. also p. 32); on the other hand, U, V, W would be 
represented by the former at or Dear the source of the disturbance, 
provided the given expressions hold there. In general we could 
thus put „ 



y->. 



a,T)eoBii) 



»'=-(ai^-aja)cosu 



..<32) 



We, next, replace U, V, W by these functions in formulae (5), and 
re find 



?_^[o,(/3> + y')-«(<.^ + «,r)]sin.+ !.(2»,« + i^+a,y)co.. 
5->[«!(«' + r')-/8<<.,. + a,r)l«n"+l/8(2a^+o,a + «,7)cos» 

f,-t'[«.('''+W-y("i"+<^)]»""+^)'(Hy+«.'»+'^)'»»- 



D 



.(33) 



For similar reasons to those just mentioned, the second terms of these 
expressions would, in general, be sm^ in comparison to the first, and 
could thus be rejected. In those regions, however, where the coefficients 
of the first tenns vanish (see below), the electric component-momentB 
would be represented by the terms of the next higher order in - 
(cf. also p. 39, and Elx. 13 at end of chapter) ; but these would not be 
the ones given here, since we have already rejected terms of that order 
in the above development. 

Secioiu in which PrinuuT Wave dismjpearB. — The vanishing of 
the given coefficients signifies that certain analytic relations hold 
between the amplitudes a,, a^ Oj. and the direction-cosines a, p, y. 
Since the amplitudes are entirely arbitrary, but given, and the 
direction-cosines variable, such relations determine given regions 
{of. also p. 39). The regions in question are evidently determined 
by the four sets of analytic relations 

i.,(/3> + y')-.(iij8 + «,y)-0 1 

«■(«"+ »")-««,"+«.t)-<i \ W 

«,("' + « -7(«," + «^)-0 J 
«,(^ + 7')--(«>/5 + W)-0 1 

OSK<''' + 7^-/S(»,« + «.r)]*[%(-'+W-T(«,»+«.«]S0/' ' 
and two analogous sets, where first the second and then the third 



„Gooyk' 



ISO 



ELECTROMAGNETIC THEORY OF UGHT. 



(36> 



relation of the first set alone holds (cf. also formulae (19)-(22)). We 
observe, as on p. 39, that if any two relations of the first set, formulae 
(34), hold, the third necessarily follows. 

We have just obaerved that formulae (33) do not hold in all r^ons, 
namely, in those determined by the analytic relations (34), (36), et«. 
To derive tiie formulae for those regions, we must evidently employ 
formulae (30) instead of the approximate ones (32) in the above 
development ; we thus replace U, V, W by their explicit values (30) 
in formulae (S), and we find 

5-"K(^+r^)-«M+'w)]«n«. ^ 

+ "^[aoi - 3ffl,(^ + V*) + 3o((ijj8 + Ogy)]co8 lu 

+ 5[2a,-3ag(a2 + yi) + 3^(a,Q + a3y)]eo8«. 

f = ^'[SC-^ + /?=)- y(«i- + «2^)]«in <- 

+ "^[2aj - 3a,(aa + /J-J) + 3y (fljo -(- ajy8)]cos B 

where WB have rejected the terms of the third order of magnitude in -; 
the terms retained, being of the first and second orders, thus represent 
the primary and secondary oscillations respectively. 

Begion 1 : the Vectora a ; j9 : y = (ij : «, : a^. — Formulae (34) can 
evidently be replaced by 

Qjy = flj^, a^o. = <[,7, fflj^ = a,a ; 
these equatiouB represent a straight line passing through the source of 
the disturbance \ ite direction is given by the proportion 

hence a = rm-y, ^ = ma^ y = nwg, (37) 



where 



1 



Vv 



Formulae (36) assume the following simple form along these v 



that is, only the secondary oscillation appears here. This and similar 
linee would, therefore, be suited best for an experimental research of the 
given secondary wave. 
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Begioit 2, a Snr&Ge. — The region determined by the analytic relation 

ia the surface a^(y'^ + ^)-^a^ + a^)x = Q•, (38) 

it passes through the origin and the line determined by formulae (37). 
The aK^omponent of the electric moment at any point of this surface not 
on the line (37) still remains 

^-?J<.,c»., (39) 

the other two components are given by the general formulae (36), 
where, however, any two of the variables n, (8, y are to be replaced as 
functions of the third, after the former have been determined as such 
from the analytic relations 

«,(^ + y^) = a(«^ + ,47), 
and a» + /?a + yJ = l. 

Similarly, analogous formulae hold for the two regions or surfaces 
a^{3? + ^) -■ («,a; + a^)y = 0, 
and «s(/« +/) - (wiS: + a^y)z = 0. 

The Magnetic Wavee.— By formulae (7) and (32) we find the fol- 
lowing approximate values for the component magnetic momente ; 

«- „"(«,y-../5)".-, »-„»(<v-.,r)..n- I ^^^^ 

These formulae are also approximate for the regions determined by 
the four sets of analytic relations 

a,r-a^=a,a-o,y = ai^_«^^0, (41) 

a.,y~a^ = Q, OgO-n,y50, a,/3-rt.a50, (42) 

and the two analogous sets, since the terms of the second order of 
magnitude in -, which appear in the explicit formulae, contain each the 
same factor (o^y - a^), (djO - u^y), or (a^^ - a^a), as the respective term 
of the first order. The secondary magnetic wave would, therefore, 
always be accompanied by its primary magnetic wave. 

The first set of analytic relations (41) is identical to the analogous 
one (cf. formulae (34)) for the electric moment* ; these relations deter- 
mine the line aiji-.y-n^-.a^-.a^ (cf. p. 50). 

The magnetic moments vanish along this line, whereas the electric 
ones were those of a secondary oscillation only. It thus follows that 
the secondary oidllatiaas are not, necessarily, always aecompanud by 
magjietic ones (cf. also p. 47). 
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The WftTe-Lenfth X. — On p. 48 we have observed that the wave- 
length k of all Hght-wftves, with which we are familiar, is small in 
comparison to the distance r from source, and we, therefore, rejected 
the second terms of formulae (30) in our derivation of the fonnulae 
(33) for the electric moments ; subsequently, upon the examination 
of those particular regions, in which the coefficient of the first terms 
of the latter formulae vanished, we found it necessary to retain the 
terms we had just rejected. The rejection of the given terms was 
evidently justified, as long as we were dealing with light-waves proper ; 
but just as soon as our investigations are to be applied to electro- 
magnetic waves of long wave-length or electric waves proper (Hertzian) 
(cf. also next page), those terms must be retained. 

Explicit FonuTilae fbr HomBnta.— Instead of seeking, as above, par- 
ticular fonnulae for the different kinds of electromagnetic waves, let 
us take the general (explicit) fonnulae for the electromagnetic waves 
in question and interpret the same according to the different values 
assigned the given quantities and constanto. We replace U, F, ff by 
their explicit values (30) in formulae (5) and (7), and we find 

+ ^[2rt,-3ffl,(^ + y») + 3u(ajj8+a37)]cos<u 

+ 1 p., - 3.,(.> + /) + 3^(o,a + a,y)] oo. » 
+ ^ P«. - 3">i("' + /) + 3;8(a,m. o,).)] sin « 

+ ![2,.,-3<.,(a' + ;8') + 3y(<.,a + ««8)]<»»" 
+ ^[2.,-3»,(.'tW + 3r(«,"t«i«)]«in" 
and o = ^"(ajl'-a^)0Bin«-^cosu.j 

6 = — " (a.a - a,y) ( - ain ot - -scobiu ) 
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Distinction betwera Light and Electric WftTea ; the Qiuuitity n.— 
The expressions for the electric moments X, Y, Z are composed each 
of three terms, arranged according to the different powers of - or n. 
The order of magnitude of any such term evidently depends not only 
upon these powers of - and n, but also upon the actual distance r from 
the given source and the value of the quantity «. There are now two 
classes of electromagnetic waves, characterized by n's of quite different 
orders of magnitude and between which we shall, therefore, have to 
discriaiinat« ; these are the light-waves proper and the electric (Hertzian) 
waves. The former have wave-lengths of the dimensions 10"*mm. ; 
by formula (31) n would, therefore, be very large for all lightrwavea, 
On the other hand, the wave-length A of the electric waves proper is of 
the dimensions of the metre or of the other quantities (r) that appear 
in formulae {43) for the given electric moments ; their n would, there- 
fore, be of the same order of magnitude as their K or the other quan- 
tities. It thus foUows : For light-waves, the second and third terms of 
the expressioDB for the electric moments X, Y, Z of formulae (43) will be 
very (infinitely) small in comparison to the first terms of the same, and 
may, therefore, be rejected not alone at great or finite distances from 
the source — due to the functions but also in its immediate neigh- 
bourhood — due to the value of n ; in other words, the amplitude of 
the secondary wave that accompanies any (primary) light- wave will be so 
very (infinitely) small in comparison to that of the light-wave proper, 
that we cannot expect to detect the same except in the source itself. 
Consequently, we may conceive Ught-teaves proper as unacamipanted 
by secondary electric disturbances. For electric waves, the second and 
third terms of the given expressions will vanish, when compared with the 
first terms of the same, only at greater distances from the source ; the 
primary electric wave will thus be accompanied by a secondary electric 
wave to a considerable distance from its source, the intensity of the latter 
evidently being of the same order of magnitude as that of the former 
in the immediate neighbourhood of the source, but decreasing somewhat 
more rapidly than that of the primary wave, as we recede from the 
same. On the otlier hand, the secondary wave will evidently be repre- 
sented by the second terms of the given expressions, except in the 
immediate neighbourhood of the source. 

For one and the same ampliUides «„ iij, n^ the amplitude of the light- 
wave would be very (infinitely) large in comparison to that of the 
electric wave. To obtain amplitudes of the dimensions of those of the 
light-wave or of the same dimensions as the amplitudes of the electric 
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wave for the light-wave, we replace the quantities it[, a^ a^, the ampli- 
tudes of the functions /„ /^ /j for electric waves, by the quantities 
~3' it ■ s' respectively for the light-waves, where m" shall denote a 
quantity (number) of the same order of magnitude as n ; the secondary 
electric light-wave will then vanish, as alwve, whereas the wave-length 
A will remain unaltered. 

Electric and Magnetic OBcill&tions at X to each other.^ — To confirm 
the general law that "the electric and magnetic oscillations take 
place at tight angles to each other" in the given case, we must 
employ the explicit and not the approximate expressions for the 
moments. Let us denote the quantities of the first and second orders 
of magnitude in - by sutHxing the indices 1 and 2 to the same ; we can 
then write 

and o = a, -HOj,* i = 6, +ij, c = c, -t-Cj, 

where the quantities or terms of the third order of magnitude in , 
X^, Fj, Z^, have been rejected (cf. p. 52) ; for the proof of the given 
general law, where the terms of the third order of magnitude in - are 
retained, see Ex. 10 at end of chapter. 

The analytic condition that the electric and magnetic oscillations take 
place at right angles to each other, namely, 
Xa+Yh-i-Zc = 
(cf. formula (11)) becomes here 

{X^ + X^){a^ + a^)-i-{Y^ + Y;)(b^ + h^) + {Z^-\-Zt){Ci + c,) = Q. 

Since terms of only the same order of magnitude in - can evidently 
be compared with one another, this condition can be replaced by the 
three, 

X^a^ -^ y,6j -t- 2,c, = 0, terms of the second order, 
(.Tia, -I- ZjOi) -1- (r,6^ + rj6,) + {Z^Cj + Z/,) = 0, „ third 

and X^^ + Y^b^ + Z^c^ = 0, „ fourth „ 

To ascertain whether these conditions be fulfilled, we replace the 
given moments by their values and evaluate the forms t in question. 
Let us examine here the second condition ; we have 

jr,a, + Xrt-C[.,-2«,(^ + ,') + 2.(.^ + .,T)](«,y-,,^), 

* The moneutt a, and a, are not to be confounded with the amplitadeB a„ a„ (a,) 
of the WAve-fuDctionBy,, f^, f^. 
tSee footnote on p. 42. 
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and, Bimilarly, 














I'A+l'A- 


■01-, 


-2a,(a 


■ + 7<) + 2««, 


«+«,r)]("."- 


■«,y), 


and 


^,«,+ZA' 


.C[», 


-2o,(. 


■ + « + 27(o, 


,»+<^)l(<.,^- 


-V). 


where 






c-^i! 


"adn.eo.,. 





The coefficient of a, of the form* of the given condition is thus 

- r[«, - 2aj("' + y*) + 2^(<h<:t + flay)] + 2a^a.sp 
■ +^[a,-2ttj(a= + ^) + 27(n,a + «^)]-2a,a!y}, 
which evidently vaniahes. The form itself thus reduces to 

-K-2tt,(a* + j9') + 2<ij^y]<V»}, 
the different terms of which evidently cancel one another, and the given 
condition is thus fulfilled. The proof of the validity of the other two 
conditions offers no difficulties. 

Hacmetic and Primary Electric OsciU&tionB at 1 to Direction of 
FnpagaUon. — From a glance at formulae (44) for the magnetic 
moments, it is evident that the magnetic oscillations take place at 
right angles to their direction of propagation. 

It is, likewise, easy to show that the primary oscillations X,, Y^, ^, 
also take place at right angles to their direction of propagation ; this is 
not, however, true of the secondary oscillations X^ Y^ Z^ as the 
ensuing development will show. 

Determination of the Angle (/^ r). — Let us, next, determine the 
angle of oscillation (J^ r), which the given secondary oscillations make 
with their direction of propagation ; we denote their resultant moment 
by /j and the direction-cosines of that moment by K^, Hp Vp as on 
p. 43, and we have 

eoB(/j, r) = Ajd + /i.^ + v^y 

(cf. formula (2.^)). Replace here A^, /t^, v^ liy the respective moments 
(cf. p. 43) from formulae (43), and we have 

^y^U-.-3'»i(^ + /) + 3a(ai;3 + asy)]a 
+ [2«j - 3tt,(a» + yS) + S/3(a,a + a^y)]l3 
+ [2a,-3oB(o»+^) + 3y{<i,a + flj^)]y)cos«, 
= =^(tt,a + «^+<.,y)cos<-, 
'Seefcot-note, p. 42. 
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where /, ig to be replaced by 

nD , 

+ 6 {a,Uja;8+ a^agay + u^^y) cos m 



We thus have 

Vrti^ + a/+ flj^ + 3 (aia + a.J3 + a^yf 

This general expressioD for cos (/,, r) is evidently too complicated to 
admit of a simple analysis. In order to acquire some knowledge of the 
behaviour of these secondary (electric) waves — and among other pro- 
perties one of the most important is the variatioD of their angle of 
oscillation throughout the given region — we shall undertake to examine 
the expression (46) for some particular case, for example, that, where 

The expression for cos(/j, r) then reduces to 

Since this expression, as also the general one, assumes one and the 
same value along any given vector, it will suffice to examine ite 
behaviour over the surface of any given sphere with centre at origin. 
The evaluation of the same at different points on the surface of any 
such sphere will evidently be facilitated by the introduction of the 
pcJar coordinates r, 6, <!> employed in the preceding problem (cf. p. 43). 
By formulae (25) the given expression (46) can then be written 

rnn(/ r) - , 2[cos^ + sin ^(sing + cosg)] , 

^■^* ' v/6[l+sin^co8^(8inf-t-cOBe') + sinV8in«cosf] 



2[co8J. + Bin.f.(sinfl + cosg)] 



..{47a) 



J3 [2 + sin 2^(ain 6 + cos 6} + siii^ sin 20] 

To determine the angle (/f, t) at any point, we plot the curves 6= 0°, 
16°, 30° ... 180' for different values of <ft between 0* and 360°, choosing 
the angle (/^ r) — its degrees — as ordinate and the angle i^ — its degrees 
— as abscissa. To plot these curves, we shall find it sufficient to 
determine the angle (/j, r) for every 15° of 0, except in the case of the 
curve 6 = 45° between i^ = 45° and 60° (see below). 
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The Heniisplien 6 = 0° to 90°.— It is evident that the expressioD for 
Coa(/g, r) will remain unchanged when we replace ^ by 90° - ; hence 
we need plot only the curves = 0°, 15°, 30°, and 45°, the other curvea, 
$ = S0', 75°, and 90°, being identical to the curves ^ = 30*, 15°, and 0° 
respectively. 

The formula (47) for cOB(_f^ r) reduces for the given hemisphere 
to the following : 
For(l) fl = 0° or 90', 

,, . ^ 2 (cos -^H- sin ■^) 
V6(l + siu'^coe^) 
(2) fl=15* or 



,, , 2(cos*+l-2247sini^) 

^ Ve(l + l-2:!47 sin .^cos* + 0-25 8in*0) 



,.(48) 
..(49) 



(3) fl = 30' or 60* 

008(/ 

and (4) ^ = 45°, 



,, , 2(co8i^ + 1-366 sin 0) 

" v/6(l + 1-366 sin ^cos0 + 0-433 sin^^) 



,, 2(co8A + v/2 8in<t) ,,-, 

cosC4 rt = -y^ - } r ^- ^ JUL (51) 

\'6 (1 + v'2 sni -^ cos * + 0-5 sinV) 

Upon evaluating these expressions for ^ = 0°, 15°... 180°, we find 
the values given in foot-note* for the angle (/,, r), which evidently 
suffice for the plotting of the curves in question, with the exception of 
the curve S = 45° between ^ = 45° and 60°. It is now easy to show 
that this curve touches the <i>-&xiB between these two values ; in which 
case formula (51) would assume the particular form 

3(co.j, + .a.mj.) ^52^ 



N/6(l + s/2sin^eoB<^ + 0-5 8in^^) 


^ 


-0°or90°, 


fl = 15°or75°. 


fl = 30° or 60° 


and 8-46°. 


35M7' 


36° 17' 


35° 17' 


36° 17' 


■26=34' 


24-23' 


23" a- 


22° 34' 


•ir 10' 


\r 


13° 57- 


12° 57' 


19" 28' 


13" 


7° 40' 


4=S5' 


21" 10' 


13° 35' 


7° 3' 


2° 40' 


26" 34' 


1 8" 25' 


12" 46' 


10° 30' 


35" 17' 


26° 26' 


21° 18' 


19" 28' 


48° 11' 


38' 20' 


32°50' 


31° 3' 


66° 47' 


55° 38' 


49° 21' 


47° 21' 


90° 


79° 33' 


73° 11' 


72° 14' 


113° i3' ■ 


108° 30- 


102° 


100° 28' 


131° 4^ 


128° 57' 


127° 5' 


128° 26' 


144° 4.r 


144° 43' 


144-43' 


144° 43' 
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This equation must then Ben'e for the determination of ^ or that 
point, at which the given curve touches the ^xis. 

Equation (52) gives 

2 (eoa^^ + 2 V2 sin <^ cos ^ H- 2 sJn*^) = 3{1 + ^eln ^ cos </> + i sin'i^), 
or 8in*i^-2-> -2\/2Bin'^co8^— -2V2sin^^/l -sin^i^; 

which squared gives 9 sin^i^ - 1 2 sin*^ + 4 = 0, 

hence Bin*=j|, or ^ = 54° 43', (53) 

which is also included among the values of <(• in foot-note on p. 57. 

We observe that, if the resulting equation for ifr had no real root, 
the above assumption, that the given curve touch the ^xis, would 
have to be abandoned (cf. Ex. 7 at end of chapter). Upon including 
this particular value of <^ among those above, we can plot the given 
curves, as in fig. 6 on next page. 

For ^>I80° = 180° + ^', the general expression (47) for eoayj, r) 
remains unchanged, except in sign, since 

ain{180° + *')= -sin*', 
and cos(180°+i^')= -cos*'. 

It thus follows that 

cos(/2, r)#-- -coB{fp r)*=cos{180°-t/'2, r)^} 

or (/^'■V = 180=-(^r)«, (54) 

where the indices i^ and *' denote that the angle (/j, r) is to be taken 
in the regions = 0° to 180° and ^' = 180'' to 360' (O'^fl^SO*) 
respectively. 

The values of the angle (/^ r) in the region 'I>=18Q' to 360' 
(0'Sfl<90°) thus follow directly, by formula (54), from the values 
for that angle in the region = 0° to 180° (0° < tf ^ 90^) (cf. foot-note, 
p. 57). We can evidently obtain the curves represented by these 
values, upon revolving the plane -^ = 0° to 180* and (/j, r) = 0° to 180°, 
together with its curves d = 0°, 15°, 30°, and 45°, through^l80° about 
the Une (/g, r) = 90* in that plane as axis, and then displacing the 
same (plane and curves) the distance 180* along the i^xis. 

The Hemisphne fl = 90° to 180°. — Our general formula (47) reduces 
here to the following : 
For(l) fi=105° = 90' + e' and e = 165'' = 90°4-^, 

,, . 2(co9*±0-707l8in*) ,,.. 

V6 (1 ± U-707 1 sin .^ corf * - 0'25 siu'*) ' 

where the plus-sign is to 1>e taken for ^ = 15' and the minus-sign 
for ?-7.V; 
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(2) tf-120°-90* + ^ and tf-150°=90° + e', 

3(cog tf>±0- 366 sill .J)) 



C08(/^r) = 



n/6(1 ±0-366 Bin *co8^-0-43:isW*)' '" 
the plus-sign to be taken for ^ = 30° and the minus-sign for & = 



...(56) 
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(3) 0-lZ5' = 9O° + e, 

" v/6(T^'o¥ain V) ' 
and (4) ^=.180* = 90° + *', 

3(cos'^-sin j. ^ 
s/6(l -ain^cos^T 



COS(/j,f-) = 



(58) 
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Upon evaluating these expressions for itb^ HiRlrBnt values of <^ 
between 0° and 180°, we observe that 

cos(/2,r)9o'+*,i»--»'= -cos(7j -t.r, 
where the given indices denote, as above, that the angles in question 
are to be taken in the regions 90° + •)>, 90° - ff and 90° -i*, & respec- 
tively, the angles ^ and ^ being assigned the values 

0=15°, 30°, 45°, 60°, and 75° 
and ff=15° and 30°. 

It thus follows that 

(A'V+*,«r-^"=180'-(4rW.*.f (59) 

(cf. formula (54)). 

By this and formulae (55)-(58) we find the values given in foot- 
note* for the angle (Jp r), which give the six curves of fig, 7 on next page. 

As above, the expressions for cos(/2, r) remain unchanged, except in 
aign, when we put <^ = 18O° + 0'; it thus follows that 
(Ar)^' = I80°-(^,V 

The values of the angle (f^ r) in the region ^=180° to 360* 
(90°^fl5l80°) thus follow directly from those in the foot-note* 
below, whereas we can obtain the curves represented by the same, 
as above, upon revolving the curves e'=15°, 30°. ..90° through 180° 
about the line (/,, r) = 90° as axis and then displacing the same the 
distance 90° along the ^-axis. 

It is evident from the above aystemB of curves that : 

1. The given (secondary) oscillations are longitudinal along the two 
vectors = 45°, -)> = 54° 43' and 6 = 45°, = 234° 43'. 

2. The longitudinal oscillations (1) take place in opposite directions 
with regard to their vectors or in the same direction in space. 

0°, e'=45°, S'=60°, e'=75°andff'=B0°. 
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The Longitudinal P ndarr Electric Wave. — We have seen on 
pp. 50-51 that the sec -rv (electric) wave was unaccompanied by either * 
a primary (electric' > » jutgnetic wave along the two vectors a-.p-.y 
— a,:aj:a,; these weie the only vectors, along which the primary 
(electric) or magnetic wave did not appear. From the given formulae 
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for the secondary (electric) wave along these vectors it is evident 
that these secondary oscillations take place aiotvg those vectors, that 
is, that they are longitudinal along the same. It is now easy to show 
that these longitudinal oscillations aud those of (1) and (2) above 
w^ the same, the latter corresponding only to the particular case 
of the fonner, where 111 — 03 = 03 = 0. It thus follows that the longi- 
tudinal oscillations of (1) and (2) are unaccompanied by either a 
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primary (electric) or a magnetic wave ; hence the general law : Id 
those regions, where the primary (electric) and magnetic waves fail to 
appear, the secondary (electric) wave is longitudinal and conversely 
the longitudinal secondary (electric) oecillations are thereby charac- 
terized that they are unaccompanied by either a primary (electric) or 
a magnetic wave. 

The Tiansrerse Secondaiy Slectrie Wave. — By formulae (46) the 
secondary (electric) oscillations are transverse throughout the plane 

a + /3 + y = 0(«, = «j = a.), (60) 

which passes through the origin. Throughout this plane the electric 
momenbi evidently assume the simpler form 
X. V, Z, It* . 

or the momente of the primary (electric) wave are independent of the 
direction-cosines, and 

X. Fj Zj n 

or the moments of the secondary (electric) wave are also independent 
of the direction-cosines. It is evident that the primary and secondary 
waves, represented by the more general formulae (43), possess this same 
property throughout the plane 0,0 -^ a^ + a^ = 0. 

By formulae (44) — a^ = Uj — Og — the resultant moment of the magnetic 
wave ia 

^/a2 + 62 + cS = "^V(y-^):' + (a-y)« + (/3-a)^(^8in<B-ic08<>,) 

= ^V2-2(a^ + ay-(-^7)("sin«-pCOSL,j. 

The secondary (electric) oscillations are transverse throughout the plane 
a + ^ -H y = 0, that ia, here the relation holds a + jK + y = 0, which squared 

gives a2-|-/JS-(-yS-H2(a0 + ay-l-/3y)-.O, 

or, since a* -»-/?' -i-y*=l, 

2(a0-Hay-|-(97)=-l (61) 

The analytic relation (60) between the direction-cosines can thus be 
replaced by this relation (61), and hence the above expression tor the 
resultant magnetic moment throughout the plane a -^ ^ + y = written 

Ja^ + b^ + c^ -= —^ ( jr am tu - ^^cos wj, 
or the resultant moment of the magnetic wave is here independent of the 
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directioD-coainea. It ia also easy to show that the resultant moment of 
the magnetic wave represented by formulae*(44) — a^S^a^^a^ — is 
independent of the directjon-coeines throughout the plane a^a + aJ3 
+ agY = (cf. Ex. 16 at end of chapter). 

llie above results can evidently be summed up as follows ; 

The b^nBverse secondary (electric) wave is thereby characterized 
that (1) its amplitude is independent of the direction-cosines, depending 
only upon r, the distance from the source, and (2) it is a42Companied by 
a primary (electric) and a magnetic wave, whose amplitudes, likewise, 
depend alone upon the distance from the source ; and conversely, in 
those regions, the plane a^a. + a^ + a^y = 0, where the amplitudes of the 
primary (electric) and the magnetic waves are functions only of the 
distance from the source, the secondary (electric) wave is transverse. 

The Primary Electric Waves. — The primary wave of this problem 
differs only immaterially from those of problems 1 and 2 ; it is the 
(primary) electromagnetic or light-wave, with which we are already 
familiar ; it reveals only another law of distribution of the amplitudes 
with regard to magnitude and direction of oscillation (over any given 
sphere). 

The Sflcondaiy Electric Waves ; the Boentgen (X) Ei^s. — The 
secondary wave of the given problem is also similar to those of the 
preceding problems, in that it belongs to one and the same class of 
wave-motion, namely that which is thereby characterized that the 
oscillations do not, in general, take place at right angles to their 
direction of propagation. Moreover, the secondary waves of all three 
problems display certain properties that are common to all. One of 
the most striking such properties is that there are certain regions, 
throughout which the secondary (electric) wave is unaccompanied by 
either a primary (electric) or a magnetic wave, and that in those 
regions the secondary wave is longitudinal ; in problem 1 the gi\'en 
region was the avaxis (ct. Ex. 12), in problem 2 the y- and ^-axes 
(ef, p. 39) and in problem 3 the vectors a:li:y='.i^\a^:a^ (cf. p. 61), 
In this respect the longitudinal secondary electric waves would resemble 
the Roentgen (X) rays, which have not yet been found to be influenced 
by magnetic disturbances. Another similarity between these waves 
and the Roentgen rays is the empirical confirmation* that the latter 
advance with the velocity of light, which is evidently the velocity 
of propagation of the former (cf. formulae (43)). As to the law of 
intensity of the Roentgen rays, the few empirical data we have would 

* " Sar I'^gatit^ de la viteeae de propagation (tea rayons X et de la viteeae de la 
lami^re dana Tair." Note de M. R. Bloiidlot. Comptta Sendui, Tome CXXXV., 
No. 18, Nov., 1902. 
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tend to show that it is not according to the inverse square of the 
distance from source, hat that their intensity diminishes much more 
rapidly, perhaps according to the fourth power of the distance, the law 
of variation of our sacondary electric waves. 

Snmmaiy.— Lastly, let us compare the results found on pp. 61-62 
pertaining to the longitudinal and transverse secondary (electric) waves 
and their respective primary (electric) and magnetic waves of pro- 
blem 3 with the results of Exs. 3, i and 13-16 at end of chapter 
pertaining to the respective waves of problems I and 2 ; we find the 
following general results : 

1. In those regions, where the primary (electric) and the magnetic 
waves do not appear, the secondary wave is either longitudinal, as in 
problems 1, 2 and 3, or it does not appear at al), as in problem 2 along 
the anixis. 

2. The longitudinal secondary (electric) wave is unaccompanied by 
either a primaiy (electric) or a magnetic wave (problems 1, 3 
and 3). 

3. In those regions, where the secondary (electric) wave is transverse, 
its amplitude is independent of the direction-cosines, that is, one and 
the same for any r = const. \ and, conversely, in those regions, where 
the amplitude of the secondary (electric) wave is independent of the 
direction-cosines or a function only of r, the same is transverse 
(problems 1 and 3). 

4. The transverse wave is accompanied by a primary (electric) and a 
magnetic wave, whose amplitudes are independent of the direction- 
cosines, that is, remain the same for any r = const. ; and, conversely, in 
those regions, where the amplitudes of the primary (electric) and 
magnetic waves are independent of the direction-cosines or functions 
only of T, the secondary (electric) wave is transverse (problems 1 and 3), 
3 and 4 do not hold for the waves of problem 3 ; the explanation of 
this is evidently to be sought in the particular form chosen for the 
auxiliary functions U, V, W, which are unsymmetrical with regard to 
the coordinate-axes. On the other hand, we call special attention to 
their validity for the waves of problem 3, where the auxiliary functions 
U, V, iV have been chosen symmetrical with regard to the x, y, z axes, 
but OB derivatives of three arbitrary wave-functions ^, ^ <^j, since 
waves of most various types can evidently be represented by the 
derivatives of three such arbitrary functions {a^^u^^a^. 
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EXAMPLES. 



I. The Hertsuu) oscUlaUous are repreeented by Hertz by the following deriva- 
tivea of the [oDCtion II, which ia assumed to be u purely spherical irave- 

function: p^_^IL q=-^^ fi-*^" — 

dxdi' <lt/dt' "d^ dy'' 

. -i<wi3i<pn_„ 

»°<1 » = --T^r. 3---jrj-. 7=0. 

V dtdy "^ V dtdx' ' 

where P, Q, R (X, Y, Z)* and a, ^, t {L, M, Nf* denote the electric and magnetio 

force* respectively .t 

Show, on assuming that the function II has the form 

where £Z is a constant and m = Y< ^'^ ^' 9> ^ ^'"' °- P' ^ ^^^ given by the 
expressions 









5 = 5 



and i = "Elm''aiam{r-vl)+^Mnnioem{r-vt), 

7 = 0' 
(cf. formulae (39), p. 83, of my Theory of MtOnaly and Magnetkm), where a, p, y 
are the direction -cosines of r. 

These {Hertzian) oBcillations are evidently those already examined in problem 1 
<rf the text, Ijeing referred only to a different system of coordinates {cf, formulae 
(10) and (13)). 

2. Show that region 3 of problem 2, determined by the analytic conditions 
«((3'->^)50, p{«' + V) = 0, ^(a'+^JSO, 
oomprises the two regions fl = or thexi-plane and o' + 27>=0, hence ^=1 or the 
y-axia ; and that throughout the former the resttltant electric tc 



and along the latter 

■Jx^+7?+z?=o, N'^+T7+^=rj=-^^ (z>=i.) 

* The Hertdan notation. 

tCf. Hertz, UnieriueJtttrifftn ueber die Auebreiiung ihrelelctrueh«nKr<^,f. 150; 
and Curry, Theory nf EUotricUy and Magneium, formulae (28) and (29), p. 7T> 
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ThroughoDt the xi-plaae both the primarjr uid gecond&iy oscillatlona t^uB taka 
place io that plane, whereby the intensity of the former is a fuoction of the 
direction-coames a and 7 and that of the latter a fanction of 7 alone, where** 
along the y-axU the primary wave diiappeara entirely and the eecondftry one ia 
propagated as a longitudinal wave. 

The momenta of the magnetic w»ve that accompaniei the given electric wave are 

throughont the xs-plane, and 

along the y-axia. The magoetic oacillationa of the xz-pUne thus take plaoe at 
right anglei to that plane, whereaa no magDetic diaturbejice whatever appeara 
along the y-aiia. 

The only distarbanoe that appeara along the y-axii is, therefore, a aeoondary 
(eleotrio) wave, which ia propagated along that axis at a longitadinal wave. The 
appeamnoe of a secondary (electric) wave, nnaccompanied by either a primary 
(electric) or magnetic wave, along one vector, at least, is thus consistent with onr 
differential equations. 

3. The analytic conditions 

J9(a« + 2y) = 0, a(^-y)=7(a" + 2jS')50 
determine the region a= -y=^ ^=0 or a sttsight line passing throng the 
origia, Ijing in the xx-plone and bisecting the quadrant x, -z; the reaultent 
moments along this vector are 

4. Examine the electric and magnetic waves in r^ion 4 of problem 2. 

Show that a secondary (electric) wave, nDaccoinpanied by either a primary (elec- 
tric) or a Diagnetio wave, is propagated in longitudinal osciltatioos along thei-aiis. 
6. Show, when a, — aj-'a^ that no region is determined by the following 

particular form of formulae (35) : 

.■ + 7'-(i(. + 7).." + ?-7|. + /l)S(P. 

6. To find in problem 3 the electric and magnetic moments in the region deter- 
mined by llie analytic conditions 

a,-r-a^=0, a^-ojy^ti, Oi^-OjogO 
(of. formulae (42)), replace p and y by 

in formulae (36) and (40) respectively. 

Also show that no region is defined by the analytic conditions 
0,7-0^:^0, o^-ai7=a^-o.ja50. 

7. The curves fl = 0°, 15°, and 30° of Fig. 6 (p. 6B) do not touch the ^-axU. 
For 0=0 our general formula (47) would reduce to the following at any point 

on the ^-azi* : 

2(oos# + ain^)=\'6(l-<-sin0coa0); (o) 

which would give un2^=2. 



(i>=l-) 
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Since the airu of an angle cannot be greater than unity, it follown that there is 
no value ^ that BatisGea the given equation (a) (a«aumed), and hence that the 
given carve does not touch the ^axii. We find eimihir equations, that cannot 
besatiified, for = 15° and = 30°. 

6. In problem 1 show that the angle of oecillatioD of the secondary (electric] 
oacitlationa ia given by 2a 

co»(/„r)= ; (a) 

moreover, that the angle of osoillatioo of the (electric) oscillations represented by 
the terms of the third order of magnitude in - is given by the same expression (a) 
with sign reversed. 

9. Show that the electric oBcithttiooB of the third and fourth orders of niagni- 
tnde in i of problem 2 make one and the same angle of oscillation with their 
direction of propagation, namely 

coefA, -(- ^(P'-y') _ 3riu»co8ai 



16a\/(r+^'-')(|S'+y)-*|3V. 3^(5a' + HV-3), 37(5a'+ 10(S»-3). 
Show that the osoillatioos in question, those represented by the terms 
of the third and fonrth orders of magnitude in -, are transverse or longitudinal 
in the same regions, in which the secondary oscillations that are represented by 
the terms of the second order of magnitude in - are transverse or longitudinal 
respectively. 

10. In problem 3 show that the electric oscillations that are represented by 
the terms of the third order of magnitude in - make the same angle of oscillation 
with their direction of propagation as the secondary electric osciLlatione that are 
repreeent«d by the terms of the second order of magnitude. 

It thus follows that the secondary electric oscillattons proper or those represented 
by the terms of all higher orders of magnitude in - than the first are transverse or 
longitudinal in the same regions, in which the secondary electric oscillations that 
are represented alone by the terms of the second order of magnitude are 
transverse or longitudinal respectively. This law is quite general (cf. Exs. 8 
and 9). 

11. In problem 3 the electric and magnetic oscillations take place at right 
angles to each other — this has been proved on pp. 64-6S for only the Bpproiimat« 
value* of the moments. To confirm this law for the exact values of X, T, Z and 
a, &, c, we evidently need prove the validity of only the two additional equations 

and -^lOi-l- Y^JtZ^ = (i 

(cf. p. 54). Since now the moments Xj, Yf, Z, and Xj, T,, Z, have one and the 
same coefficiente in a,, n^, Oj and a, p,y (cf, formulae (43)), and the moments Oy, 
fij, c, and Oj, b^, e, also (cf. formulae (14)), the validity lA these two 
follows directly from those confirmed on pp. 54-55. 
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Moreover, since both ^t"] + ^<^ "^ ^ft — " 

and ■X,<",+ r,fc, + Z,c,=0, 

it follows : The electrio and raBooetic oeciUfttiona of not only the suDe but 
diKient orders of magnitude in - talie place at right angles to each otlier. It 
vDold, therefore, be impossible to separate or pair off the electric and magnetic 
warac of the same order of magnitude by mean* of the property that they talce 
place at right angles to each other. 

12. In problem I the only region, in whioh primary (electric) and magnetic 
waves do not appear and the secondary (electric) wave becoraes longitudinal, !• 

By the tonnulae on p. 35, the moments of the given primary wave are 
and thoee of the secondary 

x.='-^5a«i.g, r,.!jw, ^.^.|, ,«,„ ,„ 

where we have rejected the terms of the third order of magnitude in -. 
The rMuItont moment of the primary wave is thus 

•jx^'+ v+z,'=v'(^+y)V<.v+»V I ^ 

=^'r^Jg', W 

which can vanish only when fP + y'^O, hence a' = l, or the^C'^xis. 

Replace \, ^ f, by their values from formulae {b) (cf. p. 43) in formnlae (23) 
for cob(/], r), and we have 

cosif ,-)_ 2tt-3a(g' + V) + 3ap'-|-3a>* 

= ,^,^ _- (d) 

V4-3lff + V) 

That these oeciHations l>e longitudinal, we mnst evidently have 

■■-, ^ 

hence 4 -3(^+7») = 4a», or a'^1, or the i-axia 
The resultant moment of the magnetic wave is 

_% >j0'+y '/ ay idf 



('*+c'= " 



r \dtdr rdtj " 



{cf. fornialae for a, &, c on p. 33) ; tliat this moment vanish, we must have 

/S'+y = 0, or the x-axis, q,b.D. 



13. In problem 1 Uie secondary (dectric) wave is transverse throughout the 
yz-plane only, thronghout which both its resultant moment X,. T^ Z, and 
those of the primary (electric) and the magnetic waves are independent of the 
direotion-coalnea, that is, are constant for r— «nuf. 

By formula (ifj, Ex, 12, the given secondary oacillatione are evidently tnui» 
verae only, when a=0, that is, thronghout the yz-plan^ 
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B; formula {b), Ex. 12, the renlta&t moment X^ T^, Zi is 

or throaghont the yi-plane, where the seconduy wave Eb tranaverte, 

By fonnu)&e |c) and («), Ex. 12, the resoltant momentB J^„ F,, Z^ and a, 6, c are 

evidently independent of the direction-cosineB thronghont the yi-plane. q.E-ii. 

14. In problem 2 show that the Kecondsry (electric) wave ia longitudinal along 
the y- and i-axei only, whereas primary (electric] and magnetic waves fail to 
appear along all three coordinate-axes. 

15. In problem 2 the secondary (electric) wave is transverae throughout the 
planes p'='^ {cf. p. 44) ; show that throughout these planes the resultant moment 
X^ Yj, Zj and those of the primary (electric) and magnetic waves are fuaotiooa 
of the direction-coaiues, that is, vary forr=con«l.; moreover, that the only regions, 
where the resultant moments X,, Y,. Z, and a, b, c are independent of the 
direction-codoes, are the y- and z-axes, along which the same vanish entirely. 

16. The amplitude of the magnetic wave of problem 3 is independent of the 
direction-cosines throughout the plane 

a,ii + 0^9 + 0,7=0. (o) 

By formulae (44) the resultant moment of the given wave is 

\'a' + S* + c*=^(^Bin«--jCOB«K''(aj7-aj^}' + (o^-(i,7)* + (Oi(S-o,n)' 

x^/o,»(^ + 7') + V(a«+■^) + Vl«' + /»')-■■il«l'Vf + »l'*^<'7 + o^o^i^7) W 

The condition (a) representing the plane, throughout which the given secondary 
electric wave is transverse, can now be replaced by the condition 

(a.a + a^ + n,7)''=0, 
or o,V + o,*/?'+OjV + ^(i'ia3»;8 + OiO,a7 + Oa£4iSy)=0; 

Ly which the expression {b) for the resultant moment can be written 
s/aH6» + .' = !^»(^8inu.-icos«) 

X ^£i,»(/J> + 7*) + Oa»(a' + y) + a,V» + /P) + (hV + a3'jJ'+a,V. 
or, since o* + /3"-l-f»=l, 

Vo'+fc' + f»3^(-sinoj-^co«o>Jv'oi*+a,'+a,», 
which is independent of the direction -cosines. 
IT. Examine, in detail, problem 3 for the particular case, where 

03 = (Ol^OlJ- 
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70 ELECTROMAGNETIC THEORY OF LIGHT. 

18. Show, on replacing the functional, ^/, of formulae (29) by 

/l=o,«ijiy (trt-r), 
/,.a,«>.^(,.-rl, 
that the primary electric wave is repreaentcd by tiie moments 

the Mcondaiy electric wave by the momenta 

^= - 3«<.,«T ^+ « I2a, - 3a, (;3» + T*) + »v3] '^. 

§ = ™,[3(a«+|3')-2]5^ + 3n7(<»,» + *^)^. 
and the nuhgnetic wave by the moments 

b = -°\ (ojA COB w - OjY ain w) + , (0,7 coi w + Otn ain u) 

10. Show that for the electromagnetic waves of Ei, IS the anntytic relfttlon 
holda 

(X, + Xj)a + (ri+rj)6 + (Z, + Z,)c = 0, 
or the reanltuit electric and magnetic momenta are alwaya at right anglea to each 

20. Show that the primary (electric) oecilktiona of Ex. 16 take place in plane* 
that are at right anglea to the direction of propagation, and that the angle 
between the vector^ of any element of the secondary (electric) oacillationa of the 
Mtne and the direction of propagation ia for the particular caae, where a, = 14 = a,, 
determined by the formula 

^,,f r,_ 4[-Tai«»+(.+fflcos^]' 

'■"• ' (l + 3y)8in*«+13o78inucoa« + [2 + 9o^ + 3(a> + ^)3ooa'«' 
or In polara 

,, , , H[-«ini»Bina«in«-i-(coB» + ain^eoBff)coBai]' 

""*■'" ' 2(l+3ainV"in"S)Bin»u + BBin2*ein««in2« 

-f2[2 + 3(coBV + Bin2^coB0 + ainVcoB<0)]oo«*w. 



21. Show Uiftt there U no vector, along whlob the magnetic momenta of Bx. 18 
vsnUh, provided ij^O ; and that for a,=0 they vanish along the vectors 



along which the electric 



2. Examine, in detail, the electromagnetic waves of Ex. 18 for the particnlar 
I, where 0^=0. 
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CHAPTER III. 

LINEAELY, CIRCULARLY, AND ELLIPTICALLY POLARIZED 
OSCILLATIONS; GENERAL PROBLEM OF ELLIPTICALLY 
POLARIZED ELECTROMAGNETIC OSCILLATIONS. 

Different Kinds of Li^t. — In the foregoing chapters we have 
examined certain periodic oscillations of the ether without attempting 
to identify them directly with what we call "light"; still, we recog- 
nize, if light is to be regarded as an electromagnetic phenomenon, it 
has abeady been identified with that periodic state of the ether, where 
two kinds of transverse oscillations, known as the electric and magnetic, 
which are closely allied to each other (cf. Chapter II.), are taking place 
(at right angles to each other). Whether the lightwave is to be 
regarded as a particular kind* of electric or magmlU disturbance is a 
matter of little consequence. Likewise, no attempt was made in 
Chapters I. and II. to discriminate between the different kinds of 
light. The first distinction to be made is that between ordinary 
and soH^ed "polarized" light. 

Polarized Liglit. — A ray of light is termed "polarized" when ite 
behaviour is not one and the same round ite direction of propagation, 
circularly polarized light excepted t; the (extraordinary) ray that 
emerges from a plate of tourmaline and passes through a second such 
plate is known to vary in intensity, as we rotate the latter (plate) round 
the ray (its direction of propagation) ; the ray emerging from the first 
plate is thus termed "polarized." Or, to express ourselves analytically, 
we call a ray " polarized " when its wave-front elemente describe similar 
and simitariy situated paths (during given finite intervals); if the paths 

* OBcill&tiona of very abort wave-lengChi, those of light waves. 

tAlthongh oircaUrly polarized light eibihita the a&me propertiea roand its 
directjonof propagation, it differs materially from ordinu; light, aa Chapter YIIX 
on the behavioar of light in crystalB will ihow. 
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described are parallel straight lines, the ray is termed " linearly " 
polarized ; if the given paths are similar and similarly situated ellipses 
or circles, the ray is then said to be " elliptically " or "circularly" 
polarized. 

One of the simplest kinds of linearly polarized oscillations or waves 
can be represented by equations of the form 

y = a sin -^ (irf - a), (1) 

which represents an infinite succession of similar changes or vibrations 
in a given (the xy-) plane. Equations of this form may be used to 
represent linearly polarized light. 

Ordinary Light. — 'When the behaviour of a ray is one and the same 
round its direction of propagation, or, more strictly, when the particles 
or elements of it« wave-front describe quite arbitrary paths or similar 
and similarly situated paths for only infinitely short intervals, the ray 
(light) is termed " ordinary." We can thus imagine any particle of an 
ordinary light ray as oscillating for an infinitely short time in any 
given path, for example, in a straight line, in the next interval in 
another path, a flat ellipse, then in a circle, and so on, and assume the 
number of such changes in polarization during the (finite) interval 
required for light to impart an impression on the retina of the eye to 
be so large that the mean of the displacements in any and every 
direction (at right angles to the direction of propagation) during that 
interval becomes approximately one and the same. TIub conception of 
ordinary light not only explains the empirical fact that a ray of 
ordinary light shows one and the same behaviour round its direction 
of propagation, but it also agrees with the observations made by 
Michelson,* that a change of polarization is possible after the elapse of 
640,000 vibrations, which would correspond to thousands of changes in 
polarization during the interval required for an impression of light on 
the retina of the eye. Moreover, the given conception will enable ua 
to explain certain empirical laws on the interierence of polarized and 
ordinary light (cf. Chapter IV.). 

Somogeneovs waves are those of one and the same wave-length (colour) 
or period of oscillation and kderogen&ms those of different wave-lengths 
(colours) or periods of oscillation ; when the different wave-lengths are 
equally represented in the given waves, we have waves of so-called 
"while" light. 

Plane of Polarization.-^ The methods for obtaining polarized from 
ordinary light are familiar to us all ; of these that by reflection is of 

'^A. A. Michelson : American Journal o/Seitnct, vol. x)ixiv. p. 427. IS6T. 
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special interest on account of the tenninology UBed. We know, 
nainely from Experiment, that there is one angle of incidence, the 
so-called " angle of polarization " or the " polarizing angle," for which 
ordinary light upon falling on certain bodies, as a glass mirror, is 
reflected as linearly polarized light. If we now let this linearly 
polarized light fall at the polarizing angle upon a second mirror, the 
intensity of the reflected light will be found to depend upon the angle 
the plane of incidence chosen makes with the first plane of incidence ; 
namely the Bmaller this angle the greater the intensity, and the 
nearer this angle approaches a right angle the smaller the intensity. 
That particular plane of incidence, in which the light is moat copiously 
reflected, is now known as the "plane of polarization"; this plane 
is evidently the plane of incidence or reflection of the polarizing 
surface or first mirror. Since now the oscillations reflected from 
the polarizing surface or the first mirror evidently take place in. 
some particular plane, as an examination of them by the polariacope 
will show, it is natural to assume some characteristic plane as plane 
of oscillation ; this would naturally be either the plane of polarization 
or that at right angles to it. In the elastic theory of light it is a 
pure matter of taste, which of these planes be chosen aa plane of 
oscillation ; Fresnel assumes that the light oscillations take place 
at right angles to the plane of polarization, and Neumann in 
the plane of polarization. In this respect the electromagnetic 
theoty of light difi'ers materially from the elastic; the former 
demands Iwo just such characteristic planes (at right angles to 
each other), the one for the electric and the other for the magnetic 
oscillations; which one of these, the plane of polarization or that at 
right angles to it, be the plane of (electric) oscillation, is also 
apparently a matter of choice; this is not, however, the case, as 
the chapter on the behaviour of light in crystals will show; 
we shall find, namely, that the electric oscillations take place 
at right angles to and the magnetic ones in the plane of polar- 
ization. 

EllipticaJl; Polarized OscillatiouB. — We know from experiment that 
it is possible to obtain other kinds of polarized light than the linearly 
polarized, also that the most general form of polarization is the 
elliptic. This suggests the supposition, that an elliptically polarized 
oscillation be identical to two linearly polarized oscillations of the 
same period of oscUlation, but of different amplitudes and phases, 
that are taking place at right angles to each other; this is only 
another or somewhat more general form of the principle of the resolu- 
tion and composition of forces or displacements. Let us examine 
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the resultant of two such oscillations, for example, the two rectangular 
(linearly polarized) periodic oscillations 

y = «,sin«[^-(* + S,)] (« = x)j *^^ 

their planea of oscillation being the xz- and ys-p\aiie&, and the direction 
of propagation the 2^«xis, where Sj - 8, denotes their difference in 
phase. To find the path described by any element under the simul- 
taneous action of these two displacements (oscillations), we must 
eliminate the time t from the two equations (2). For this purpose 
we write the same explicitly 

X — aj sin « (vt - s) cos nSj - a, cos n{vt ~ z) sin n^ 
y = Oj sin n{vt - ^:) cos nS^ - a, coan{vt - z) sin nfig ; 
which give 

— cos n^j - — cos nSj = ~cosn(F/- £)sinw(8, -Sj) 

and — Bin nS. - -^ sin nS, = -8inn(»( -z)sinn(S, -S„); 

a, flj VIS" 

and these, squared and added, 

^+t- 2-^ C08n(5,-Sj) = flinM8i-B,) (3) 

a, Uj OjOj 

This is the equation of an elliptic cylinder (cf. Ex. 22), whose 
infinitely long axis is the saxis. The path of oscillation of any 
particle of the wave represented by formulae (2) is evidently the 
ellipse intersected by this cylinder on the plane z— a, where a denotes 
the distance of that particle from the origin. It thus follows that 
two linearly polarized oscillations of the form (2) compound to an 
elliptically polarized oacUlation. 

Mode of Fropagatioa of Elliptic OsdUations.— To form a conception 
of an elliptically polarized wave, we choose its direction of propagation 
as axis of an elliptic cylinder, and imagine a wire wound loosely round 
that cylinder; the spiral described by the wire would represent an 
elliptically polarized ware at any given time, and the uniform dis- 
placement of that spiral along the surface of the cylinder in the 
direction of its axis, the manner in which that wave were propagated. 
For a circularly polarized wave the elliptic cylinder would have to be 
replaced by a circular one. 

Oircnlarly Polarized OflciUations. — Let us examine the analytic 
equation (3). That the oscillation (polarization) (3) be circular, the 
following conditions must endently be satisfied : 
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ir the amplitudes of the given oscillations (2) are tlie eame, and 

cos«(Si-5j) = 0, hence «(S,-8,) = ' or ^, 

ir, since n~-^, «i-fi, = ^ or -^ 

IT the oecillationa differ in phase by quarter of a wave-length. 
We must, however, discriminate here between the two cases 



in the former the circularly polarized oscillations are evidently repre 
sented by equations of the form 

a: = ffl sin n[u(-(s + «!>], 

y = aBinn[vt-(z+S^-^'] = acmn[vl-{z + SJ\, 
and in the latter by x=a8inn[vt-i2 + S^)], 

y = «8inn[.(-(2 + S,-^)]=-acosn[ri-(5 + S,)]. 




Bight and Left-hatided Oircnlar (Elliptic) Oscillations.— The differ- 
ence between the two above circular oscillations or waves becomes 
apparent upon the determination of their so-called " azimuths"; the 
azimuth is the angle ^ (cf. the above figure), which the vector from 
the position of rest of any given element (particle) to any point of 
the path described by the same makes with any auch fixed vector, 
ae the y-axis. Let us denote the azimuths of the two oscillations in 
question by <^j and ^^ respectively, measuring the same from the 
y-axis, as indicated in figure 8; we have then 



•^ = arctan ~ = n[vt-{:^ + S,)], <ft^ " 
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As t increases, ^^ increases and tfi decreases. For aa oliserver at any 
point on the positive z-&xis, along which the given w&vee are advancing, 
^ is thus rotating from right to Uft and ^, from left to righi; the 
former is, therefore, known as a "left-handed" and the latter as a 
" right-handed " circular oscillation. The same distinction is, of oouree, 
to be made between the elliptic oscillations. 

Unrailr Polarized OacUlatlonfl. — That the resultant of two rect- 
angular linear oscillations remain linear, sin n{\ - B^) of formula (3) 
must evidently vanish ; that is, 

n(&j-6j)-0 or ff, 

hence S,-Sj=»0 or =. 

In which case formula (3) reduces to 



respectively ; which are the equations of straight lines. 
The component rectangular oscillations sought are, therefore, 

z =• a, sin » [vl -(z + Sg)], 
y=Ojsinn[rf-{2 + 5j)], for 5]-Sj = 0, 
and x= -aiainn[vt-(z + ^)], 

y=a^Bian[vt-{z + S^)], for ^-5^ = ^} 

hence tan ^ = ± --1, 

or the azimuth is constant, that is, the resultant oscillation is linear 

inbothc^e., 5..,,.o.„d|. 

The resultant amplitude is in both cases 

Jx^'+ f = VV +^^ sin M [rf - {? + 3j)]. 

The Elliptic Poluization the meat Kenersl. — We have seen on 
pp. 74-70 that two rectangular oscillations of the form (2) compound to 
an elliptic oscillation. Let us next show that the path described by any 
particle under the eimultaneoue action of three rectangular (linear) 
periodic oscillations of different amplitudes and phases, but of the 
same period of oscillation, is an ellipse, that is, that the most genera] 
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form of polarization, obtained from the composition of rectoDgular 
(linear) oacillations, is the elliptic. Three euch rectangular oscillations 
are 

y^a,Bian{vt-sA. (4) 

3 = o,8iDn(e(-6()J 
To determine the path described by any particle under the simul- 
taneous action of these three oacillations, we must eliminate the 
time t from the same. We first write the given expressions (4) 
expUcitly, namely, 

X — a,sinTicfcosnfi, -a^coanvtaan&A 

g — a^Bin ni4 cos nS^ - OjCos nri sin nBj >-, (4a) 

: = Ogsin nvj cos n8, - a,cos nvt sin nS,J 

multiply the first by !'-£^(V- !»?, the second by """(^j-^i) and the 

thirf by si"«(^-V add, and we have 

Binit(g,-6g l sin n(&s - 5,) sinn(Sj-8j) 



= (sin nvt cos nS, - cos nvt sin Bfi^)(8in nS^cos nSj - cos n5jsin nfij) 
-f (sin nvt cos mS^ - cos nvt sin nSj)(sin nS^cos n£, - cos nS^sin »2j) 
+ (sin nvl cos mSj - coa nvt sin nB^) (sin n8j cos nfij - cos nfi^sin nfij) 
= ; 



;-..(5) 



that is, since a linear equation holds between the three variables x, y, z, 
the path of oscillation of the given particle will lie in a plane, the 
one determined by that (linear) equation. 

To determine the path described in the plane of oscillation (5), we 
seek relations between the difTerent pairs of the three variables, x, y, z, 
which will give the projections of the path of oscillation on the 
coordi nate-planes. 

The first two equations (4a) give 

-X- — ^"y— -sinfM'*8inn(fi, -6 ) 

, cosnS, cosnS, , . ,. ., 

and 'sc '«= -cosnwsinniB, -6,); 

and these, squared and added, 

^ + i^-2coBn(6,-6„)-^.= siniB(5,-W, 
with similar equations in x, z, and y, z, which is the equation of an 
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ellipse (cf. Ex. 22 at end of chapter). The projections of the path of 
oscillation on the coordinate planes are, therefore, ellipaeB, that is, the 
path of oscillation itself is an ellipse (in the plane of oscillation (5) ). 
The rectangular oscillations (4) thus represent an elliptic oscillation, 
and hence conversely the elliptic oscillation (polarization) is the 
most general form of oscillation (polarization), as maintained above. 

The Etsctromagnetlc Waves of Chapter IL — The oscillations just 
examined represent fundamental types of polarized wave-motion ; they 
are, in the strictest sense, polarized oscillations. Electromagnetic 
waves, like light waves, may be either polarized or not; those 
examined in the preceding chapter are not, strictly speaking, polarized, 
except at infinite distance from their source. At greater distancee 
from it« source any such electromagnetic wave or ray may now 
be regarded as polarized, since the paths described by the different 
elements of ita wave-front remain approximately similar and similariy 
situated (during finite intervals). Although the disturbances treated 
in the preceding chapter are not, in the strictest sense, polarized, 
it is, nevertheless, of interest to examine the paths described by the 
elements of given rays of the same ; we sl^l find that they are 
linear. 

The primary (electric) oscillations of Problem 1, Chapter II., are 
represented by the moments 

where D=\. To find the path described by any clement (at any 
given point), we eliminate the time ( or -A from these formulae, and 
we have 

which is the equation of a straight line ; for different values of a, j8, y, 
the direction of this line evidently changes. 

The secondary (electric) oscillations of Problem 1, Chapter II., are 
represented by the moments 

y_2-3(^ + y*)rf/ „ Z-pdf Zaydf .j^ . 

^^- " r^'~~ di' ^^ ^Ji' ^» ^W <^^'' 
which give Z^: F,:Z3=[2-3(j8*-H7*)]:3a/?;3ay, 

that is, these oscillations take place along the lines determined by 
this proportion. 

Similarly, we find that the primary and secondary (electric) oscilla- 
tions of Problems 2 and 3, Chapter II., also take place along lines 
determined by similar proportions. 
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We observe that the oscillations examined in the preceding 
chapter all take place along straight lines ; moreover, that the 
directions of these lines of oscillation are functions alone of the 
direction-cosines a, j3, y. In any region situated at a distance r from 
the source of the disturbance, that is large in comparison to the 
dimensions of that region, the directions of oscillation of the given 
waves would, therefore, be approximately parallel; that is, at any 
point at considerable distance from the source any ray or pencil of 
raya could be regarded as approximately linearly polarized. We 
observe, moreover, that the dirBction-cosines appear in the above 
expressions for the determination of the directions of oscillation, not 
in the first, but in the second and third powers ; this will evidently 
correspond to a more complete polarization in distant regions. 

Uore 0«ii«ral Problem; EUiptlcally Polarized ELectromagnetic 
OflcillAtions. — A most general case of an electromagnetic disturbance 
in elliptic paths can be obtained, if we somewhat generalize 
Problem 3 of the preceding chapter; let the auxiliary functions 
U, V, W^ '\ie the same functions of the purely spherical wave- 
functions ^, "^ ^3 as in Problem 3, but let the functions /j, /j, /j, 
which differed there from one another only in amplitude, differ here 
also in phase; namely let 

/, = a, Binio, = a,einn[r/-(r + fi,)]-\ 

/, = ajsin<«, = a,ain«[rf-(r+5,)]i (6) 

/, = as sin 0,3=03 8iiin[ri-(r + V]^ 
We replace /j, /j, /j by these functions in formulae (28, II) for 
U, V, W, and we have 

''■''=" Krcoswj - fl^coswj) + ^ (<j,y sin 0,5 - o,^ sin .ug), 
V= - (a3acosiu3 - ti,ycoa(iij) + -J (fljo sin lUj - ttjysin (Uj), 
W= - (a,^cos<Ui - flgacosiu^) + - 2 (fli^ sin <0j - Ojo sin <uj). 

We then replace U, V, W by these values in formulae {5, II), and 
we find 

^ = " ■ K(^ + 7') sin «,! - fflja^ sin c^ - (ijay sin <Uj] 

+ J{[2«i-3«i(|3* + r')]co8«>, + 3aja/3cos<«j + 3a3aycos<-,} \ (7) 

+ ^([2aj-3aiOS= + y»)]Binu,i + 3»ja^sin»j + 3a3a7sin<uj} 
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and Bunilar expreasione for Y and Z. The different terms of tliese 
ezpresdons for the moments represent simple waves; these waves 
evidently interfere with one another (cf. Chapter IV.), and may give 
rise to phenomena of Interference. But here we are considering only 
the reBultantS of these simple waves, the compound waves themselves, 
and not the phenomena due to the interference of the former. 

Blectrlc and Magnetic Hnnrata at j. to eadi other. — It is easy to 
show that the resultant electric moment X, V, Z of formulae (7) and 
the resultant moment a, 6, c of the magnetic disturbance accompanying 
the given electric one always stand at right angles to each other (cf. 
Ex, 13), This is the form which the law for linearly polarized oscilla- 
tions (cf. p. 54} assumes for elliptically polarized ones. 

The Primaiy Wave. — We conceive the path described by any 
element of any given wave-front of the disturbance represented by 
formulae (7) as the resultant of the paths described by that element 
due to the passage of the waves represented by the terms of the 
different orders of magnitude in 1/r. We shall, firsts examine the 
path described by any element due to the passage of the primary 
wave; but, beforehand, let us call attention to a property of the 
primary wave that will be of service to us in the examination of the 
path described by any element of the same. 

The Vector Jfj, 7,, i"; at X to Direction of Propagation.— The 
primary (electric) wave is represented by the moments 

X, = — [o,(/3* + y')sin(u, -ajOjSsinioj-ajaysintUj] ^ 

?\=- — [Oj (a* + 78) sin <u,-aj^7sin<uj -ajajS sin o-i] I (8) 

n* I 

Z^ = — [0,(0* + (8*) sin lUj - a^-f sin Wj - a^y sin luj, (X* = 1 ) I 

It is now evident from the form of these expressions that the 
resultant moment X,, Y^, Z^ always stands at right angles to the 
direction of propagation of the wave represented by the same; that 
is, the primary oscillations take place in planes at right angles to 
their direction of propagation. For replace X^, K,, Z^ by these 
values in formula {23A, II) for the angle ij-^, r), and we find 

co8C/„r) = 0, hence (/„r) = ^ 
(cf. also Ex. I7 at end of chapter). 

The Path of OsclllatloiL — To obtain the path described by any 
element of the primary wave represented by formulae (8), we must 

*TIiia vector (inonieiit) /, ii not to be coDfouuded with the nnve.f unction /, 
of formnlae (6). 
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eliminate the time ( from those equatioDs (8) ; for this purpoee we 
write the same in the explicit form 

— L 1 Oj (^ + y') [ein n (ri - r) cos JiSj - eo8 M (d - r) dn nS,] 1 

-ajajS[ainn(rt-r)cofltiSj-eo8n(«>(-r)8inn^f ^ ' 

- Ojny [sin n (ti( - r) cos nSg - COS n (irf - r) sin nS^j 
with similar expressions for Vj and Z-^, and eliminate first the 
Binn(vJ-r) and then the cosn(t'f-r) from any two of the same; 
the elimination of the former function from the first two equations 
gives 

A.^-A.^ = (A,3.-A.B.)ooaT, (10) 

where ,4 j = ttj (/3* + y*) cos ti^ - OjO^ cos nSj — a^ay cos nS^^ 

■^1 '= "i ((^ + 7*) ^^ ^i - *VJ^ ^^n '^^2 ~ "s^y ^^ "^s I 
v^j = Oj (a* + 7*) cos nSj ~ fflj^y cos fi5j - a^a^ cos nS, f ' 
Bj =02(0" + y«) sin Tifiij - flj^Sy sin ni, - OjO^S sin nS^J 

and T-n(ri-r); (12) 

and the elimination of cos»(v<-r) from the aame two equations 

B^-^-B^^-^iA^Bj-A^jianr. (13) 

We, next, eliminate the function t from equations (10) and (13) ; for 
this purpose we square the same, add, and we have 

(^j»+Bj>)^-2 

= (A^B^-A^B^y (U) 

Upon evaluating the coefficients of this equation, we find 
Aj^ + £j,» = a,*a»j9« + 0,2 (<i> + y )« + Vi3*y^ 

- 2aia,ap(a» + y=)cos «(8, - S,) + 2a,fl,a/3*y cofi»i(S, - S,) 

^1= + fil" = OlH^ + y«)' + as*a»/3S + Ojia V 

- 20,0,0^ (^ + T») cos n(S,-S,)-2aiasa7(^ + 7»)cosn(S,-«,) 
+ 2a^a^^y COS n (Sj - Sj) 

A,A^ + B^B, = - a,^ali{^ + y^) - a^a^iai + y*) + a,S8/ 

+ 0,0,(20^^ + 7») COS n(S, - &,) + afiJ3y{2a' - l)coa n(Si - S,) 

and (.^i^j - AjB^y^ = [ - a,<ijySsin m(S, - 8j) + OiO^y sin n(8j - Bj) 
-fl^ayginn(Sj-4)? 
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Equ&tion (14) is tliat of a cylindrical surface parallel to tbe zsksia. 
It will thus suffice to determine the curve intersected by the same 
OD the Deplane. 

The Oonic (14) an Ellipse. — As equation (14) is of the second degree, 
the corresponding curve will be a conic. To determine the ptuticnlar 
conic in question, we make use of the well-known properties peculiar 
to the same. The general equation of a conic can be written 

A2? + 2Bxy + Cf + 2Dx+2Es + F^(i (16) 

Upon comparing equation (14) with this one, we observe that the 
coefficients A, B, ... of the former assume here the particular form 

A = {A^^ + S^^)i B=- {AjA. + B,B,) -. ] 

C-(^,HBi=)^, D = E = 0, F='{AjB^-A3Bi)^l 

We, first, evaluate the determinates 



JABy 

-\bc\ 



\ABD\ 
and A = LB(7£ 

\def\ 



of the given conic (14) ; we replace here A, B, ... by their values (17), 
and we have 

a = [{Ai^+B^)^ ~ {A^Ai + B^B^f^ -^ = {A^B^-A^BJ" -^ 
and £i.= {AC-m)F=aP= -{A^B^-AjB{\*^^; 

hence a>0 and A<0, (18) 

except in the particular case where 

A^B^ = A^B^ (19) 

The conditions (18) do not suffice for the determination of the 
conic in question ; we must also know the value or sign of the quotient 

3--T7W^^5' '"'"'' a"" W 

except where -^j-^j " -^a^v 

Equation (14) is now determined uniquely as that of an ellipse by 
the conditions (IS) and (20). 

Tbe Farticnlar Oase AjB2 = A2Bj; here the determinates a and A 
vanish, and the conic in question is determined by the values of the 
coefficients A and C and the determinates 

^=\df\ *"** y=\EF\ 

*Thu detertoitiale a is not to be confouDded with the d Erection -coiine a. 

t These determinatea are not to be confoanded ytith the direcbion-cosiDea jJaiid v- 
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We replace here A, B, ... by their valuea (17) and (19), and we 

have 

and ^=y = 0; 

by which Gonditiona equation (14), where A^B^ — A^Bi, is determined 
as that of a double straight line. To confirm this, replace A^ by 
ita value l i from formula (19) in equation (14), and we have 

hence ( bJ^ - B,^Y = 0. (21) 

\ ■* «■' ' n^ / 

It thus follows that the cylinder represented by equation (14) 
intersects the xy-plane in an ellipse, except, where A^B^^A^Bj, when 
the given ellipse contracts to a double straight line. 

To interpret the condition (19), we recall the last of formulae (15), 
by which we can write the same in the form 

a^afiy' sin »(Sj - 8^) - a^ajiy sin n (Sj - Sg) + a^^aysin n(Sj - 6,) = 0. (22) 

This can be replaced by the tint conditions 



a,ajy8inn(S,-83)-(ija5/3aiti«(Si-Sg) + a/igasinn(\-8g)-0. (22a) 

The a:y-plane is defined by the former, and a plane, passing through 
the origin and making angles with the coordinate-axes, that are deter- 
mined as functions of the quantities %, a^ a^ and ^j, S^, Sg, which are 
given, by the latt«r condition (cf. Ex. 12). 

Path of Oscillation determined by Interaection of Elliptic Cylinden; 
Frimuy Wave Ellipticallr FolArized. — Equation (14) detennines the 
path of any element, set in oscillation by the passage of the given 
primary (electric) wave, with regard to the x and y axes ; that is, the 
path sought lies on the elliptic cylinder defined by this equation. To 
determine the path described on this cylinder (14) by the given 
element, we must evidently seek a second equation, in X^, Z^ or Kj, Z^, 
which represents a surface, upon which the given path also lies. This 
equation is derived in a similar manner to the one above (14) and is 
evidently also similar to it in form. The intersection of the two 
cylinders represented by these equations gives then the path (in space), 
along which the given element is oscillating. 
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The equation in X^, Z, similar to (14) is evidently 

(^a« + ^3=) -^ - 2(vf i-ij + fiiBg) ■^'- + (^1* + 5i«) ^ 

^{A^B^-A^Byf, (23) 

where A^ = a^{ii? + ^)fx»nZ^-a^ay<xMn\-a^yiiOBnt^ ,„.i 

Bj - Os(o» + /?<) Bin nSj - 0,07 ain nSj - Oj^Sy sin nfi,/ 

Surfaces of the second degree intersect, in general, in a curve of 
the fourth degree. We have now seen on p. 81 that the given 
oscillations take place in planes that are at right angles to the 
direction of propagation. The elliptic cylinders represented by 
equations (14) and (23) must thus intersect in a curve that lies in a 
plane. A more thorough examination of the form of these elliptic 
cylinders, the relative position of their principal axes to each other 
and the len^ha of the same (cf. Elxs. 20, 21, 23, and 21), shows that 
they intersect in a curve that lies in two given planes or better in 
two curves, the one lying in the one and the other in the other plane. 
Since now an elliptic cylinder and a plane, for example the plane, in 
which one of these curves lies, intersect in an ellipse (provided, of 
course, they intersect), the given cylinders will evidently also intersect 
in (two) ellipses. Of these two ellipses that one determines the path 
of oscillation of the given element, which lies in the plane that is at 
right angles to the direction of propagation ; it can also be detennined 
as follows: the equation in F,, Zy^ similar to equations (11) and (23) 
represente an elliptic cylinder parallel to the j^axis, which intersects 
either of the other two elliptic cylinders (14) or (23), for example 
the former, in two ellipses, each lying in a plane ; of these two ellipees 
one and only one is identical to one of the above two ellipses, the 
intersections of the elliptic cylinders (14) and (23), and that ellipse is 
evidently the one sought or that of oscillation of the given particle or 
element. The given primary electric wave is thus elliptically polarized. 

The Secondary Ware ; Detennination of the Angle (J^ r). — Let us, 
next, determine the path described by any ether-element upon the 
passage of the secondary electric wave, represented by the moments 
X^ Kj, Zj of formulae (7). For this purpose we, first, determine the 
angle (/j, r), which the vector /j* from the position of rest of that 
element to its position at any time t makes with the direction of pro- 
pagation of the wave, to which that element belongs. By formula 
(23a, II) the angle (/^ r) is given by the formula 

* This vector/, it not to be confonnded with the wave-fanotion/, of fonnnlaB (9). 
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where X^ Y^ Z, are to be replaced by their values 

^3 = ^ { [Sflj - SOj (/S* + y')] COB «», + SajOjS COB tuj + Sojoy cofi wj} 
I'l! = p { [2"* - S^iC"* + r*)] cos «.( + 3d^y cos <-g + 3a,ai8 cos « J I 

Z, = 5 {[20j - 30,(0* + /J>)] COB 0»g + SOjoy cos Ul, + SOj^r COB lOj} 

{/>=!) ] 
(cf. formulae (7)). We thus find 

2 (ff ,o COB .u, + ffa^ cos u>, + flsY cos a^) ■» 



or cob(/„ r) = 



vs; 


'(l*3a>)c, 


»s+< 


'(H-3/3<)c(»>.., 






+ii,"(l + 3y«)oo»i 


S + ecv/Sco. 


«,l!0.». 




2(.,.co 


..,+a,fl 




l' 1 


^ 


*COS*iu, + Kj 


"COSS + 


Vo»'», 





.. (26a) 



+ 3(UjU cos <o, + fflj/a COB (Uj + fljy C08 103)"^ 



The Vector X^, Y^ Z^ rotates in a Plane. — At any given point 
(o, ^, y)cos(/j, r) is evidently a function of the time { only. Is now 
this expression for cob (/j, r) such & function of ( that as i varies the 
vector /j rotates in one and the same plane, like the vector /, of any 
element of the primary wave represented by formulae (8) % If this 
be the case, there must then evidently be a line n passing through 
the position of rest of the given element, for which cos(/2,n)=0 for 
all values of t. On the other band, if this condition can be satisfied, 
such a line n must exist and, conversely, the direction of the same 
thereby be determined. 

If the line » exist, then cob f/^, ti^) must vanish for all values of (. 
We write oos(/j, «) in the familiar form 
COB (/j, n) - cos (/„, z) COB (n, *) 

+ cos (/j, y) COB (n, y) + cos (/j, s) cos («, 2), 

replace the cosines (/j, z), (/j, y), and (/j, z) by -^, -^, and -J 
rsspectively, and we have ■'* ■'' ^' 

, , . Xcosfn, 7) + Kcosfn, v) -1- Z,.coa(n, i) 
cos (/j, ».) i 51— ^r — ^ = . 

That this expression vanish, we must have 

ZjC08(m, x)+ K„coB(n, p) + ^3C0s(«, j) = 0. 
Replace here X^ Y^ Z^ by their values (25), and we find, upon 
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expanding the costo's as functione of the angle n(t'^-r) and the nS's 
(of. fonnulae (6)), 

[^I'cofl »(irf - r) + .B/sin n{vl - r)] co8(n, x) 
+ [j4j'cosn(o/ -r) + B^Bmn{vt - r)] coB(n, y) 
+ [^j'coB n(ri -r) + B^ sin n{vt - r)] coB(n, z) = 0, 
where 

= [2ai - 3a, (iff* + -yi")] cos ni^ + 3a^p cos nij + Sa^ay cob nSg'\ 

= [2ai - 3a,(jiy + y=)] ain n5, + 3a,a/3 sin mSj + Sfigdy sin wBg 

i' = [2a, - 3a,(o" + -yS)] cos nSj + 3aj/9y cos JiBg + 3aia/3 cos mS, I 

■= [2(4 - 3aj(oi» + y=)] sin nS^ + 3a^y sin »Sg + 30,0/3 sin nS, j ' 

g' = [2ag - Sog (a^ + (S*)] cos n^ + Sojoy cos n£, + 3o^y cos n8j 

= [2aj - 3aa{o* + jff*)] sin nSj + 3a,ay sin mSj + Sa^y sin jiS,J 

or [.4,'cos(n, x) + jij'cos{m, y) + .,i,'ooa(n, a)] coa ?i{iif - r) 

+ [if,'oo8(tt, x) + Bj'cob(», y) + fig'c08{n, a)] sin n(vt - r) = 0. 
That this equation hold for all values of t, the coefficients of 
co8n{i'(-r) and sinm(rf-r) must evidently vanish; that is, we must 
have 

AtCOe(n,x) + A2eoa(n,y) + Aict>B(n,z) = 0\ 

and .B,'co3(n,3;)+ B('coaKy) + £^coB(n,z) = 0) 

These two equations can evidently always be satisfied, provided the 
codnes (n, x), {n, y), and (n, z) be so chosen that they are determined 
try Ae same and the analjrtic relation 

cos»{n,3;) + coB«(«,y) + cos«(M,4 = l (29) 

On the other hand, these three equations suffice for the unique 
determination of the direction of the line n. 

Determination of Nomul to Plane of OscillatioiL — Upon eliminating 
cob(7(, z) and C0B(n, y) from equations (26) and (29), we find the fol- 
lowing expression for cos*(n, z) : 






{A,-*+A;^){A^'B;-A^B^f-2A^A;{A-;B^-A{B{) 
X {A^B; - A^B^) + (^,'2 + A^-^){A{B^ - Aj'BiT 
{A^B^ - A^. 



(A;B^ - A^B(f+ (A;B^ - A^B;f+{A;B^- A^B^f 
and similarly 

J. , (^,'.gg' - A^B^)' 

cos (»,«)=. p . 



(^,'fig' - A^B-;f +(^,'ifg' - A^B;)*+(A^-Bg'- A^B^f 
J, , (A^B.'-A.-B^y 



{Aj-B^' - A^'B^y+iAt'B^' - A^B{Y*{A^B^~ A^'B^J 



,(30) 



lOglc 



88 ELECTROMAGNETIC THEORY OF UGHT. 

To expreea these direction-cosines in terms of the given qtuntitiee 
Oj, dj, Oj and 6j, S^ Sj and the direction-cosines a, p, y of the vector f, 
we must, first, evaluate the three expressions 

^I'Jj' - ^s'£,', AjB^ - A^B^ and A^B^ - A^B^ ; 
by formulae (27) we find 
A(B;-AiB; 

= a,aj{2 - Sy*) sin nS,, + Sa^Og^y sin nS,g - SojOjay sin re^ 
A^B^'-A^'B^ 

= a^(2 - 3a^ sin nfijg - Sojajoy sin nS,^ + Za^a^a.^ sin r^jj 

a;b{-a-;b^ 

— ~ '^\Hi^ ~ ^^) ^^ "^8 ~ 3'V's'''^ ^*" "^u ~ 3aifljj8y sin nS,, 
where S,j = Si-5^ 8i8 = S,-Sjand Saj-Sj-S, 

Replace the given expressions by these in formulae (30), and we find 
cos'(n, x) 

[a^fl3(2-3n')ainw^aa-3a)agayainn3,3 -f- SoiffijO^sinBfijj]^ ' 



..(31). 



aiV(* - V)s"»*«^i» + W(* - ^if^)' 

+ aj^Og^ ( 4 - 3o^) sin* )i5jj + GajfljOs (ai/3y sin n^,3 sin n^i 

- a^ay sin n^j sin jiSjj + Oja^S dn nSjj sin n^js) 

^ [agas(2 - 3a') sin nB^ - Sa^a^ay sin nfi,, + Sa^n^afi sinSSij]' 
~ 4 (Oi^a,^ -H Oi^Oj* + a,%j*) 

- 3(a,a,y sin b^j - a^aj^ sin nSj, + ajOja sin n^j,)^ 
08^(11, y) 

^ [ - a]ag(2 - 3ffl) sin nSjg - 3ffaOgaff sinrnfi^, - Sa^a J 3yBmnS,^y 



. ...(32) 



- 3(a,ajy sin n^j, ~ c'l'^ ^'^ "^s ''' 'Vi'* ^i" *t^^ 
co8*(n, 2) 

[a,aj(2-3y^Binwfi, ,-H3ff,rta;8y sin b8^, - 3a2asay sin n^^j]* 
°4(VV + '',V + "2V) "" ^ 

- 3 (Ojaay sin nijj - o^Oj/if sin «£,j + ftjdgn sin nSjs)' 

It thus follows that there is a fixed line n, passing through the 
position of rest of the given oscillating element, and with which the 
vector /g always makes a. right angle ; the direction-cosines of that line 
are given by formulae (32). The given secondary (electric) osciilationa, 
like the primary ones, which they are accompanying, thus take place 
in planes (of. also Ex. 16 at end of chapter) ; these planes of oscillation 
do not, however, in general, stand at right angles to the direction of 
propagation of the waves, as was the case with the primaiy oscillations, 
but they make angles with the same, which vary from point to point 
and for different values of the quantities a,, a^ a, and \,S^&^ For 
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another proof of the above, namely that the given oscillations take 
plaoe in planes, see Ex. 16 at end of chapter, where the equation of 
those planes ie determined. 

Begioiu in which the Bocondary OsdUatiotu take place at ± to 
Direction of ^npacation. — We have just seen that the secondary 
electric oscillations take place in planes that do not, in general, stand 
at right anglea to the direction of propagation. Are there now 
vectors o, ^, y, along which the secondary wave is propagated in planes, 
that stand at right angles to its direction of propagation 1 and, if there 
be such vectors, let us detonnine the same. That the given oscillatioDS 
take place in planes that stand at right angles to the direction of 
propagation, cos (J^ r) must vanish for all values of t ; that is, the 
following relation must evidently hold between the direction-cosinea 
sought and the given quantities a^, a^ a, and £|, S,, Sg for all values of i : 

Ojd cos (II, + a^ cos (Uj -I- 0(7 COB (Ug = 
(cf. formula 26)), or explicitly 

(tjo [cos n(vl - r) cos n&j + sin n{vl-r) sin nB^] 
+ aj^[cos » (ri - r) cos nSj + sin m (trf - r) sin nSJ 
+ dj y [cos n (ri - r) cos nSj 4- sin n(ri - r) sin nSg] = 0. 
That this equation hold for all values of t, the coefficients of 
cosn(t^-r) and sinn(Df'r) must evidently vanish; that is, the two 
equations „^„ ^^g nS, + o^ cos n5j + a^y cos nSg = 

and OjO sin nS, + a^ sin n^^ + %y sin n^ = 

must be satiiified, and also the analytic condition between the direc- 
tion-codnes o' + S^ + v* = I . 

We have here three equations for the detonnination of the three 
quantities (a, j8, y) sought ; the former can, therefore, be satisfied, 
provided the lattor be determined thereby. The first two equations 
gi™ a^sin».Sjj=-ag-).sinn8,^ 

the last two 

(a^S sin nSj + a^y sin n5,)* + (t,*(/3* + y') sin^Sj = re,* sin^ bS], 
and the elimination of fi from these the following value for y : 

y= ±O]02sin»ifiiBinnS,jf"'. ., 

and hence ^=^ ±a^ag em nS^ sin nS.j^F~^ I 

and o = + OjOg sin nS, sin n&^l^^ 

where F^ = as*(ai'^ sin'na, + a^* sin*nSg) sin'^j 

-I- da^ai' sin*n«, + aj%inM,) sin^nSjg 
-2ff,'n3*Binn8jsin)iSgsinnS,j8in«8ig ■ 



..(33) 
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Path Of OscUlatton. — To obtain the path described by any element 
of the given secondary (electTic) wave in its plane of oecilUtion, which, 
as we have seen above, is thereby determined that its nonnai (n) is 
given by formulae (32), we must eliminate the time t from formulae (25), 
by which that wave is represented. For this purpose we write these 
formulae explicitly, expanding the oosw's as functions of the angle 
n(ri-r) and the jiS's, as on p. 87, and we have 

n ' 



A^coBT+Bjainr [, (34) 



^. 



= jtf j' COB T + Bg sin T I 

where A{, B^, ... are given by formulae (27) and 
T = n(ri-r). 
The first two equations (34) give 

B- ^-B'^ = {A'B' - A-B') COB t 
and '' — ^ — 

and these, squared and added, the following quadratic equation 
inZ^ r,: 

(^,'» + B^^)^ - {^A'A^ + B,'B-)^^ + (A^^ + B,-') ^ 

-(Aj'Bj--A^B,y (35) 

Upon evaluating the coefBcients of this equation, we find 

+ eajOj [2 - 3 (a'' + /)] cos nSjj + eOifflja/S 

X [2- 3(aS + 7')] cos7i«ij + ISOiOjCiitPyoOHnSij 
A^A^ + B^B^ " 3a, V [2 - 3{^ + y*)] + 30j»aj8[2 - 3(<i» + y»)] 

+ 9(^V>'' - «i«a(2 - 3y« - 18a!y3S) cos nfi,j 

-3rt,a^7(l-6a»)coBJiS„ 

-3030307(1 -6^)ooaw5jj 
and ^,"' + S,'S-V(2-3(/Ja + y«)]' + 9a,»a'^ + 9ogVy« 

+ 6a^a2ap[2 -3{^ + y")] cos nS„ 

+ 6rtiaj,oy[2 - 3(^ + y')]cosnS,j 

+ ISajOgO^/Jy cos nSjj ; 
Aj'Bg - A^B^ is given by formulae (31). 
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Equation (35) evidently representa a cylindrical surface parallel to 
the z-axis. It is the Batne equation as that (14) examined on pp. 
83, 84, differing only in the values of its coefficients. The cylindrical 
surface represented by this equation is thus elliptical, except where 

(o& p. 83) or upon the surface 

010,(2 - Sy") sin nS,3 + Za-fljiy sin nS,j - Sn^ay sin n6^ = (37) 

(of. formulae (31)); in which particular case the elliptical cylinder 
contracts to a double plane; that is, the ellipse, intersected on the 
zjr-plane, contracts to a double straight line upon the surface (37). 

Path ef Oscillation determined by Intersection of Elliptic CyliikdeTS; 
SttcondaiT Wave Ellipticall]r Folarized,— Equation (35) determines the 
path of the given oscillating element with regard to the x- and y-axes 
only. As on pp. 84, 85, we must also seek the equations in X^ Z^ o\ 
y^ Z^ representing surfaces, upon which the given element also lies. 
The intersection of these surfaces will then determine the path 
described. The equations in Xf, Z^ and Y^, Z^ are obtained in a 
similar manner to the one above (35) in X^ Y^ and are evidently also 
similar to the same in form, representing elliptic cylinders parallel 
to the y- and x-axes respectively. 

Since now equation (35) and the two analogous ones in X^ Z^ and 
Y^ Z^ are the same equations as those (14), (23), etc., already ex- 
amined, differing only in the values of their coefficients, the results 
deduced on p. 85 for the latter will also hold here : namely, since 
the secondary oscillations X^ Y^ Z^ take place in planes, as we have 
seen above, the elliptic cylinders (35), etc., will intersect in curves 
that lie in planes, that is, in ellipses, and the oscillations them- 
selves will thus take place in elliptic paths. The primary and 
secondary waves, represented by the momenta X-^, ?"„ Z^ of formulae 
(8) and X^ Y^ Z^ of formulae (25) respectively, and belonging to 
any given pencil, will thus be elliptically polarized ; the only materia! 
difference between the paths of these two waves is that the planes 
of oscillation of the former are always at right angles to the direction 
of propagation, whereas those of the latter make variable angles with 
the same. 

Gonllrmatlon that the Elliptic Crlinden intenect In Plane Closed 
OorrflB. — The conclusions drawn on p. 85 and applied above to the 
secondary oecilUtions also, namely that the elliptic cylinders (14) 
and (23) and (35) and the analogous one in X^ Z^ intersect in plane 
ellipses, were founded on the fact that by the formula on p. 81 for 
cos (/i, r) and formula (26) for cos (/„ t) the vectors /i and /j of a 
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Oflcillating element always made right angles either with the direction 
of propagation of the wave or with some fixed line n in space (of. alao 
Ex. 16 at end of chapter). That now the two elliptic cylinders (14) 
and (23) or (35) and the analogous one in X^ Z^ or Y^ Z^ intersect 
in two plane dosed curves-— only closed curves would come into con- 
sideration as paths of oscillation — the cylinders themselves must 
evidently be of such dimensions that their breadths with regard to 
that coordinate axis, which stands at right angles to the plane passing 
through the two infinitely long axes of the given cylinders, be the 




same ; for example, the breadth of the cylinder (35) with regard to 
the X-axis, which breadth we denote, as indicated in the annexed figure, 
by the distance x"-x,', must be the same as that of the analogous 
cylinder in .Yj^i *'*'* regard to the same axis (i), denoted by the 
distance x," - x,', as in figure. Let ua now confirm this proposition for 
the two cylinders JTj^a *"*^ X^Z^ whose intersection determines the 
path of the oscillating element of the given secondary wave at any 
point a, P, y, the origin of our coordinates X^ Y^ Z^ X," Kj «•/,■■ 
being the position of rest of that element. For the proof of this pro- 
position for the cylinders (14) and (23), whose intersection determines 
the path of any oscillating element of the primary wave, see Ex. 29. 
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To determine the points x^ and x", where the tangents to the 
ellipee (36) that are parallel to the ^axia interaect the x-axis (cf. th« 
above figure)) we first seek those values of Y^ of the given equation 
(36), for which X^ is a maximum and minimum. For this purpose 
W6 first express X^ as function of ¥^ : we write the given equation 

aX^^+bX^rj + cVj^ + d^O, (38) 

putting a = {Aj^ + £,'*) ^ 6 - - 2 (^,'^,' + ii'£j') ^ 

c - {A-i + A'S) ^, d=- {A'B,' - Aj'B.y 

»3 



..(39) 
- {A,'^ + A'S) ^, d=- (A'B: - AJB.-)* I 

and we have 



^*= -^'±iv/(6^-l^^,^"-4«i=/(n) (40) 

The equation jL/{rt) = (41) 

determines now, as wa know, those values of Kj of the curve (38), for 
which Xg becomes a maximum and minimum. 

By formula (40) this equation (41) can be written 

which gives the following equation for the determination of K, : 
(6 - 4oc)»F,s - 6*[(62 - 4ac) Y^^ - Aad\, 

hence ■*» -"Tm — i — ;- 

that is, the two values 



e values is that, for which X^ becoi 
vidently immaterial, 
stermine those values of X^ to whic 
upon replacing Y^ by those values (4! 
; we evidently have 

r- ** / ti ^ 1 l (¥-^ac)i \ 



which of these values is that, for which X^ becomes a maximum or 
minimum, is evidently immaterial. 

We then determine those values of X^ to which these values (42) 
of r, belong, upon replacing K, by those values (42) in equation (38) 
or better (40) ; we evidently have 



, . _ _ ,, (43) 

T" . *' I '^ ^ ^ l{b^-iac)d\ 
^' = ^Taycib^-iaci-Tay 

that is, two values for X^' and two for X^'. Of the two values for 
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X^ the one is evidently the minimum (cf. figure 9) sought, whereas 
the other 1b that other or smaller value of X^, which belongs to 
the same value Y^ of Y^ and together with the latter determines that 
point of the given ellipse, which we have marked in the above figiu-e 
with a cross ( x ). To determine which of these two values for X^ 
is the value (minimum) sought, we must evidently compare the same 
with regard to their absolute values and choose the larger of the 
two. 
We have 



. ...(«) 



Let us now assume that the foimer of these expressions be the 
larger (in absolute value) of the two. The following inequality must 
then hold : 




•Am\ L a "Ve(6«-4<w)J 



— we take the squares of the given expressions, since we are 
comparing their absolute values — hence 



4c>' 



(ft^ - 2ttc)' 
ah 



or 4aV>6*-46W + 4oV 

or 0>6»(&*-4m). 

Replace here a, b, c by their values (39), and we have 
0>16(.^i'^j' + £i'£;)2[(^i'^j' + £i'Bj7-(^i'» + Bi'»)(^s'* + V)]t 
or > - l^A^A^-^B^B^fiA^B^-A^B^f'^^; 

which is evidently always the case. 

The above assumption, namely that the miuimum value of X{ be 
given by the former of the above e^cpressions (44), namely 



X'=-2. 



vs; <«> 
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Similarly', we can show that the maximum value of X{ is given hy 
the expresdoQ 

y._M / d 1 m^^)d. r^__ ,,g. 

■^■^ -2iyc(b^-4^) SSV e ^yb*-4ac ^**'^ 

The breadth of the cylinder -ya^j with regard to the x-oxib is now 
evidently determined by the absolute value of the difference between 
the maximum and minimum values of X^ which are given by these 
formulae (46) and (46) ; we thua have 

i<-<i-*V^li' <") 

where the vertical linee denote that the absolute value of the given 
expreesjon is to he taken. 

Similarly, we evidently find the following analogous expression for 
the breadth of the cylinder X^^ with regard to the avaxis : 

~7* 



K-VI-i-VrrBj- W 

where a' = (-4s'» + i(j'«)^, b'= -2(A;As' + BiB^')^\ 

^ 1 (49) 

e'-(^,'' + V)5' '''--(■<i'*.'-^.'A')' 

Rephice ffl6«f and d^il£ by their values (39) and (49) in formulae 
(47) and (48), and we find 

- (^i'' + &■>) (A;Bi - AiB{f 

i[{A;Ai + B;Bi)' -(A,-'+ b;'){A,^ + «,-)] ^ 



i2 

-Ai'b^ 



- -^ (A, B, -A,B,) ■^ ^^■j.^.ji. . ' J. 4., _ 

-2jV^,'' + V. <«>) 

and similarly 

IV-^l-^^-^/' + Vi (61) 

that is, one and the same expression for the breadths of the given 
cylinders with regard to the avaxis. 

The proposition stated on p. 92 is thus confirmed, and hence the 
conclusions drawn therefrom, which were founded on the same. 

For a further examination of the ellipses (14), (23), (35), etc., the 
determination of the angles, which their principal axes make with Uie 
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coordinate^xes, and of the lengths of thoae (major and minor) axes, 
see Ex3. 20-21 and 23-25 at end of chapter. 

Tbe Uagnetic Wares EUipticallr Polaiized iu Flaoes at ± to 
Direction of Froptiation. — The paths of oscillation of the magnetic 
(primary and secondary) oscillations are likewise determined by the inter- 
sections of elliptic cylinders (cf. Exs. 10 and II at end of chapter). It is 
easy to show that these cylinders intersect in plane ellipses, and that the 
planes of oscillation of both the, primary and the secondary oscillations 
stand at right angles to the direction of propagation. In this respect 
the secondary electric and the secondary magnetic oscillations differ 
from each other, the former taking place in planes that make variable 
angles, not always 90°, with the direction of propagation, whereas the 
planes of oscillation of the latter always stand at right angles to the 
same. On the other hand, the vector Xp Vg, Z^ always stands at 
right angles to both magnetic vectors, Oj, b^, Cj and a^ b^, <^ whereas 
the vector X„ Fj, Zj stands at right angles to the former magnetic 
vector (oi, S,, Cj) but not to the latter (cf. Ex. 14 at end of chapter). 

BXA KPT i 'BP 

1. Show, when the lectaDgaUr oscilktioiis (2) diff«r in phase by ^, that the 
principal nzeg of the ellipse detcribed by bb; element under the aimnltaineous 
kotiou of thoae oecillattoni coincide with their directions of osoillatiOD. 

2. Show that Bin n(i,- 8,1 and coBn(3,-3,) of fomoUe (3) ami be interpreted 
seometricallv u follows : 

. „ ,, 00 OD 
'"'"'*'-*=' = <M=Ofl' 

where E and F denote tbe point* of contact of tbe tangents to the given ellipee 




parallel to the y- and x-axea respectively, P the point of intersection of those 
tangents, A and B the pi^ts, in whiob the Mine Intersect the x- and y-aies 
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reapeotirely, uid C uid D the pointa of inMneation of the giveo elUpae oud the 
X- and y-»x«8 reepeotively, as indicated in the annexed figure. 

3. Show that the directions of the principal axes of the ellipse described bj' the 
elliptic oscillation a;=oBini.rf, y-btia.{<^ + S) 

1. . n 2a6 , - 

are given by ten 2^ - -177x5 00a S, 

where ^ denotes the angle these axes make with the x-, y^axea, 

4. The velocity of oBcillatloQ of a circal&r oscillation is uniform. 
lUe the circular oscillation 



and we hive veL of osc 

=am=2w 



At)'^m 






which is constant with regard to I. 

5. The circular oscillation is the only one, whose velocity of oscillation i 
uoifonn. 

The velocity of oscillation V of the elliptic oscillation 

2=Oisinn[tK-(2 + i),)] = aiain(Bi, 
y — a,cosn[rt- (z + J,] ] = a, cos (v, 
is V- nv isfa,^ cos' iiii + a,' Bin' u^ 

That this velocity remain noiform, we must evidently have 

■J a '"-. — 

VOi' cob' u 

hence a,'sin2<i>i-as'8in2iiii=:0, 

or explicitly 

[Vcoe2na,-Oj*oos2T(3Jsin2n(M-i)-[Oi'Mn2nii-a,»"»2nSJooo2n(tK-i)=0, 
That this equation hold for eUl valuta of I, its ooefficiente must evidently vanish, 
that is, the relations most hold 

o,'coe2nJi-o,*cos2nJ,=0, 
and Oi' ain 2n9, - a,< ain 2nS, - 0. 

Show that these relations between the a'a and J's can be satisfied only when 
(i, = (i, and n(),- 5^)=^, that ia, when the given oscillation is circular. 

6. For ai = a,=at = \ the coefficients in formulae (14) and (23) assume the follow- 
ing form thronghont the xy-plane ; 

^ja + Bji^^-ao^oosniia 



A^, 


+ 1A, 


.-,l> 


+ 2.'/? „.«),, 




AiA, 


+ B,B^= 


.(l-ra 


in«u-=3co«nJ(au- 


•a), 


A,B, 


-A^. 


■0, 






A,B, 


-A^,. 


= -?• 


HnBSu+«^emn(Ju- 


•it). 


«„: 


-!,-•. 


and 


1„=>,-1.. 





*Cf. Preston's Theory 0/ Light (second edition), Ex. fi, p. 66. 
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The girMi formolae thus uaume here the form 

or (^t^+fiZ}*:y=0. («) 

a doable plane pauing through the origin and the i-oxia — obaerve that the 
angles this plane makes with the x- and y-axea are fnnctiona of a and |9 only and 
not of the 3'b — and 

^i^-^[^coi»«u-«co«n[(u-a„)]^^ ] 

" ** L (6) 

+^(l-2iipco«na„J^=/J'|jSBin>ia„-aBiiin(J„-8,s)]» J 

Confirm that thU eqnatioii U that of an elliptic cylinder parallel to the y-axia 

or an elllpae in the zi-plane (cf. p. S5). The familiar conditiona 

o>0, A^O, and ^-;0 (ct. p. 83) 
moat then hold. We have here 

'a=Aa-S^=-^fl'[l-2aficrania-0'coa*itSa 

^{«»«n«n{!„-i„) + ^rin*n^„ 

+ 2iiP[i50in3i,(co«nJ„ooen^],+Binn8„Binn!u)-coBni,jl} 
^;p'[o»Bin»n(a„-a,J + j3»«in«na„-2a^rinnJuailit.{«w-«ij)] 



and here 

by formula (c) 



(S'[»8in«(fl„-i„)-,SBin»rfJ'>0i 

4 = bF (of. p. 83) 



-.j9*[a»in''{!„-8u)-/SBuniaiJ*[/SMnna„-«iinH(Ji,-8„)]'<0; 



Equation! (a) and (b) tbni intersect in an ellipoe, that ia, the given oscillationa 
are elliptic throaghont the xy-plane (cf. p. 85). 

7. Show that the vectcra (in the 3^-planu), along which the oicillationa of 
Ex. 1 become linear, are 

<." = !. p'=0, (7=0) 



aia'n(^,-«is) + ain*ni,V '^"BLn'n(Su-Sij) + ain'n8u' ^^-">- 
' Tbie determinate a ia not to be confounded with the direction coaine a. 
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8. For a, = ii, = a,=a the coefficient* (36) in equation (36) MSnme the following 
form in the xy-plane : 

J,'' + £,''= 4 - 3o' + 6o^(2 - 3a') COB nS^^, 
^,'^,' + 5i'fl,' = 3a^-2(l-9a^)coBna,„ 

J,'>+fl,''=4-3|8"+6ajJ(2-3^)co8iiJi„ 
A ,'B,' - A j'Si' = 2 Bin bSij, 
where ai, = !,-a^ 

Confirm that th« given eqiMtian (35) in X,T, is that of eui ellipae, thowing that 

^C-S«=[4-3«» + e«fl(2-3ii')co«n3,J[(*-3^) + 6a;3(2-3^)coBnSi,l 

-[3ae-2(I -9o*^)ooen8,J» 

=4Bin'itJa>0, eto. 

The coefficients in the equation in X, and Z, aimikr to (35) assume here the 

^o™ J,'' + S,'»=l. Ji'» + B,'»«ameasabove, 

Ji'J,' + B,'B,'=-(2-3iS*)cos7i!„-3<i/3co8n(a„- V. 
A I'Bi - A ,'flj'= (2 - 3^") sin n«„ - 3o,8 sin n( J„ - Sy,), 
where ^i — ^ ' ^i 1><1 'i> — 'i " ^■ 

To confirm that the equation in X^, Z^ is here that of an ellipse, we fint 
replace the A'\ B"», 0"« by these valnee in the determinate o, and wo have 
AC - B'^i- 2fi' + 60^(2 - 3^) COB Hi,, 

-[(2-3^)'coB'iiai, + 9a'|9'co«^i(8,.-Sii) + 6<'^(2-3;8')ciMnauCO«n(Jn-il„)]i 
which we can write 

= 4 - 33* - [2 - 3^)'{1 - flin^ni,,) - 9^(1 - ^) [1 - ain=«(«ii - S^)] 

4-600(2 - 3^) [cos na„ - cos nJ^(coB iii„cos MJ,,-)- Bin nti^am nS,,]] 
= (2-3j3"l»Bin'nJ„ + 9^(1^3")Bin»n(B„-i,3) 

+ 6a(9(2 - 3^) (COB na„Bin"nii, - Bin niuBin iia,sc™nSis) 
= (2-3^)'ain'«aij-l-9a''^Bin»n(ai,-Su) 
- 6o|9(2 - 3p") Bin nJijBin «(*ij - 1^,] 
= [(2-33')BinnJ„-3aj38inii(iia^Ji,)T'>0, etc. 
We observe that the equation (35) in Xt, riOonttuns here a,gonly ; for a„=Oit 
evidently reduces to that of a plane. It is thus evident that the path of oscilla- 
tion of the given secondary wsve ((i, = a, = a,=a) will be that of an ellipse 
throughout the «y-plane, when 8^ = 31 - Ja=0. 

In the xy-plane the equation in Xj, Z, reduces to ttiat of a plane, wllen 

(2-3;3')sinna„ = .3o(3sinB(*„-3„) (a) 

Along the vectorB a and determined by this equation the given elliptic cylinder 
will thus contrtbct to a plane, and hence the given secondary oscillations take 
place in ellipses. 

Lastly, show, when the relation (a) holds and S„ = 0, that the given secondary 
OBcillations become linear along the four vectors. 



^.=v^^- 



= ^J^-^ = 0■Z;l, ft, = .^--,^- = 0'9627, (7=0); 

= -0-271, ft,= -0'M27. {7=«); 

= --y^^= -0-872, ^ = ^^^ = 0-4898, (-,=0); 

= 0-872, |9a= -0-4898, (t=0). 
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B. Show that along those vectors, for which the secondary oscillations of Ex. 8 
become lineAr, the Bftme do not take place at right ooglea ta their direction of 



10. Show that the moments a,, h„ c, of the primary magnetic oscillations that 
acoompcmy the electric oecillationa represented by formulae (T) ore determined 
by the formulae 



a,' = ^,Binr-B,cosrj 

6,' = .^,sinT-fl,co8rl, . 
c,'=.4,8inT-^oosrj 



A. = a,a cos nS^ - a^y cos nSj, B, — Ojix sin nS, -- OiY sin n J,, 
.4] = a,^cos njj -o^acoanJ,, £j = ct]^Binn£j — OgaainnS}, 

r, that these oscillations talie place in elliptic paths, which lie in planes 
that are at right angles to the direction of propagation and are determined by 
the intersection of the elliptic cylinders 

{A,' + B,')ai'^-2iAiAt + BiB,)aj\' + {A,^ + Bi*)b,'*={A,B3-AtBif> 
and (^,»+B,")a,''-2(J,J,i 
or (^.*+B,")6,'«-2Mj^,H 
and, lastly, that these cylinders contract to donbte planes along the planee 

7=0, j3=0 and a=0 respectively, {c) 

and all three (cylinders) along the plane 

aia,Vsinn(i,-aj)-a,(4/SBinn()i-8,) + a,a,OBin«(a,-J,)=0 (d) 

(cf. also p. 84), throughoDt which (d) the given oscillations thus become linear. 

11. Show that the moments Oj, b,, c^ of the secondary magnetic oecillations that 
accompany the electric oscillations represented by formulae (T) are determined by 
the formulae 






A,' = a^y sin » J, - o^ sin nilj, Bj = a^y coa nJ, - a^ cos nig, 
J,' = (i^BiDiiS,-a,TsinnS„ B,'=a^cosn!,-(iiVcoeBJ„ 
^,'=a]^sinni, -OaosinnB^ fl)' = ii,^coBna,-a^co8ni,, 
and T = n(iK-r); 

moreover, that these oacillationa, like the primary magnetic, also take place in 
ellipses, which lie in planes that make right anglei with the dirtctioit of propaga- 
tion and ore determined by the intersection of the elliptic cylinders 

(.i,''+B,'»)a,''-2(i4,'.l,'+B,'5,')o,V+Ui''+Bi'')'i'*=Mi'B.'--<i'S,')'>i(6> 
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. and, Ustly, that these cylinders contract to donble planes throughout the same 
planes (e) and [d), Ex. 10, as the elliptic cylinders {b), Ex. 10, for the primary 
magnetic oscillations. 

12. Show that the plane determined by formula (22a) or formuU (d), Ex. 10, 
posses tiirough the origin and that the directioQ'Coaiaes of its normal are 

coB(n, :i:) = (Visin«(J,-ff,). 
co8(n, y)= -a,a,amn(3,-Sa), 
co8(n,i}=aia5sinn(8i-a,). 

13. Shovr that the total resultant electric moment X, Y, Z of formuUe (7) and 
the total resultant magnetic moment a, b, t. of the magnetic wave that accom- 
panies the given electric wave always stand — their respective vectors— at right 
angles to each other. 

14. Show, for the general problem treated in the text, that the resultant 
electric moment X^ T,, Z^ formulae (25), always stands at right angles to the 
resultant (magnetic) momenta a,, \, c, and a„ bg, t, of the magnetic wave that is 
accompanying the given electric wave, formulae (7) ; moreover, that the resultant 
electric momeut X^, Y-^, iT,. formulae (8), and the reaultant magnetic moment 
Oi, 6,, c, also always stand at right angles to each other ; and, lastly, that the 
resultant electric and magnetic moments X^, y„ Zy and a^h.^ c^ moke right 
angles with each other only throughout the plane 

a-fl^ sia niia - 0,0^ ain nJ„ + a^(^ sin t)(8,} ~ !,,) =0. 

15. Show that the magnetic wave that accompanies the electric wave tepre- 
seoted by formulae (7) can vanish only when i, = 3g=3, and then only along the 
vectors a-.fi-.f — a^-.a^-.a^ (cf. also p. 51). 

16. The following linear equation holds between the component-moments X^ 
r„ Z^ of tormnlae (25) : 

(.^,'a,'-/i,'B,')Xi-K^,'5,'-j,'B,'}yj+{.j,'fi,'-^,'fls')Zi=a 

We write formulae (25) in the form (S4), namely 

-'— = J, COST + Si smT, — *— = J, coST + B, smT, -^ = ^,'cosr+B, smT, 
multiply the first of these equations by J^', the second by -A{, add, and we 

(J5'J£3-J,'rj)- = (.i,'Bi'-Xi'fij')sinT, 
andsimiUrly, (J,'?,- ^a'Z,) - = M,'.Bj'- ^a'^'jsinri 

and these equations, the first multiplied by {A^B^ -A^Bi) and the second by 

-(Jj'S,'-.di'5a'} end added, give 

( J,'B,' - -i,'e,-}(^,'jra - ^,' rj ^ - (Xj'B,' - .J,'Ba')(.J,' Fj - Jj'Za) ^=0 
or A^[AiB.^ - A^B^)Xi+A^(At'B^ - A^Bi')Yi+ A.^{.A^B^ - Ai'B^)Z^=Q; 

Q.E.I>, 

that is, the path described by any particle JCj, Y^ Z^ lies in a plane, that deter- 
mined by this equation. 

IT. Show that the following linear equation holds between the component- 
moments Xi, Y-y, Zy of formulae (8) : 

(.4,Sj - ^2^,)^, + (^,B,- ..IjB,) r, + (.ijB, - ^1^2)^1=0 i 
that is, the primary (electric) oecillaCioni (8) take place in plane*. 
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18. Show, when Ji = ij = 3,gO, thnt the gecondftry electric ogcillotiom repro- 
aeDt«d by formulae (25) take place in phui«s that are at right anglea U> tbe 
reapectiva directiona of propagation throughout the plane 

19. The aecoodary electric oacillatiom represented by formulae (25) become 
(elUpticAlIy) longitDdinaJ, that ia, they take pluce in planes, irhoae uonnala make 
right aogle* with the respective directions of propagation, tbroughoat the plane 

OgOj sin ni„Y - a,ajS sin niu^ + DLjOi lix ^^ =0- 
That the normal n to any plane of oscillation make a right angle with the 
direction of propagation, the analytic relation must hold 

cog(r, ii) = ooB(r, a:)cos(n, a:) + co«(r, y)co«lH, y) + cos(r, i)coB(ii, r) = 
ooos(«, x) + fiem{n, y) + ycM{n,z)=0. 
Replace here cos (n, x), coa (n, y) and cos(n,z) by their vblaes from formulae 
(33), and we have 

a^fi (3 - 3a*) sin nJ„ -- 3«^af^ sin xt,^ + ^a^^p sin vS„ 
- 01010(2 - 3^} Bin nj,, - 3a^,aj3* Bin nSa - 3a,i>49S' *in Na,3 
+ OiOjY (2 - V) "in n^M + Sa^a^y* sin «S„ - 30^"^ sin ni„=0 
or - 0,0,7 sin n8[j + OiOj^ sin nJ],-a}ajaiinH]^ = 

(cf. also formula (22a] and Exs. 10 and 11). 
SO. Equation (14) is that of an ellipse, whose principal axes make the angle 

with the coordinate-axes X, and 1',. 
We write equation (14) 

aX,* + bI,ri + fiy + d = 0, (o) 

putting a = iA^+B^)''*, b= -2(ili^j + B,B,) "^ ] 

" ' ..(&) 

d--lA,R,-AiB,)<' 

To trantform this equation to its principal axes, which we shall denote by > 
and f , we make use of the following familiar relations between the given (A', }',) 
and the new coordinates ur : 



where u, which denotes the angle between the two systems of rectangnlar co- 
ordinates, shall be determined thereby, that the term nr of the equation of the 
ellipae in h and r sought vanish, that is, that u and r be the principal axes. 

Replace A", and f, by their values (r) in n and v in equation (n), and we have 
a(MOOtH-rsinH)>-»-6(itcosw-raiBw)(ttsiau-i-rcoau)-)^c(H8inw + rcosu)^-Hd=0 

(ocos'u-t-I'sinwcaaM-f rsin*w}N*-[2(a~(')Bin<'CO*<i'-b(co^-*i>>*"l}<"''\ ,^) 
-l-(nBin*M-6»inuc08u-Hf cos'iii)'* + <f=0 
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That the tanu in ui> vauiah, its coeEBcient must vanish ; we thus have the 
foUowiDg equation for the determination of u : 

2(«-e)siii«ui»«-6(ooB*w-Hin^if)=0 (e) 

or (a-e)sin3u-boo82w=0, 

henoe tan!!u= | 

or, by formolae (6), \ (/) 

21, Determine the lengths of the principal asea of the ellipse repreBented hy 
tormQla (14). 

The equation of the given eliipee referred to its principal axes, » and r, 
is evidentljr 

(a cos^u + b sin u cos u + c BiD'iii)u'' + {a ain'u - b sio u cos w + c oos*a>)li' -H d — 
(cf. fonniila {d), Ex. 20), where u is to be replooed by its valne (/), Bi. SO. 

Eqaation (c) or (/), Ex. 20, evidently gives 



= :fl— ^ 

2,y6»+(a-c)>' 



by which the eqnation in tit> can be written 



The lengths of the principal axe* of this ellipse are tbus given by the ex- 
preedon 

2 / -^ 

or, by formulae {b), Ex. 20, 

2-^«'M,Ja-^aBi) 

rv'^,' + Bj"+J,* + Si"±ViUi^j + SiSa)' + U,'+S;j*-.d,"-Bi*)'' 

where the pins sign is t4> be taken for the minor axis and the minus sign for the 

22. Show that eqnation (3), 

^ + ^-2coeM(«,-A,)|^=«in»n(*,-aj), 

is that of an ellipse, whose principal axra make the angle 
1 . 2nia,cos«(i,-J,) 
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with the coordinate-aies x, y, and the lengthB of whose nujar and minor axes 
are given b^ the expre«aion 

n/o,' + a," ± \'(o,' + Qj')' - 4aiVBii»'n(S,-ii)' 
when the ploB aign ia to be taken for the minor and the mlnna aign for the major 

23. Show tb»t the angle i», which the prinoipal axea of the ellipse (23) make 
with the coordinate-aiea Xy, Z^, ia given by 

I , 2(JiJ,+B,B,) 



Z4. Show that the lengtha of the major and minor axea af the ellipse (23) are 
given by the ezpreaaion 

^ ^2^iiHAtBt- A,B,) 

where the plna ngn ia to be taken for the minor and U)e miuua aign for the major 

25. Show that the angle, which the principal axes of the ellipae (3S) make with 
the oaordinate-axe« X^ Y^, is given by a similar expression to that (/), Ex. 20, 
for the angle, which the prinoipal axe* of the ellipae (U) make with the eo- 
ordinate-Bxea JC„ r, (X„ Y,). 

26. Show that the lengths of the major and minor axes of the ellipae (36) are 
given by the expression 

where the plus sign is to be taken for the minor and the minns aigu for the 
major axis. 

27. Determine the angle, which the major and minor axes of the elliptic 
cylinderB (b) of Ex. 10, whose interseotionii determine the path of oscillation of 
the primary magnetio wave that acccinpanies the electric wave represented by 
formulae (7)( make with the coordinate-axea, and also the lengths of those axea. 

28. Determine the angle, which the major and minor axes of the elliptic 
eyiindera (b), Ex. 11, make with the coordinate-axes, and also the lengths of thoM 

29. 3bow that the breadths of the eylinders (14) and (23) with regard to the 
X-axis are given by one and the same expression 
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CHAPTER IV. 

INTERP^RENCE; raTERFERENCE PHENOMENA OF THE 
PRIMARY AND SECONDARY (ELECTROMAGNETIC) 
WAVES. 

Doctriiifl of Interference — The doctrine of interference ia only 
another form or consequence of the principle of superposition, a 
superposition not of the intensities but of the diaplacements (ampli- 
tudes) of the given single oscillations. The phenomena of interference 
embrace those cases, where the resultant intensity of two or more 
oscillations is not the sum of the single ittiensiiUs,* which is the case 
when the given oscillations are taking place at right angles to each 
other (cf. Chapter III.), and include the particular case, where the 
resultant intensity entirely vanishes. The doctrine of interference 
does not require us to make any new hypotheses, it is a direct 
consequence of the undulatory theory of light and can readily be 
deduced from the properties peculiar to the same: For take two 
systems of waves, represented by the momenta X, T, Z and X", Y", Z°, 
and both particular integrals of our fundamental differential equations 
of wave-motion (cf. formulae (16, I)); since now these equations are 
linear and homogeneous, it follows that the system of waves repre- 
sented by the sums of their respective componeDt-momcDte, 

will also be particular integrals of these equations. The system of 
waves represented by the moments X, Y, Z S& now the sum of the 
two given single systems, X\ Y, Z and X', Y", Z", that is, the 
resultAut component-momenta of the given single waves are found 
by the superposition of their respective component-moments or 

'Strictly Bpeaking, we must exclude here the particular cote, where the given 
McillationB differ in phase by qnart«r of a wave.length (cf. p. 107 aod Ex. 4). 
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diBplacements. The dbctriiie of interference thua teaches that the 
intensity of two or more oscillations is not given by the sum of the 
intensities of the given single oscillations, but that it is the intensity 
of the (resultant) oscUlation represented by the sums of the respective 
component momenta of the given single oscillations i for the actual 
determination of this resultant intensity see below. 

Intraference of Plane- Waves. — Let us first examine the interference 
of two similarly linearly polarized plane-waves of the same period of 
oscillation or v-ave-length (colour) A but of different amplitude and 
phase, for example the two waves 

y = a,'sinn(rf-^)l ^j^ 

S' = a{ainn(vt-x')j' 
where ^ = -r- (cf- formulae (31, ii.)) and 3f and x' denote given distances 

on the X-axis. 

The resultant displacement y at any time I is now according to the 
principle of superposition 

y = t/ + y°^a^ 8inn(ti-x') + a^"aiiin{i>l -x") 
— (isinn(r(-x), 
where a and x are to he determined as functions of a,', Oj", z', of and n. 
To find these quantities, we write this equation between the same 
and the five given quantities explicitly, as follows : 

(flj' cos nx' + a^ cos Jiar)sin nvt - (Oj sin nx' -H a^ sin nx') cos mrf 
= o sin nirf cos itr - o cos nvt sin nx ; 
from which evidently follow, since this equation must hold for all 
values of I, 

o cos Mar •= Oj' COB «/ -^ »/ cos nx", 

a sin TLr = a^' sin mc' + «/ sin nx" ; 

anr? l>">Ae equations give 

rt»-<Uaj'^-(-2a,'<eo8Ji(:E'-3r), (2) 

. a/sinia^ + a/sinnx' ,ov 

and tan nx - -^ 1 % — ■^„ W) 

flj coBmf + a,^ cosi'X 

The resultant amplitude a is thus a function of the two given 
amplitudes, Oj' and Oj', and the quantity n(^'— a;*); the latter is known 
OB the difference in jAase of the two oscillations. The resultant phase 
is a function of the amplitudes and phases of the given oscillations. 
For a geometrical interpretation of these formulae see Ex. 1 at end 
of chapter. 
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When /-«* = 0, X, 2A, .,., that is, when the given oscillations have 
the same phase (or differ in phase hy whole wave-lengths), then 

that is, the resultant amplitude (intensity) becomes a maximum. 

When the given oscillations differ in phase by half a wave-length, 
thai is, when 

„_X 3X 5k 

then fl2 = (aj'-njX 

and the resultant amplitude (intensity) becomes a minimum. For 
Og' = Og', a then vanishes, and we have total (destructive) interference. 
Lastly, when the given oscillations differ in phase by quarter of a 
wave-length, that is, when 

, , X 3X 5X 

then a2 = 02'^ + aj"2 (4) 

or the intensity of the resultant oscillation is given by the sum of 
the intensities of the given oscillations. In this particular case the 
given oscillations would appear to advance quite independently of each 
other, that is, not to interfere the one with the other, like two linearly 
polarized oscillations, whose planes of oscillation stand at right angles 
to each other, and which compound, as we have seen in Chapter III., 
to an elliptically polarized oscillation. Two similflrly linearly polarized 
oscillations that differ in phase by quarter of a wave-length would 
thus produce the same effect (intensity) as two similar linearly 
polarized oscillations, whose planes of oscillations stand at right angles 
to each other (cf. Ex, 4). 

Two linear oscillations of the same wave-length and plane of 
oscillation (polarization) do not therefore, in general, a^"*^ e in- 
dependently of each other, like oscillations, whose planes o lation 
are at right angles, but they interfere with each other, compounding 
to a linear oscillation, whose amplitude (intensity) increases or 
decreases, or even vanishes (aj' = aj"), according to the difference in 
phase between the given oscillations (cf. formula (2)) and whose 
phase is determined as a function of the given amplitudes and phases 
by formula (3). 

nienomena of Interferencs : Bright and Dark Bands. — \\'e have 
just seen that two oscillations (1) that differ only in amplitude and 
phase co-operate or (partially) neutralize each other according to 
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their difference in phase. The amplitudes of waves from one and 
the same source are now, in general, the same, whereas the waves 
themselves differ in phase according to the distances they traverse. 
The resultant amplitude of two waves from one and the same source 
would, therefore, be double and hence their intensity four times that 
of either wave singly, when their phases were the same, and vanish 
entirely, when they differed in phase by half a wave-length. Let us 
now consider the effect produced on a screen that is illuminated by 
similar waves from two sources that are close together^to obtain two 
systems of similar waves (beams of light), we let the waves from any 
given source pass through a very narrow slit and then through two 
apertures (eourcee) that are close together (cf. pp. 112-113). Let the 
screen of observation AB be placed at right angles to the mean direction 




of propagation of the waves or to the perpendicular OP to the line 
(plane) CD joining the two apertures (sources) and D at its middle 
point 0, where i* is a point of the screen (cf. Fig. 11). The waves 
from C and D will now co-operate at P, since the distances CP and 
DP traversed by the same are equal, and we shall have a bright 
spot of four times the intensity of that produced at that point by 
either wave singly. As we recede along the screen from the central 
point P upwards towards A, the distance to the one source C will 
decrease and that to the other D increase, until we arrive at a point P^, 
where the difference in these distances becomes half a wave-length ; 
at that point the given waves differ in phase by half a wave-length 
and thus neutralize each other, that is, the illumination will be zero. 
Similarly, as we recede downwards towards B, the distance to C 
will increase and that to D decrease, until we arrive at a point P^, 
where the difference in these distances becomes half a wave-length and 
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hence no illumination. The locus of the point Z*, or P,' is evidently 
in the plane of the paper an hyperbola and in space an hyper- 
boloid of revolution, that generated by the revolution of the given 
hjTjerbola round the line CD ae axis. The locus of P^ on the screen 
is the line (curve) intersected on the same by that hyperboloid ; this 
line will appear on the screen as a dark line or band. As we continue 
to recede from the central point P, the distance to the one source 
will increase or decrease and that to the other decrease or increase 
respectively, until we arrive at a point P^ (Pi), where the diiference 
in those distances becomes a whole wave-length ; here the given waves 
co-operate again and we have a bright spot similar to that at F; 
similarly, the locus of f j is a hyperboloid of revolution, whose inter- 
section on the screen determines the position of a (the first) bright 



Fio. 12. 



line or band. Similarly, as we continue to recede from the central 
point P, we obtain alternately dark and bright lines or bands, 
determined by the intersections of byperboloids of revolution on 
the screen. 

Distance of aar Band tram Oentral Point. — Let us determine the 
distance of any band i*, from the central point P in terms of the 
given quantities. The l>and F, evidently corresponds to a difference 
in the distances traversed by the two waves or to a retardation of the 
one over the other of n half wave-lengths. We denote the distance 
of the band P, from P by x, the distance of the screen AB from the 
sources C and D (the distance OP) by c and the distance OD between 
the sources by 6 (ef. Fig, 12). With P, as centre descrilie an arc of 
radius P^C from C to the point S of the line DF^ and draw the 
straight line OE, as in figure. The line CE is now perpendicular to 
OP, and CD to OP, therefore the angle DCE will be equal to the 
angle P.OP and hence the right^^ngle triangle DCE* similar to the 



'The angle DEC ii only approximately a right angle. 
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rightaiigle triangle PJ>P. The similarity of these triaiiglea gives 
now the following proportion between their aides : 

PP,:OP = DE:CE. (6) 

or a; ; c = _ : CE approximately,* 

which for small values of the angle DCE, corresponding to small values 
of X, may evidently be written appro:nmately 



or x-'-^l^ (6) 

The given band will, therefore, be bright or dark according as n ia 
even or odd, whereas its distance from the central point will vary 
directly as the wave-length (colour) of the waves employed. 

Width of Band. — By formula (6) the width of any band, from 
darkness to darkness, is evidently 

^"-^"-^=[2"- ^— Jr^6' <'> 

that is, it is directly proportional to the wave-length (colour) of the 
waves employed. Since now this width and the distances b and c 
can be ascertained by measurement, we can employ this formula for 
the determination of the wave-length of different kinds (colours) of 
light. If the light-waves employed could be procured absolutely 
homogeneous, that ia, wavea of exactly one and the same wave-length 
(colour) A, then the screen would be covered entirely with similar J 
bright and dark banda ; but neither is the former possible nor is the 
latter confirmed by experiment (see below). 
Colooied Bands or Fringes. — If the light waves employed are 
, heterogeneous or those of ordinary (white) light, we evidently get a 
system of coloured bands or fringes : for, each wave-length or colour 
represented in the given waves will give rise to a system of bands 
of given (but different for different colours) width, the violet bands 
being the narrowest and the red the broadest. Near the centra! 
point or band, which will be- brightly illuminated but not coloured, the 

♦ The angle DEC ii only approximately a right angle. 

t This formnla holda only for small values of x ; (or Urge valaei of x see Ex. 12 
at end of chapter. 

^Provided the screen be small, that is, formula (7) hold (cf. Ex. 12 at end of 
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resultant (coloured) interference bands will be very distinct^ but, as we 
recede from the same, there will be an overlapping of these numerous 
systems of coloured bands, and this overlapping will not only increase 
more and more but it will become more and more irregular, until 
finally, at a comparatively short distance from the central band, the 
total interference will become approximately one and the same at all 
points in regard not only to (resultant) intensity but to colour ; this 
acoouDte for the rapid disappearance of the coloured interference bands 
as we recede from the central point and their entire obliteration at 
a comparatively short distance from the same. For similar reasons, 
together with the fact that it is quite impossibie to procure absolutely 
homogeneous light, the interference bands of "homogeneous" waves 
will extend to no great distance from the central band, although, of 
course, to a much greater distance than the coloured bands obtained 
from heterogeneous or white light; this explains the empirical fact 
that only a small portion of the screen can be covered with inter- 
ference bands in spite of the most skilful contrivances for procuring 
homogeneous light. 

ConditlonB for the Inteiference of Polarized Waves.^We have 
assumed above given paths of oscillation for the waves treated, that is, 
we have examined polarized oscillations, whose amplitudes have been 
assumed to remain the same for finite intervals. This assumption 
holds now only for polarized waves that are obtained from one and 
the same pdarized wave. Two polarized waves obtained from an 
ordinary (homogeneous) wave, for example, the ordinary and extra- 
ordinary waves (rays) that emerge from a doubly refracting crystal, 
upon the surface of which a ray of ordinary (non-polarized) light is 
incident, will each be linearly polarized and at right angles to each 
other (cf. Chapter VIII.), and each will retain its character, the same 
amplitude, etc, as long as the vibration in the incident wave remains one 
and the same. During this interval the two waves upon being brought 
into the same plane of polarization would interfere like the ordinary 
and extraordinary waves that are obtained from one and the same 
pdarixed wave by double refraction (see below) ; this interference is a 
consequence of the difi'erence in phase between the two waves,, due 
U> a relative retardation of the one with respect to the other in their 
passage through the crystal and to the different paths traversed by 
the same. The interval, during which the refracted waves retain the 
same amplitudes or the incident wave the same direction of vibration, 
is uow infinitely short, since the direction of oscillation in an ordinary 
wave changes, as we have observed on p. 72, thousands of times per 
second. During the succeeding interval of one and the same direction 
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of vibration in incident wave each refracted {component) wave would 
retain one and the aame amplitude, but theee (component) amplitudes 
would differ from those, which the refracted waves had in the first 
interval, and hence also the interferences and resultant intensities 
during those two intervals. It is now the mean of thousands of such 
different intensities that is received as total effect by the retina of the 
eye, and that mean would evidently be approximately one and the 
same at every point of the field, quite regardless of the variation 
of the difference in phase between the two (refracted) waves from 
point to point, due to any difference in the distances traversed by 
the two waves. The field or screen would thus be uniformly illumin- 
ated, that is, there would be no perceptible or permanent interference, 
in which case the waves are said not to interfere permanently. 

If the incident wave is polarized, the refracted waves will retain 
the aame character or amplitudes for finite intervals and thus interfere 
permanently when brought into the same plane of polarization ; for at 
those points of the field, where the refracted waves have the same 
phase, there will be permanent co-operation or maxima of intensity, 
and at those, where they differ in phase by half a wave-length, per- 
manent (partial) neutralization or minima of intensity; that is, we 
shall have phenomena of permanent interference, and the given waves 
are said to interfere. 

OonditioBS for th« Interference of Ordin&iy HomogeneooB Waves. — 
Two waves of ordinary homogeneous light from difierent sources or 
from different parts of the same source (flame) do not interfere (when 
brought to overlap). This is evident from the following : the character, 
both direction of oscillation and phase, of the wave from the one source 
will change irregularly and, as we have already observed, thousands 
of times per second, with regard to the character (direction of oscillation 
and phase) of the wave from the other source, and wo shall thus 
have co-operation and neutralization in such rapid succession that only 
the mean of the same over the (finite) interval required for an im- 
pression on the retina of the eye can come into consideration; and this 
mean will be approximately the same at all points of the field, since 
any difference in phase, due to difference in the paths traversed by 
the two waves, can evidently be entirely neglected. From considera- 
tions similar to those on the interference of polarized waves obtained 
by double refraction from one and the same polarised wave, it is 
evident that two ordinary homogeneous waves can interfere only 
when they are exactly alike. To obtain two such similar waves, we 
let a beam of ordinary light fall on a narrow slit (in a screen), placed 
symmetrically near two apertures and with its length at right angles 
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to the line joining the same ; the slit miut be mode so narrow that it 
admits only a line of light. Each point of the slit being symmetrical 
with r^ard to the two apertures will now send waves to each aperture 
that are alike, so that the resultant wave emitted by the one will be 
similar to that emitted by the other. At any point of the region 
(screen), where the waves from these two apertures overlap, the only 
difference between them will be one in phase, due to the different 
distances traversed ; and this difference in phase will be one and the 
same for the thousands of oscillations of different direction of oscilla- 
tion arriving at the given point during the interval necessary for an 
impression on the retina of the eye. At those points of the field, 
where there is no difference in phase between the waves emitted by 
the two apertures, we shall have co-operation or maxima of intensity, 
at those points, where the difference in phase is half a wave-length, 
neutralization or minima of intensity, and at all intermediate pointa 
intensities that correspond to the position of the some with respect to 
the points of maximum and minimum intensities; that is, we shall 
have a (permanent) system of bright and dark bands ; and the given 
waves are said to interfere permanently. 

Oonditioiifl fior Interference of Heterogeneona Waves. — For reasons 
similar to those on the preceding page, it is evident that two waves 
of white or heterogeneous light (cf. p. 72) can interfere only when 
they are exactly alike; such wares may be produced in a similar 
nuuner to that suggested above for the generation of similar waves 
of homogeneous light. 

Fteenel'B and Arago's Laws on Interference, — The above results on 
the conditions for interference can evidently be summarized in the 
following laws, which were first stated and empirically established by 
Fresnel* and Arago : 

(1) Two waves (rays of light) polarized at right angles do not 
interfere under the same circumstances as two waves (rays) of ordinary 
light. 

(2) Two waves (rays) of light polarized in the same plane interfere 
like two waves (rays) of ordinary light, 

(3) Two waves (rays of light) polarized at right angles may be 
brought to the same plane of polarization without thereby acquiring 
the quality of being able to interfere (permanently) with each other. 

(i) Two waves (rays of light) polarized at right angles and after 
wards brought to the same plane of polarization interfere (permanently) 
like waves (rays) of ordinary light, if they originally belonged to the 
same wave (beam) of polarized light. 

•Cf. Oeuvra, torn. 1, p. 521. 
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Oonditioiu Ua Int«rftnnce of EUiptieally Polarised Waves.— We 
have been considering above only the linearly polarized oecillatJons 
and the phenomena of interference to which they give rise. Let us 
now examine the interference of elliptically polarized oscillations and 
waves. Since now an elliptically polarized oscillation can be resolved 
into two rectangular linearly polarized ones, the interference of two 
elliptically polarized oscillations could be determined aa follows : we 
resolve each elliptically polarized oscillation into any two rectangular 
component linearly polarized ones, that is, we resolve each along any 
two rectangular axes, as the ^ and 2 coordinate-axes, the x-axis being 
chosen as direction of propagation ; the two component oecillations 
along either axis would now behave like two linearly polarized 
oscillationB, that is, they would interfere permanently, if they belonged 
originally to om and the saim pohtized wave, producing a system of 
interference bands on a screen placed in the field, where they overlapped ; 
but the two component OHcillationa along the one axis would, in 
general, difier from the two along the other axis not only in amplitude 
but also in phase, so that the system of interference bands produced 
by the one pair of component linear oacillationa would difier both in 
intensity and position of the bands from that produced by the other 
pair; the resultant effect produced on the screen would be that due 
to the mutual action of these two systems of bands, which would 
also be a system of bands. The resultant system of bands would 
evidently be more or less distinct according as the given oscillations 
were less or more elliptically polarized respectively, the bands 
disappearing entirely, when the given polarization were circular, and 
becoming most distinct, when it approached the linear polarization. 

Besnltant of two EUipfticaUy FOlariMd (Flaiie) Waves. — Let us 
determine the resultant of two elliptically polarized plane-waves of 
the same period of oscillation ; let the given waves be represented 
by the analytical expressions 

y — Bj'Binn(rt-a;') '\ 

2' = ag'8inn(ri-«'-S') I 

and ^ — a^'einnivt-jf) j' 

2-.<.mn(rt-«?'-8-)J 

where ^ and x" denote given distances on the x-axis, the direction 

of propagation, and S* and S" small augmentations of those distances. 

By the principle of superposition the resultant of the waves (6) 
will be that wave, whose two components are 

y - y" -(- y" =- flj' sin n(vt - a^) -fflj' sin ft(c( - aT), 

2 = y + a" = Oj' sin » (ri - a/ - ff) -f- flg" sin «(rt - aT - J^X 



,.{8) 
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or, expanded, 

y = (a^ eos fti' + O)' cob jw") sin nvt - (a^ sin la! + a{ ain nt!") cos art, 
3 - [Og' cos n (2^ + fi") + V co« « (^ + ^)] si*! '"^ 

- [Og' sin n (/ + S") + aj" """ (^ + *")] •'^ *"^ 

or ij=a^m\n(vi-x), z = a^fmn{vt-x-S), (9) 

where a^ Og, x, and h are determined hj the equations 
a^ cos na:' + a^ cos na;" — a, cos we, 
Oj sin nz" + Oj' ain fu:" — n^ sin ma^ 
rtj' cos n(ar + ff) + Oj" COB w(x' + S") = a, cos «(a! + S), 
<sinn((i:' + 8')+fl3'sinn(x' + fi-) = a,sinn(K + S), 
aa follows : 

«„' sin na:' + u,' ain fla' h> 0^) 

tanju;=-;' -r - ; ^ 

OjCOSJtr+rtgCOsnj; J 

and 

ag*=aj'' + ffg'* + 2(i3'aj'coa«(a' + «'-2'-S') "1 

,,„„, ^.. a,-coanfx- + 8-) + <coa«(ar + S') (") 

'*""(^ + ^* = VBin«(^' + y) + «.'«in'^K + S-) J 

The resultant oscillation will, therefore, be elliptic, that one, whose 

rectangular linear component oscillations (9), their amplitudes and 

pha8e8,are determined by these formulae (10) and (11). Two elliptic 

oscillations (8) will thus compound to an elliptic oscillation. 

Bphnical Waves. — We have examined above waves, whose wave- 

fronte have been assumed to be plane; that is, either their source 

must be at infinite distance (the sun) or the waves themselves, upon 

being emitted from a source at finite distance, must be brought by 

means of a lens to advance along parallel lines. Strictly speaking, 

such waves do not exist in nature, so that the analytic expressions 

for the same would have no real meaning; they constitute only a 

particular or limiting (theoretical) case of the general one, where the 

source is at finite distance and the waves themselves are propagated 

radially or in apherical shells or wave-fronts from the same, their 

amplitudes decreasing as their distance from the source increases; 

hence the termination "spherical" waves. These more general 

spherical waves open up a much broader and more interesting field 

for reseu«h than the (theoretical) ones examined above, since they 

behave quite differently at difi'erent points of any region of finite 

'dimensiona (cf. below). 
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Besnltuit «f two Linuxlr Polarued Spherical Waves.— Let ua & 
determine the resultant of two similarly linearly polarized spherici 
waves, for example those represented by the analytic expressions 

y' = -,Binn(ri-a^) I 



y"- — 8inn(ri-z") 

where 3! and z" denote the distances of the waves from their reape. 
sources. 

By the principle of superposition the resultant of the waves ( . 
will be the wave 

y - y' + y* = - Bin n (p( - 2') + T sin n (e( - z') - a sin n{vt- z), 
where a and nz are to be determined from the equations 



-_j sin na' + -; sin Jtr" - 



and 



_ aV sin m^ + uV sin wz" 
ds!' cos na^ + aV cos tuk" 



These expressions differ from those already found for plane-waves 
(of, formulae (2) and (3)) therein only, that they contain the distances 
^ and 1^ of the given waves from their sources ; otherwise the results 
obtained and the conclusions to be drawn therefrom are similar to 
those already stated on pp. 106-110. 

Besvltont of two EUiptlcallr Polarized Spherical Waves. — Similarly, 
we can determine the resultant of two elliptically polarized spherical 
waves of the same period of oscillation, for example those represented 
by the expressions 

«'-j8inn(«(-z'-8') 
and y"-?|-Binn(rf-x') 



s" = ^sinR{ri-ar-6') 
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lere ^ and ** denote the distances of the waves from their reapec- 
ve sources. We find, namely, that the resultant wave is also 
an ellipticallf polarized spherical wave, that, to which the two rect> 
uigular linearly polarized spherical waves 

y = a^smn{vi-3i) and £ = fflgBinn(ri-i-S),* 
lae amplitudes and phases are determined by the following formulae, 
.pound : 



g^V sin iv^ + a^i! sin m:* 
BjV cos in^ + (ijV cos nx* 



tann(»+8) = 



iig'a!"sinn(3!' 



...(15) 



fla'a:" co8»(a/ + ff) + a^'td cos n{a:" + 6") 
Lastly, we observe that the resultant intensity of superposed oscillations, 
as (14), is determined not alone by the squares of the amplitudes of the 
given single oscillations but also by the interference-term or tenns, to 
which the superposition of the similar displacements {momenta) in 
question give nae (cf. Exs. 5, 6, 10 and 11 at end of chapter). 

The Elsctromagiietic WaTes ; those of Problem 3, Chapter U. — We 
have considered above single waves, that is, waves propagated in a 
given direction or along a given vector without any reference to 
possible disturbances along other vectors. Such waves cannot a pnori 
be identical to electromagnetic wave^ since the latter are, in general, 
propagated from their source in al) directions or along all vectors. 
At the same time, we have made no attempt to identify the waves 
treated above with the electromagnetic waves, having taken quite 
arbitrary solutions of the general equation of wave-motion without 
any reference to the relations that must hold between such solutions, 
if the same are to represent electromagnetic waves. 

The electromagnetic waves examined in Chapter II. are all linearly 
polarized t spherical waves. As those of problem 3 are the most 
general, let us employ the same for an examination of the field 
traversed by two aystema of linearly polarized + electromagnetic 
waves, that are similar with regard to their radial distribution of 
energy from source into space (see below). 
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Snpnposltioii of two Fiinuur W&Tes. — We, first, examine the 

mutual action of the two primary waves of problem 3 (cp. formulae (36, 

II.)) at any point P of the field ; they are represented by the moments 

_,«*„. , ^ , «^ , . , „,«*.. ,1 
X, =-rfBintu, r, =-7>n sinni, Z,=-Tpmn<o 



m- = dj'fa'i + y'2) - ^ (Oi'a' + ttj'y') 
y=<(«-> + ^)-y(a,V+a,'^l 
/- = fl,-(^ + r"«) - a- (a,T + Vr') 
m* = a{ (a"s + /S) _ ^(nj-a' + Oj"/) 
i>- - fl,-{a-* + ^) - /(a,-a- + V^) J 




The waves represented by the moments X^', Y^, Z{ are emitted 
by any given source 0' and the moments themselves are referred to 
any f^ven system of rectangular coordinates x', y, / with origin at 
0'; the waves of the second system are emitted by any other given 
source O" and their moments X,', Y^', Zj" referred to the system of 
coordinates x", y, c'. Let now the latter system of coordinates be 
parallel to the former or given system x', y", :^, as indicated in the 
annexed figure. The moments X^', Yj, Zj are functions of a', jff", y\ 
the direction-cosines of the vector, along which the wave X, I", Z' 
is advancing, with regard to its coordinate axes (z', y*, z'), and the 
moments X,', T,', Z,' the same functions of o", ^, y', the direction- 
cosines of the vector, along which the wave X/, Yj°, Z" is advancing, 
with regard to its coordinate axes (x", /, J') (cf. formulae (17)); we 
have attempted above to express this similarity between the two 
systems of waves by referring to a similar radial distribution of 
energy from the two sources into space. 
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TlLe Besoltant Fiinuur W&ve; its AmpUtnde and Fhus. — The 
resultftDt action of the two waves represented by fonnulae (16) at 
ftDj point P of the field (of. formulae (17)) is now given by the 
component-moments 

X-X'+X'-^reinu' + ^rsin^' 
' ' ' r r 

= -f r [sin nvt cos n(f + S") - coe ttirf sin »(/ + ff)] 
+ ^ r[sin np/co8 w(j' + S") - COS np( sin nfr" + fi*)] 
-«*[-, cos ft(r' + S') + ^cosa(r" + fi')1 sin nrt 

-n* ,sinw(»' + S') + -;sinw(r' + B') cosnrf, 

which can be written in the form 

jr,<-a,Binn[cf-(r + fi,)]~a,sinnf4coBn(f'-HSj)-a,coBnii(sinn(r + £,), (19) 

where a, and n(r + 8j) are determined by the equations 

n«rpCogn()' + 8')+J^co8fi(r- + «")l=a,C03n(r + Sj) 

and «'rpBinn(/-(-3') + |J!9inn(r" + S-)] = «i8inn(r + S,) 



n-i i-i 



„ir 



coanff-^ + S-S")] 



and tann(r + 8,) = 



^ lY Binw(r' + g) + r/Binw(T^ + y ) 
Cr" COB n(r' + &') + Tr' cos »(r' + S') 
and Bimilarly, 

I',=rt,Binn[p(-(r+6j)] and ^, 



tan n(r + 5,) - 



8inn[irf-(r + 8g)], ...(20) 
[?? + "^3^'cosn(r'-^ + S'-8-)]' 
y Bin n{7' + ^) + m"r' sin « (r" + fi* ) 



mV cos n(r' + ff) + mV COB n (r- + fi*) 
and ag! = n*[^-r^- 

tanfl(r+^ 



+ 2^''.coBw(/-t' + 5' 



.)] 



_ p'f^8inn(r' + S')+pVflin«(r' + S') 
"pY cos n{f 4- ff) +/-> cos n (.■" + fi") 



(20A) 
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The resultant oscillation will, therefore, be that, whose rectangular 
linear component-oscillatioas are 

yj = ajSinn[rf-(r + Sj)], 

Z, =Oj8in » [irf - (r+ 8g)], 
where Oi, o^ Oj and S„ 5^, S, (r + S,, r + Sj, r+Sj) are determined by 
formulae (19a) and (20a). Since these component-oscillations differ 
not only in amplitude but also in phase from one another, the 
resultant oscillation will be elliptic, that is, the resultant of the two 
primary waves (16) will be an elliptically polarized spherical wave 
(of. Ex. 14). 

Examination of Expreasion for Amplitnde. — The amplitude of the 
resultant primary wave (19) and (20) will evidently be given by the 
expression 

a'=V + V + V = "*[- — TT-^ 

4- ^" + ";;^^"' + /^"-""'y^P>" cosMr--/' + g-S-)]....(21) 

The first term of the expression in the larger brackets, times n*, is the 
amplitude squared of the wave X,', Tj, Z,', were it advancing alone 
through the medium, and the second term, times n*, that of the wave 
Xj', Y", Z{, were it alone in the medium. The third term arises 
from the simultaneous presence or action of both waves at any 
point P; it represents the interference of those waves at that 
point. The quantities 8" and S" of this interference term can be 
regarded as given, they express given differences of phase in the 
two sources. The & in either source has also been assumed 
(cf. formulae (16) and (18)) to have one and the same value along 
all vectors from that source, that is, to remain constant throughout 
the medium. 

Besnltant Primary Wave EUipticallf Polarized; OonditiouB for 
Linear Folarixation of Besnltant Wave.— We have observed that the 
resultant oscillations X-y, Y-y, Z, of formulae (19) and (20) take place 
in elliptic paths. If now the sources of the two linearly polarized 
waves (16) are near together and the point of observation P is at 
considerable distance from those sources, the two oacillations (16) 
will take place along approximately the same lines (see below), 
provided the proportion 

a^ •.a^:a^ = a^':a^ -.a^ (22) 

hold between the amplitudes n,', Oj', Og' and a,", a^, a," (cf. formulae 
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(6, ui.)). But, if these amplitudes are entirely arbitrary, the lines 
of oscillation of the two systems of waves will, in general, make 
finite an^es with eacli other and the resultant oscillations JC„ 
F,, Z^ thus be highly elliptically polarized. This general case, 
where no relation exist between the amplitudes a,', a,', Og' and 
Oj', ttj', Oj' would, therefore, be of little interest, since, as we have 
seen in Chapter IIL, two linearly polarized waves, whose planes of 
oscillation are not the same, interfere less and less, as the angle 
between the same approaches more and more 90°. 

In the following we shall thus assume the relation (22). As 
the distance between the two sources decreases and the point of 
observation P recedes from those sources, the angle between the planes 
of oscillation of the two oscillations (16) will become smaller and 
smaller, that is, the eccentricity of the elliptic path of oscillation 
of the resultant oscillation X„ K„ Z^ wilt become greater and greater 
and hence also the interference between the two given oscillations 
(16) J for, the nearer the sources are together and the further the 
point of observation is removed from the same, the more the angles, 
which the vectors i' and r* make with their respective coordinate-axes, 
and hence the direction-cosines of those vectors, a', ^, y' and a", ^, y', 
approach one and the same values. On the other hand, if the 
distance between the sources 0' and C of the two waves (16) is of 
the same dimensions as the distances of the point of observation P from 
those sources, then the angle between the planes of oscillation of the 
given oscillations will be of finite dimensions and hence the resultant 
oscillation X^, Y-^, Z-^ more or less highly elliptically polarized. This 
general case is evidently of no particular Interest as far as the 
phenomena of interference are concerned, whereas, its examination 
would ofi'er difficulties, which we do not encounter, when the given 
sources are very (infinitely) near together and the point of observa- 
tion i* is at considerable (finite) distance from the same; in the 
general case all distances would namely be of the same dimensions, 
so that the expressions in question could not be replaced by first 
approximations, obtained on their expansion according to any small 
quantity or distance (cf. below). 

It should now be possible to deduce the conclusions just drawn 
directly from the expression (31) for the resultant amplitude; let us 
examine the same. The first and second terms of the given expression 
cannot vanish, but they will assume given (positive) values at any 
given point; the third term contains the two factors, /T-fm'm'-Hp'ji', 
which we shall call the coefficient of that term, and cosm(r'-r" + S' - S°); 
the latter, which gives rise to the phenomena of interference, will 

GooqIc 



122 ELECTROMAGNETIC THEORY OF UQHT. 

vary periodically throughout any region of very (infinitely) small 
dimenaione, but it is Dot a. function of the relative position of that 
region with regard to the coordinate-axes ; in thia respect it differs 
from the other factor or its coefficient, which, like the first and second 
terms of the given expression, will evidently retain approximately one 
and the same value throughout any such region. The mean value 
assumed by the third term of the expression (21) in any such region will 
thus depend alone on the value of the coefficient of that term in that 
region. This coefficient can now evidently vanish; its vuiishing would 
determine given regions (cf. Exs. 19, 16 and 18), within which there 
would be no interference of the given waves (16); the vanishing of 
this coefficient would thus correspond to the particular case, where the 
planes of oscillation of the two waves (16) make right angles with 
each other. On the other hand, maximum values of the given 
coefficient would correspond to the particular cose, where the two 
oscillations (16) are taking place along one and the same lines. On 
the assumption that relation (22) hold and the two sources 0" and 0* 
be very (infinitely) near together, the lines of oscillation of the two 
waves (16) will be, as we have seen on p. 121, approximately one and 
the same at any distant point, that Is, the given waves will interfere 
throughout all distant regions; in formula (21) this would evidently 
correspond to that particuUr form of the same, where the coefficient 

tf+m'm'+p'p' 
does not vanish (cf. below). 

The Bonrces of Distnrbanca near together and the Point of Obser- 
Tation at Great Distance. — On the assumption of relation (22) and 
that the sources ff and (T'-be very (infinitely) near together and the 
point of observation P at considerable (finite) distance from the same, 
a.', p, y and tt", ^, y" respectively will differ only infinitesimally from 
one another ; that is, we can put 

.-.a'.a, r-Zf-ft y--y-r. 

and hence r -.m' -.p' "l' -.m' -.p'. 

Formulae (17) then assume the particular form 

/'-<(/3« + y«)-a«j8 + <y)-^, 

m' - flj- («* + /)- ^(«i'° + «j'r) = "^ 

p' » a,' (a» + ^)- y(n,'a +fl;j8) = ?', 

where k denotes the factor of proportionality between the a"s and a"s. 
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Replace I', m', p' and l," m', p" by these values in formula (21), and 
we have 

- 2a^'a^'ali - Soi'Oj'ay - 2aj'ag'j8y] 

>< [?i + ^ + If- «» ^C-" - '■' + ^ - 8-)], 

or, most approxiiiiately, 

= % [''i" + «»'" + "."^ - («i'" + «'^ + «»»'] 

x[!+K3 + 2KC09w(r'-r' + 8'-fi")], (23) 

where r denotes the mean distance of the point of observation from the 
given sources. 

Examination of Expreesion for HeBnltant Amplltode ; Ita Behanoiir 
for Light WaTes. — The expression in the first pair of large brackets 
of the expression (23) for the resultant amplitude ia a function 
only of the direction-cosinea a, 13, y and the a's; it can thus be 
regarded ae constant in any region, whose dimensions are very 
(infinitely) small in comparison to the distance of that region from 
the given sources. A region of such dimensions is now one of the 
dimensions of the wave-length X of light wavea. In such a region 
the factor in the second or last pair of large brackets of the ex- 
pression (23) will not, however, remain constant, since ita laet or 
interference-term will evidently vary rapidly, as »^ — )■" increases or 
decreases by a quantity of the dimensions of that wave-length ; the 
Srst two terms of this factor are constants. The behaviour of the 
resultant amplitude or intensity throughout the given region will 
thus depend alone on that of the interference-term. The value 
assumed by the interference-term will now vary as that of ita factor 
008 tt(r' - r' -t- ff - S"), which oscillates between the values + 1 and - 1 ; 
for the former value the resultant amplitude becomes a maximum 
and for the latter a minimum. For light waves or electromagnetic 
waves of very short wave-length, these maxima and minima will 
succeed one another rapidly, as we recede from any point; the 
breadth and distribution of these maxima and minima of intensity or 
bright and dark bands will evidently be determined by formulae 
similar to those of (6) and (T) above (cf. also below). 

Behavionr of ExpreBslon for Besnltant Amplitnde for Electro- 
magnatic Waru Proper. — If we employ the Hertzian or electro- 
magnetic waves of wave-length of the dimensions of the meter, the 
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interference-bands will be very far apart (cf. formulae (7) and (26)), 
in fact, their width could be of greater dimensions than those of 
the region, where the reaultant amplitude (21) may be determined 
alone by the value of the int«rference-tenn ; this would evidently 
coirespond to a greater irregularity not only in the distribution but 
also in the intensity of the bands. The detection of the interference- 
bands of electromagnetic waves proper, at least their Unas of distribu- 
tion and intensity, would thus be more difficult than that of those of 
lightwaves. 

The Interfereace-TenD ; Eralvatian of sama for sivan oaaa. — Let 
us, next, examine the interference-bands of electromagnetic light- 
waves, whose intensity at any point is determined by formula (23), 
in any region P of the dimensions of the wave-length X of those 




FIO. 14. 

waves. We choose the line, on which the two sources & and 0* lie, 
as avaxis and the point half-way between the same as origin of 
a system of rectangular coordinates x, y, z, denoting the distance 
between the sources by 2c, as indicated in the annexed figure. 

The distances r* and r" of any point P of the given region from 
the sources Cf and 0" will then be given by the expressions 

/!_(a: + £)! + ya + 5S, r'i' =, (^ _ ,)* + yJ + ;i. 

Since now, by assumption, t is very small in comparison to x, y, z, vi 
can thus write 

r'J=^+y^^.sJ + 2«={a^-^-y^-^^«)(l+^J-J^^,), 
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OH, by the binomial theorem, aa first approximation 






-(24) 



I ^3? + y^+z^ 

The factor co8Ti(r'-r' + 3'-8°) of our interference-tenn will thus 
assume here the form 

coB«{r'-r' + S'-n = cosnr-i=E5_^+ff-6-l; (25) 

that is, maxima of int«iiBity will appear, where 

- ^ - +ff-5"-0, A, 2A, ..., 

and minima^ where 

2tx ,, _„ A 3A 5A 

ViE-"+/ + a'*"^ "=2' 2' 2 

Breadth of Intetfeience-Bands. — Let now the point P move parallel 
to the lE-axie and let us denote any two such points, whose distance 
apart is of the dimensiona of the quantity (, by Pj and P^; the 
factors cosM(rj'-r," + S'-fi°) and cosfi{rg'-rj' + 5'-6') of the inter- 
ference-terms at these two points can then, by formula (25), be written 
in the form 

COB n(r ' - r ' + ff - 8") - cos n {'-=J2l=') 

and cos n(rJ - r," + S" - 8*) = cos n( -7 — ."3? ^ \ 

Since now x, and x^ dilTer from n; by a quantity of the dimensions 
of c and the latter has been assumed to be very (infinitely) small 
in comparison ta z, s, z, we may evidently interchange Xj and % with 
X in the expressions a^*+y^+i^ and ij*+j* + 2* without altering 
except infinitesimal ly the values of the expressions for the given inter- 
ference-terms ; we can thus write the given factors 
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Two such pointe P, and P^ will evidently determine consecutive 
bands of one and the same intensity, when 

hence ^_:^ = ^=^^±? (26) 

(cf. alao formiUa (?)) ; that is, when the two points P^ and Pg are so 
chosen that their distance apart is given by this e^qiression (26), 
they will be points of equal intensity (maxima, minima, etc.). 

Sninmuy: LaWBoflnterfeienca. — From formula (26) follow: (l)The 
further the region P is from the sources 0' and 0" and the nearer 
these sources are to each other, the broader are the interference-bands ; 
by a suitable choice of the former we could, therefore, always obtain 
a measurable distance for the latter (x^ - a^J). 

(2) The longer the wave-length K of the waves employed, the 
broader the interference-buids ; for example, the bands obtained from 
the red rays would be broader than those produced by the blue ones, 
whereas for electromagnetic disturbances proper, as the Hertzian 
waves, the distance between consecutive bands would be of quite 
different dimensions from those for light waves (aee above). 

(3) Conversely, we can determine by formula (26) the wave- 
length A, of the waves employed, on measuring the distance between 
consecutive bands. 

These results are similar to those already deduced above (cf. 
p. 110). 

Superposition of two Becondai7 Waves. — Let us next examine the 
resultant action of the two secondary waves that accompany the 
primary waves represented by formulae (16) at any point P of 
the field ; these waves are represented by the momenta 

-Vj = -7j t COS <u , Kj = -j^ m COS 10 , 2j =-ij/i costu 
and .Vj" = -S3 f cos «i", y," = -;^ m' cos tu', Z^'^p^p' coe<o 

where i' = 2ni' -3ai{fi'^ + Y^) + 3«.'{aj^ + a^y) 

m- = 1a^ - 3n,' (a'^ .^ /») + 3^ (a,W -i- o^V) 
;/-2«,' - 3(V(-'^ + ^*) + 3/(«,V-Ha;/3'), 
/' - 2a," - 3a,' (yT* + y'^) + 3a.' (n/^ + a,'/) 
m' = 2aj- - 3a,' {a.-^ + /=) + 3^(a,'a- + a{y-) 

/-2V-3«,-(a"*-Hr*) + 3/{«r-' + Vn 
and u>' = n[irf - (r' -t- S)\ <o" = n[rt - (.' + 3")] 



, ..(27) 
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(of. formulae (36, ii.)); the systems of coordinates x', y', / and «*, f, ^ 
are those employed above, on p. 118 (cf. also figure 13). 

The resultant action of the two waves (27) at any point P of the 
field (cf. figure 13) will now, by the principle of superposition, be given 
by the component-moments 

jr, - Jj' + JTj- = ^ f cos L>' + ^ r cos <o- 

=■ -q r[oos nti^cos n(r' + S') + sin nrt sin a (/ + S*)] 

+ -s| ("[cos ««f COB n(r' + S") + sin nvt sin n(r" + 5")] 
= k| -;rasinn(r' + fi') + -sj8inn{r' + ff') ainnri 
+ r^jCosn(r' + 8') + ^cosn{r' + S-)1cos»ri|, 

which can be written in the form 
A'j = «, cos «[»( - (r + 8,)] 

= aj[co8Mirfcosn(r+5,) + sin«ti(8inn(r + 8,)], (29) 

where Oj and (r + Sj) are evidently determined by the equations 

aiC08n(r + S,) = nr4cOBn(r' + S') + ^^cofln(r- + S-)1 

and ai8in»i(r + 8,)=>n -7j8inn(*' + S')+ T^8inn{r'' + S') 

as follows ; 

and similarly, 

r3 = njC08Ji[t);-{r + B^]and^j = 03C08n[p/-(r + 8g)], (30) 

where a„ »(r + 8,) and a,, n(r4-6g) ore determined by similar formulae 
to (29a). 

The Besnltant Secondary Wave EUiptically PoUrizod. — The re- 
sultant oscillation X^ Y^ Z^ represented by formulae (29) wid (30) 
is evidently elliptically polarized (cf. Ex. 20) like the primary oscilla- 
tion, which it is accompanying. 
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The amplitude of the resultant oacillatiou at any point P 
evidently 

a -Oi +<i, +ag -n I ^^ + ^,, 



„ frtm'..-+p>- 



coBn(r' 



-«■)] <31) 



Soarcee of Dutnrbance near together and Foist of Observation at 
Oreat Diatance. — The expression (31) ia similar to the one (21) found 
for the amplitude of the primary waves; the same conclusions as 
those drawn from the latter (cf. pp. 120-122) will, therefore, hold 
for the given expression. For similar reasons to those set forth 
above we shall also restrict ourselves here to an examination of the 
particular case, where the relation (22) holds between the given 
amplitudes, the sources 0' and 0^ are very (infinitely) near 
together and the point of observation P is at considerable (finite) 
distance from the same ; in which case a', iS*, y" and a', yff", y' re- 
spectively will differ only infinitesimally from one another and may 
thus be interchanged. 

EzpTession for Besoltant Amplitud«. — In the given particular case 
formula (31) can evidently be written 

aS = ^(i»+m'+i'*)[l + K=-H2KCOs»(T'-r- + S'-S")], 
where T = kC = kI m' = kth' = «m ;»' = gi' - ntp 

(of. p. 1 22) ; or, if we replace here l,m,p (/', m', /) by their values (28), 

«'=5i*W'+'^'' + 0-3[«.''(^+r*)+«»''(-'+/)+<(-*+^)] 

-t.6(a,Va/3-^«,'a,'ay-HaX^y)} 
x[l+K» + 2«COsn{/-r" + 8' -8*)] 

x[H-K'' + 3KC0SB(t' r' + S'-S-)] (32) 

This expression is similar to that (23) already found for the 
amplitude of the primary wave, being composed of two factors, the 
one a function of the direction -cosines a', jS", y' and the a"s and the 
other a function of the distances / and r". The interference-tenn has 
the same form in both expressions, so that the results obtained above 
for the interference-term of the primary wave will hold here for 
that of the secondary wave (cf. pp. 124-126); we cannot, however, 
conclude that the phenomena of interference, to which the secondary 
waves may give rise, will be the same as those produced by tlie 
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primary waves, as an examination of the expressions (23) and (32) 
&nd the relative behaviour of the two Bystetns of waves will show. 
BehftTionr of Beraltimt Amplitade for Ll^t-Waves. — For lightr 

waves the factor -^ of formula (23) for the amplitude squared of the 
primary waves will be very (infinitely) large compared with the corre- 
sponding factor J of formula (32) for the amplitude squared of the 

secondary waves except in the neighbourhood of the origin; at 
considerable (finite) distance from the same the phenomena of 
interference, to which the latter waves might give rise, would thus 
vanish, when compared with those produced by the former. We 
have now seen above, unless the point of observation P be removed 
to considerable distance from the sources, that the oscillations to be 
superposed will not take place in the same planes, and hence that 
the interference-formulae established will not hold even approximately; 
this would correspond, on the one hand, to a less marked interfer- 
ence between the secondary waves and, on the other hand, to a certain 
irregularity in the resultant intensity and distribution of the same 
throughout any region that is not at considerable distance from the 
sources. The detection of phenomena of interference between two 
systems of secondary waves of light would thus be difficult not only 
at considerable distance from the sources but in their neighbourhood. 

Behavionr of Besnltant Amplitade for Electromagnetic WareB 
Ptoper. — For electromagnetic waves proper (the Hertzian) the quan- 
tities n* of formula (23) and n' of formula (32) are of the same 
dimensions, and hence the detection of the secondary waves not only in 
the neighbourhood of the sources but at considerable (finite) distance 
from the same possible (cf. p. 53) ; but at such distances the above 
interference-formulae will hold for regions of the dimensions of the 
wave-length of light-waves, but only approximately for those of the 
dimensions of the wave-length of the waves in question. Since now 
the interference-phenomena sought could be observed only in regions 
of the latter dimensions (cf. p. 124) and throughout such regions not 
only the two systems of waves would be only approximately similarly 
polarized but also the formulae in question only approximately hold, 
all observations on interference-phenomena between the two systems 
of secondary waves would be accompanied by difficulties. 

Interference-Fheiiomeiia of the Prinuiy and Uie Secondary Wavefl ; 
tltose in B^ons, where tiie latter alone appear.— The most distinct 
phenomena of interference would evidently be the familiar ones 
produced by the primary waves (of light) at considerable distance from 
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their sources, whereas those to which the secondary waves might 
give rise would have to be sought under considerable difficultJea in the 
neighbourhood of the sources. The detection of the latter would 
evidently be facilitated greatly by the entire disappearance of the 
former. This would be the case only when the primary waves them- 
selves disappeared entirely ; that now the primary waves, those repre- 
sented by formulae (16) to (18), disappear, the first factor in the 
larger brackets of the expression (23) (or the resultant intensity must 
vanish ; * this will be the case in those regions, where 
(«,'» + V + Os-") - (a,'a + a/^ + a^'yy = 0, 
that is, along the surface 

(.,■■+ <-K + (V + ",'V + K' + V)'' 

- 2a^'a^'xy— 2a^'a^xz ~ 2a^a^yz=(i,* (33) 

which is the equation of a cone with apex at origin (cf. also Ex. 15). 

Along this surface (the vector a:^:y = a^:a^:a^)* the formula 
(32) for the amplitude squared of the resultant secondary wave will 
evidently assume the form 

n«_^4(fflj'!* + aj'2 + ag'S)[l-f-KU2«costi{r'-r*-Hfi'-S")) (34) 

Since this expression does not contain the direction-cosines, the 
resultant amplitude will have one and the same value at all points 
on the surface (33) (the vector a -. p ■.y=a^ -.a^ -.a^)* that are 
equidistant from the given source. The entire disappearance of the 
primary waves along this surface (33) (the vector a :/3: y = a^ : a^ : a^)* 
would facilitate the detection of the interference-phenomena, to which 
the secondary waves might give rise, along the same. We recall 
here the important property of the secondary waves in those regions, 
where the primary waves disappear, namely their longitudinality 
(cf. p. 61). 

Point of Obeemtioa near Sources of DiBtnrbance ; Ezpressioii for 
Anmlitnde of Besoltant Secondary Wave. — Lastly, let us examine the 
case, where the distance between the sources 0' and 0' is of the 

*0n the oaaauiptioti that the amplitudes V, m,',p' and f, tn", jf of fonnolae (17) 
be real and not imaginary quantities, not only the given factor, P+m'+j^, but 
also the different tennB of the same must vanish ; this is, for riot values of the 
Amplitude* of the component-oacillationg (16)— onl; sach values would evidently 
come into consideration here — the relations 

must also hold. These relations determine the vector a-.p-.y^a^'-.a^'ni,' (cf. 
p. 61) — one Bolntion of equation (33) — which wUl evidently lie on the cone repre- 
sented by that eqoation. The vanishing of the two primary waves along other 
vectors of the cone (33) wonld evidently correspond to imaginary values of the 
amplitudes I', m', p', and T, m', ^ of the ooaponent-oscillstions of those waves. 
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INTERFERENCE OF SECONDARY WAVES. 131 

same dimensions as the distances of the point of observation P from 
the same, and, for Bimplicity, when a-^^a^ = a^ = a' = a^—a^=\, 
that is, the two soutccb shall emit similar waves. This particular 
case is of importance, since, as we have just seen, the marked 
phenomena of interference of the secondary waves must be sought 
in the neighbourhood of the given sources, that ia, the point of observa- 
tion F must be taken at a distance from the aources, that ia, of the 
same dimensions as the distance between the sources themselves. For 
the given case (region) the general formula (31) for the resultant 
amphtude of the secondary wave will evidently assume the form 



..(36) 



The Sonnee of IHstDTbaiice on x-Azia ; Ooofflciost of Intoifereiico 
Term. — Lot us, next, aasume that the sources ff and 0" lie on one and 
the same axis x at the distance h apart; the following relations will 
then hold between the coordinates z', j/, y and z", y", s" of any point P : 

jr.»' + J J-.}" /■-.-', 1 (36) 

hence r'2 = (/ + 6)«+y'2 + s^ / 

For the given particular case (36) we can evidently write the 
coefficient of the interference-term of the above expression (36) as 
follows : 

ir-n»'«i-+/p--3|l-(^ S _) -(^ pJ j 

(cf. fonnuU (31)) 

-(jf + >' + 2')'[(/ + »)'-l-»" + 2'']-(l? + * + »'-l- «')•(«"+?' + »') 

+ 3(/+!/'+s')(i' + i+y+j')[l'(i' + 5)-l-J^ + /=]) 

+ 5(3a; + »■ + /)] ' 

+ *(/ + f' + /)[^(i' + }'+2') + S(2>?-j'-j')]) 
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Ooeffldent of Interferenca-Teim on Scnsn || ^z-PUne. — On a screen 
placed par&Uel to the yz-plane at the distance c from the source & the 
coefficient (37) of the given interference-term will assume the form 

lT + m'7n' + py j 

=^^{(<:Hr+^')[2(c= + J'''+^'' + cy+«'+y';')+6(3c+3/+j')]l..(37A) 

+ 6(<: + y' + /)[c(c + y + ^') + 6(2c-y'-0]( J 

It is now evident that the interference-bands will vanish in those 
regions on the given screen, for which this coefficient* vanishes, that 
is, along and in the neighbourhood of the curve 

(c«-t-y'» + s'i')[3(c^+y'* + r'^+n/+fi/ + y'/) + 6(3c'-Hy+/}]l ^ggj 

+ b(c + ^ + ^)[c(c + i/ + z') + b{2c-y-^z-)]-0* )" 
Begions of greatest Interference. — On the other hand, the inter- 
ference will evidently be greatest at those points on the given 
screen, where the coefficient (37a) of the interference-term becomes a 
maximum; and this will evidently be the case in those regions, 
where the value of this coefficient approaches the particular values 
assumed by the coefficients of the first two terms of the expression 
(35) for the resultant amplitude. Let us now determine the 
region, in which the coefficient of the interference- term and that 
of the first term of expression (35) are the same for the given par- 
ticular case ; the region sought will evidently be that determined bj 
the relation 

+ b{c + i/' + i')[clc + y' + ^) + b(2c-f^-;^)]} = l+(o: + ^ + yy 
(cf. formulae (35) and (37a)), or, if we replace here a', ^, y' by their 
particular values (cf. formula (36)), 

which relation is evidently satisfied, when j' = z' = 0,t the point in 
which the ^^axis meets the given screen ; a result which we might 
have anticipated. 

Similarly, it is easy to show that for ^<=«''-0 the coefficient of 
the second term of expression (35) assumes here the same value as 
that of the third or interference term (cf. Ex. 21). 

The neighbourhood of the point y = a" = on the given screen would 
thus be suited best for an observation of the interference-phenomena 
produced by the given secondary waves. 

*Ct. foot-note to p. 130. tXhen r«=(tf + 6)* (of. formulae (36)). 
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EzpreBSioa for BeBnltaat Amplitude on Screen ; approziinate Bx- 
preasioiu for same in Begion of greatest Itttetference. — The resultant 

amplitude of the given secondary waves at any point on the screen 
x-^c will evidently be given by the expression 
„ ^_,( d^+i^ + >^^ + ic + t/' + zy i 

^ (r + i)' + y' + /U(c-t-i+y + a')= 1_ 

2(e»+y'»+?'»)[2{c»+ys + 3'*+cy' + «' + jV) + 6(3c + y' + y)] 



which in the neighbourhood of the point y^s'aiO will assume the 
approximate value 

' ' ' e + o ^ [ (35^j 

(cf. Ex. 22) ; or, if we replace / and r* by their approximate valuee, 

a2 . Gn^f'ityjt^ + c^b-*-^ + ,- 2.(r + S) + (2c + ft)(y- + ^) ] 

xcoefl(r' + r" + ff-a*)| 

Formula (39) holds for both ligfat-wavee and the electromagnetic 
waves proper ; formula (39a) would hold also for both types of waves, 
whereas formula (39b) would hold for the former most approximately 
but for the latter only approximately. We obtain a more approximate 
expression for the electromagnetic waves proper on replacing r'*, ■f* 
and t'^i^ of formula (39a) by their more approximate values 
r'* = c* + 2c%'2 + 3'2), 

and ri' + r-= = ^(r + i>)« + [c2 + (c + ft)%» + 2'''). 

The ELoctromagnetic Waves of the Oenend FroUem of Oh&pter III. 
and nk«iioiiiena of Interference. — The electromagnetic waves treated 
in the more general problem of Chapter iii. and represented by 
formulae (7, rii.) would be of little interest for us here, since they 
are more or less highly elliptically polarized and would thus give 
rise only to very small and irregular variations of intensity when 
superposed (cf. p. 114). 
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EXAUFLE8. 

1. Show that the eqnutioni 

a» = o'» 4- 0"+ 2o'o' uoa n (i' - «•) 
c'+o'sinna' 
r' + o-uotna^ 
which may eXaa be written in the form 

o'Binn(j:-i') + a-Binn(a:-ar) = 
(cf. formulae (2) and (3)), can be represented graphically as follows : 
Take any fixed line OX and draw OP equal to a', and making the angl« nx" 
P with OX, similarly draw OQ equal to a", and 

making the angle ru^ = QOJC, then, if we oom- 
plete the parallelogram OPRQ, ita diagonal 
OR will be equal to a and the angle SOX 
which it make* with OX will be equal to nx, 
while POQ will be equal to the difference 
in phase n(z'-l') (ef, the annexed figure). 
The omplitudea a' and a" will, therefore, com- 
FlQ. 15. pound like forces.* 

2. Show that a right-handed circular OBCilktion, for example 

y'=o,'8inn(F(-«'), 

i'— -Oj'Biniijiii-a:'- j) = aj'co8ii(rt-«'}, 
and a similar left-handed circular one, namely 

y'=a,'ainn{W-a^), 

t"=-HOj'8inti(rt-a^-2l= -Oj'cosn(tP(-ii:'), 
compound to a linear oscillation, namely 

l,=2c^-omnlvt-x-). 

3. Show that the elliptic oscillation 
> oppositely directed citcnlor 




"(-'-S)= 



and y"=2'"»-'h)«n"l'<-^)i z'= -^{a^- Of) cos n{vt-x). 

4. The intensity of two similarly linearly polarized oscillations that differ in 
phaae by quarter of a wave length is the same aa that of two similar linearly 
polarized oecillatians, whose planes of oscillation are at right angles to each other. 

Two such pairs of oscillations are 

y = o"sinn(iii-»;")J ' 



(*) 

*Cf. Preston, Theory 0/ Light, pp. 48, 49. 



.„ Google 



EXAMPU:S. 13S 

where n(i'-i°)=t, and 

y=a',m™(.*-*'h 

where ^ and x* are entirely arbitrary. 

The reaultant (oecilUtion) of the lormer |mir (a) ib, bv the principle of super- 
poeition (of. p. 13), 

y=awnB(rt-i), (c) 

where o = «/o*^'o^ (d) 

,_ J 1 . a' Bin to' - o" OOB to' 

r=-arot*n-i , . — -;. 

the particular form uninied by formulae (2) and {3) reipeotively, when 
The inteiulty / (generated by a complete oeoillation) of the reaultout oocilla- 



nuAtV I _ 1 , „ , m , I *" ««»''> 



r,byformnU(D),= 






The intensity of the elliptic oscilUtioD (b) (cf. formulae (2) and (3), iii. ) ii now, 
■inoe its eomponent-oBciUationB take place entirely independently of each otIieF, 
given by the anm of the iDtenBitiea of thoee component-oacillations, that is. 






1=1^ + 1^ 

= — g-y,- I 0OB'n(D(-a:')d( + — gj— 
nw'^V mq'*nV_m( a'' + a-) wV 



6. The reanltaot intensity of the two similarly linearly polarized oscillationB 
y' = a'Bin»(rt-a:'), 
V=o*Binn(W-«") 
(cf. formulae (I)] ia given iDy the expression j 

/=!!!^[a'' + a-> + a.'a"cosn(^'-^)]. 

where m denotea the man of the oscillating element. 
The inten»ity / of EUiy linear oscillation y ia given by the integral 
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Here y=: y' + y" = o' Bill n(tP(-l') + o'Hian(r(-a:')i 
hence /=i^|'«Vi[a'ooBn{t«-x') + a"oo.n(rt-a^]'A 

+ 2a'a* I [cob nz' cos tix'oob'rM + un nx' sin n:i:*im'nvf 

+ ^n(x'-fz*)coeRiKBmnt«]dt| 

BuiV f tt'' I aia2n{vt~ x')\'' ^\ »ia2ti(tH-r') l'' 
" 2r t 2 I 2np " Itt 2 I 2ni. |o 

+ aVcoefu:'coa>ti:'/ (l + ooa2ntit)d( 
-f K'n'siDnynnnz* I (I ~ooa2nvt)<U 
+ a'a'ain Hix' + xT) P«in Snt:<<A| 

Derive this expreuion also directly from the revultant osciUatioii 

where a luid x nre determined by fonanlBa (2) and (3). 

6. Show that the rcBoltant intenaity of the two elliptic osciUtitions repreaented 
by formulae (6) ii given by the expreuion 

where m denotes the mau of the oscillating particle. 

7. Determine the diSerence in phase ni between the components (9) of tile 
resultant elliptically polarlied plane-wave examined on p. 116. 

The fonnula (11) for tann(a;-i-JI) can be written 



1 - tan nx tan «S 
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wb™ _,, ..;.i..(x'^;;Ka,;.i..g^n 

which givet the followiog viUne for htn nB : 

._ J+Unto; 
" 1 + J tan nar' 
Replace here ^ by its value (n) and taonx by its value from formulae (10), 
•nd we have 

[a,' emn (x" + *') + a,' «in n(r" + i*)][a,' CO" •tr' + "a' CM fu^] 
_ +[aj'ooBit(j;' + S') + o,"cOBn(ar" + !°)][aj'Bm nr' + n,' ein na:*) 

*((i,'coBn(a:' + *') + a,''coBn(a:" + J'l][<ia'co8i«E' + aa'cosnaf] 

+ [o,' sin B [iK' + *') + Oj' ain n (a' + r )][eia' iinnar' + Oi* ein na^ 

a,'a,'«nn(a<r' + y) + a,"a,'Biiin{3;' + i" + J') 

_ +0a'(4'wmt(i' + a:'4-ff') + o,'(i3"»in«(ar*+y ) 

~ oj'o,' co» nJ' + a,"(i,' co« n(a:' - 1" + i*) + Oj'a,' co« n (i' - a" - S") + a,*a,' cos nJ^ 

8. Detennine the resaltant of the Ino elliptioally polarized ipherical waves 

z'=%»ian(vt-xf-2)=-^e<mnlvt-x'). 



The componenta of the resaltant wave are 

y=y' + y"=^Binn(rt-ii:')+^ am»(ii(-a^) = a3Binn(u(-a:),* 
where a, aod nx are given bjr formnlae (13), aod 

i=i' + 2"=-SLoo6ii(W-a:')-^ooBn(rt-af)=-o,co«n(i-(- 
where a, and n(x + f ) are determined by the equation* 

—, co«na:' + ^oosnar=OgCoan(j; + a), 



^eintw^'+^einflaf =i»jeinn(«+!). 



taDn(x + 4t): 



"" Oj'x* COB na:' + a^'a/ coa nx" 
(cf. formulae {Ifi)). 

Show, when a^=a^ and a^^a^', that ia, when the given oscillatioDB are 
circularly poUrized and nmilarly directed, that S=0, that is, that the com- 
ponenta of the reanltant oecillation have the same phase. 



•Cf. footnote to p. 117. 

t Thi* B is evidently not identical to the S of formulae (15). 
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9. Show that the difference id phiue nj between the companenta of the 
reaultant elliptiaaU; poUriz«d apberical wave represented by formnlae (14) ia 
given b; the expreaeioD 

j^^_ +a,'a,'j:'!i/'»iiin(j' + »' + r) + a,"g,'T^»inn(2j:'+r i 

Oj'oj'x" ooe jrf + Ot'ot-x-sT coin {x'-3f + f} 

+ tt,'o,'x'a^ DOS nfa;' - ** - S^ + o,"o,*3:'' 00* na* 

10. Determine the resnltkot inteneity of the two nmilArly linearly polarized 
■pherioal waves represented by formnlae (12). 

The intensity I in qaeatioQ ii given by the integral 



'4/'5©' 



* 



where j/=aeiiin{vl ~ x), and a and im: are determined by formulae (13). 
We thus have 

T 

or, on replacing a* by its value, 

11. Show that the intensity of the resultant eiliptically polarized spherioal 
wave repreaented by formulae (14) is given by the expression 

12. The distance x of a dark or bright point or band at considerable distance 
from the oentrol band is given by the expreasion 

.-.(A) 



\/4i^ ii»X^ 

For Urge valneg of x, that is, Urge values ot the angle DOE of Fig. 12, the 
distance GS cannot evidently be replaced by the distanoe CD between the sources. 
We must, therefore, employ the followiog proportion instead of that (6) choeen 
on p. 110: 

PP,.OP, = DE:GD. 

or x:^^T^=^:b, 



This expression shows that the number of bands eannot exceed —, 

13. The width of a bright band at considerable distance from the central 
l>and is given (approximatelj') by the expression 
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By exftmpl« 12 (ct. fi>nnuUi (a)) the exacter exprestion for th« diBt&nce between 
two oonsecntive (dturk) bauds that arc at considerable diatance trmn the central 
Undia 

nXa (n - 2)\a 

Since now 4£* ii large in comparison to n^* even at coniiderable diatance from 
the central band and n' is very large compared with n — interference has been 
observed with retardations of over 200,000, even 600,()00, wave-Iengtha — the terms 
4n\' and - 4\' under the Bqnare-root-iign of the second term of this expression 
for the width of band may evidently be neglect«d in comparlBon to the two other 
tenns, 41^ and ~n*X', and thus rejected. The given expression can thus be 
nritten most approiimateLy 

T^a (n-2)\a _ 2\a 

Observe that this expression reduoes to that of formula (T), the one in general 
nse, for small values of n. 

A comparison of the expresuon (a) for the width of any distant interference 
band with that (7), which holds only for bands near the centre, shows that 
the bands do not retain one and the same width, as we recede from the centre, 
bnt that they increase in width. Take, for example, the 10,(KX>th interference 
band of waves of wave-length 2000x 10'* mm., that is, n = 10*and X=2xlO-*. 

By formula (a) the width of this band is ~/i7^'jT^ ,, ■ Show then that for 
6=^ 10 cm. the 10,000th bond would be about 6'4 % broader than those near the 
centre, and that fur b= 10 mm. the 10,000tb bond could not appear. 

14. Show that the resultant oscillations X„ Y„ Z, represented by formulae (19) 
and (20) take place in plane elliptic paths (cf. p. 120}. 

15. Show, when the source* (/ and O" of the waves represented by formulae ( 16) 
are very (infinitely) near t<^tfaer and the point of observation P ia at consider- 
able (finite) distance from the same, that the coeSicient fr+m'm'+p'p' of the 
interference term of the expression (21) for the amplitude of the resultant 
(primary) wave assumes the f onn 

where a = a' = a", ^=^=j9", f=y' = -/; 

that'ia, the given coefficient vanishes along the surface 

the equation of a cone with apex at origin. 

16. On a screen placed parallel to the yz-plane at the diatance e from the origin 
formnia (a) of Ex, 15 aaaumea the form 

(*,V + «3 V)?" + ('h'V+ »»'«j"t»* - Woi' + ojV) V^ 

the equation of a conic. 
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Show, when o,' = O|''=0, that the coefficient tT + m'm"+p'p' of the given 
iiiterfeT«tice-t«mi vaniBbe* »t the points 

OD the given acreen (3; = c), wheresa the coefficients C + m'^+p'' and r* + m''+jf* 
of the flrM, and second terms of the given expression for the resultant amplitude 
do not vanish at those points. 

IT. Show, when the Jistaoce between the sources O' and O" is of the same 
dimensions as the distances of the point of observation P from the same, tliat the 
coefficients of the different tenns of the expression (21) for the amplitude of 

the resultant (primary) wave assume the form 
i'' + m''+p'»=3-(a' + /3' + y)', 
r' + nt-'+p"»=3-{«" + ^ + y)>, 

+ (a'+p■+VH«■ + (^■ + y")(a'<.■ + ^'J3"■/T^■ 
On the assumption that the sources (/ and O" lie on one and the same axis x 
(cf. formuiae (36)), these coefficients assume the form 

.■»..^.p^.3-(^:±g-:7= ^'---^-yf'^--''-'^''' - 

n + ^ +p^-3-^- ^ ) (^•*6)*+>+,-» 

+ (*' + y' + i')(j^ + & + y' + i')K(^' + *) + !^+!^} 

+ fc(5K'-/-i') + 2I^-(r' + y' + mMiE' + 6)] + (ar'+/+i')&v'}-. 

IS. On a screen placed parallel to the yi-plone at the distance e from the 
source C the expression for the coefficient IT + m'm'+p'p' of Ex. 17 assumes the 

ir+m-m'+p'pr = -^({e^ + y-' + z-')[2{d> + ]r+%''-eu' -a' -y-z') ] 

+ b{5c-!,--z') + 2l^-{c+y' + z-nb(e + b)] + ie + y- + z')IA:jj 

The interference-lftands will thus vanish at those points on the given screen, 
where this expression for the coefficient vanishes. 

The interference-banda will be most distinct at thooe points on the given 
screen, where the coefficient (a) becomes a maximum, that is, where the valne 
of this coefficient approaches those assumed by the coefficienta of the first 
and second terms of the given expression for the resultant amplitude. 

Show that the coefficients of the different l«rms of the given expression for the 
resultant amplitude all assume the same value at the point ^" = £' = on the 
given screen. 
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19. Show that ths unplitude of the resultant primary wave of Ex. IT is 
given approximately by the foUowing expreuion Id the neighbonrhtM>d of the 
point y'=i'=0 on the tcreen x=c: 

.■.a,.f-ti-"+'±i-!;'-_i'i 

(cf. abo p. 133). 

20. Show that the resultant secondary oscillations represented bj formnlae (29) 
and (30) take place in plane elliptic paths. 

21. Show that for jr=c-f-6, x' = (<, y"=y'=('=i' = (cf. formulae (36)) the 
coefficient of the second term of expression (36) assumes the same valne as that 
of the interference- term. 

22. Determine the approximate value of the ezpresaion (39) in the neighbour. 
hood of the point j/' = z' = 0. 

In the neighbourhood of the given point y'' and z'' will be very' small in 
comparison to y*, j* and the given quantities c aud b, and they may thus bo rejected 
in the determination of the coefficients of the different terms of the given 
' in i we thus have 



11 + 



lc{y' + z-)] 6(t + y'-H-) 



< +m +y - i^^j^j, -■ ^_^^ -, 

and IT+m'm'+p'p^ 

_ 3c'[2c*+2c(y'-l-i') + i(3c + y- + ;')] + .t61c[f' + gc(y'+;')] + 6[ac'+e(y' + z')]} 

c'it^ + b)' 
_ 3[e'(2e' + 4ct> + 26') + cl2c' + :-k& + 6')ly'-i-z')] 

d'ic + b)' ^^ 
_ 3Vid>{c + b'i'+ci2c + b)(e + bW + t^)] _ 3[2c{c + b) + i!ic + bW + z-)] 
c»(c + 6}» "~~ c{c + b) 

The given expression can thus be written 

23. Determine and examine, as in text, the expressions for the amplitudes of 
the resultant primary and secondary waves obtained by the auperpositioD of two 
(dmilar) electromagnetic (Hertzian) waves of the type represented by formulae (9) 
of Chapter II. 

24. Determine and examine the expressions for the amplitudes of the magnetic 
waves that accompany the resultant (electric) primary and secondary waves 
examined in the text, those represented by formulae (19) and (20), and (29) and 
(30) respectively. 
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CHAPTER V. 

HUYGENS'S PRINCIPLE 

Bectllinear Propa^tion of Light.— Id Chapter I. we have observed 
that the wave-theory, as firet poatulated by Fresnel, accounts for the 
rectilinear propagation of light and thus fumishea another argument 
for it« universal acceptance. At first sight a rectilinear propagation 
would appear to be explained better by the emission than by the 
wave-theory, which would argue in favour of the former. On the 
other hand, a closer examination of light phenomena ehowa that 
light is propagated only approximately in straight lines and that, like 
sound, although in a much less degree, it bends round the edges 
of obstacles placed in its course ; for example, the actual shadow 
CBat by a small body that is illuminated through a narrow slit is 
smaller than the geometrical shadow. The rectilinear propagation of 
light is, therefore, only an apparently or approximately rectilinear 
one. It is evident that the emission theory would fail to account for 
any but a strictly rectilinear propagation, whereas, as we have main- 
tained above and shall confirm below, the approximately rectilinear 
propagation of light in an homogeneous medium and the bending of 
its rays round the edges of obstacles placed in its course are direct 
consequences of the wave-theory, 

HnyKens's Frmciple. — Huygens's attempt to explain the rectilinear 
propagation of light was founded on his so-called "principle," which 
can be stated as follows : Every point of any wave-front of a system 
of light waves is conceived as the source of a system of elementary 
or secondary* waves that are propagated radially from that point 
with the same velocity as that of the light waves themselves. The 
envelope of the elementary waves emitted from the various points or 
sources on any given wave-front will, after the elapse of any given 
*' Not to be confoDnded with the aecocdary waves of Cbaptsra II. uid IH. 
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time, evidently coincide with the wave-front of the given wave at 
that time. Huygens now asnanea that the effective parte of these 
elementary waves in generating the new wave-front are confined alone 
to those portions of them that touch the given envelope. In this 
manner any and all subsequent wave-fronts are supposed to be gene- 
rated and the wave itself thus propagated. 

We may illustrate Huygens's principle as follows; Let be the 
source of a system of {epherical) waves, AB a screen with aperture 
CD placed in their course, and £F, an arc of radius r, any given 
wave-front of the pencil of waves, that are passing through the given 
aperture, at any time if^ as indicated in the annexed figure. According 
to Huygens's principle every point of the wave-front EF is to be 




conceived as a source of elementEU-y (spherical) waves, after the lapse 
of any time t, each source will have emitted a (spherical) wave, all 
the wave-front elements of which have advanced to one and the same 
distance, IjV, from that source, where v is the velocity of propagation 
of light. The wave-fronts of the elementary waves, emitted from 
the various points or sources on the given wave-front EF, at the 
time (, will thus be spheres of one and the same radius, tjV, described 
about those points aa centres, as indicated in the above figure. The 
envelope of these spheres is now the two arcs E^F^ and E^j of radii 
r-t^v and r + tjV respectively, and not, as Huygens assumes, the 
latter alone, which evidently represents the wave-front of the given 
wave at the time (,. The arc E^Fj would correspond to a wave 
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that ia propagated backwards from the given wave-front EF towards 
the centre of disturbance ; the presence of such reflected waves In an 
homogeneous medium is not, however, confirmed by facts. 

DliBcnlties enconntsred in Hnysens'B Principle — Apart from the 
difficulty encountered in ridding Huygens's principle of the reflected 
waves, just mentioned, it is evident, if we assume, a^ Huygeos does, 
that the effective parts of the elementary waves be only those portions 
of them that touch the envelope of the waves, that the wave-front EF 
would be propagated radially from (and towards) the centre of dis- 
turbance 0, that ia, light would be propagated according to Huygens's 
principle always in straight lines ; this would now exclude the possi- 
bility of accounting for the slight bending of light rays (waves) round 
edges, as those C and D of Figure 16, or upon their passage through 
narrow slits. 

Hnygsns's Principle and the Laws of Be&action and Beflection. — 
It is easy to show that the laws of reflection and refraction of rays 
(waves) on their passage from one medium into another can be explained 
on the assumption of Huygens's principle ; * but this argues little in 
favour of the above form of presentation of the same, since these laws 
are only direct consequences of the simplest assumptions.t 

Fresnsl'B Hodiflcationa of Huygens's Principle.— Fresnel rejected 
Huygens's purely arbitrary assumption that the effective parts of the 
elementary waves be only these portions of them that touch the 
envelopes of their wave-fronts and attempted to calculate on the theory 
of interference the oscillatory state due to the resultant action of those 
waves at any point. These calculations not only give only an approxi- 
mately rectilinear propagation of light-waves through an homogeneoua 
medium and a slight bending of the same round edges, but they also — 
on the assumption of a suitable law for the action of the elementary 
wave with regard to its obliquity (cf. below) — rid Huygens's principle 
of the reflected waves mentioned above. 

Determination of Light-Vector by Fresnel's Method. — Let us next 
calculate by Fresnel's method the oscillatory state at any point due 
to the resultant action of the elementary waves emitted from any 
given (spherical) wave-front. Let be the source of disturbance, 
ABCP, a sphere of radius r, with centre at 0, the wave-front of 
any given wave emitted from that source, and Q a point outside 
the given sphere, the point, at which the oscillatory state due to 
the resultant action of the elementary waves, emitted from the 
numerous (elementary) sources on the given wave-front, at that point, 
is sought (cf. Figure 17). 

* Cf. Preston, Thwry of Light, § 66. + Cf. Aiii , fg S8 and 65. 
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The oscillatory state or light- vector * at any point or boutm M 
on the given wave-front can now evidently be represented by the 
quantity (moment) g^ 2a- 

S=-^ sin-j-(F(-r,); (1) 

for the primary waves treated in Chapters II. -IV. this vector or moment 
would always lie in the given wave-front. 




*Cf. Drnd8, LeArfrueA der Op^ p. 118. 
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Division of Wave-Front into Zones or Half-Feriocl Elements. — 
Fresnel now divides the surface of the given sphere or wave-front 
up into zones referred to their so-called " pole " P or that point on 
the surface of the sphere that ia nearest to the point of observation 
Q (cf. Figure 17). The region (on the surface of the given sphere) 
round this pole extending as far as the circle, whose distance 

from the point Q is rj - r, -F ^, where r^ denotes the distance of that 

point from the source (cf. Figure 17), is termed the first "zone" or 
"half period element"; let us denote the circle bounding this region by 
Mj. The second zone extends from the circle M^ to that circle M^ on 
the surface of the given sphere, whose distance from Q is r^ - r^ h- X. 
Similarly, by describing on the surface of the given sphere circles 

jtfg, M^, etc., whose distances from the point Q, are '■j-'', ■^-K■. 

rj-r,-f2X, etc., we obtain the 3rd, 4lh, etc., zones or half-period 
elements. These zones are evidently not of the same width, but 
they decrease in width, as we recede from the pole P towards the 
circle AC (cf. Figure 17), from which circle they increase in width, 
as we approach the point B; AC is here that circle on the surface 
of the given sphere, for which the vectors from the point Q are 
tangents to the same, and B the point diametrically opposite the 
pole P. 

Determination of Area of any Zone. — Let us now consider the 
action of the elementary waves emitted from any zone, for example 
the second, at the point Q. For this purpose we divide the given 
zone up into an infinite number of concentric circular zones or zonal 
elements of infinitesimal width ; let this width be so chosen that, 
if p denote the distance from the point Q to any circle M' forming 
the boundary between any two such zonal elements, the next such 
bounding circle M' be taken at the distance p + dp from Q; let 8 
denote the angle the vector OM' makes with the vector OP at 
and 6 + d0 the angle between the vectors OM' and OP (cf. Figure 17). 
The area do of the zonal element SfM" is evidently 

tfo = 2irr, sinflr,rffl = 2Tr,SsintfrfA (2) 

The following analytic relation now holds between the quantities 
P, r,, r~ and $ : 

p« = r.^ + r,*-2r,r,cos(?; (3) 

which differentiated gives the following relation between the diflTer- 
«ntials dp and dS : 

pdp = r^T^9m6de. (4) 
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By this formula we can write the expression (2) for the area do, 

do = 2ir-} pdp. (5) 

Ezpressioii for the Light-Vector. — We have seen above that the 

lightvector s at any point M can be represented by the expression 

a 2w 
s — - sin -T-(i^-»"i)- 

The light-vector s' at an external point Q due to the action of the 
elementary wave emitted from any such source M on the given wave- 
front would now be inversely proportional to the distance of the point 
Q from that source; it would also be a function of the obliquity 
or the angle <^ between the normal to the given wave-front at the 
point M and the vector from that element to the point Q (ef. 
Figure 17). The light-vector s' at the external point Q due to the 
action of the elementary wave emitted from the source M could, 
therefore, be represented by the expression 

,.l/^).i„^[^_„,+„] ,6) 

where /{<!>) expresses the law of variation of s" with regard to the 
obliquity ^. 

Light-Vector produced by Slsmsntary Waves of any Zonal Element. — 
The light-vector at Q due to the action of the waves omitted from 
all the points or elementary sources on any zonal eleinent, for example 
M'M", is now assumed (ct. p. 164) to be proportional to the number 
of those sources, that is, to the area do of that zonal element; if 
we denote that vector by dS, we should thus have 

dS' = s'do=^-^-^ sin ^[vl-{r^+p)]do, (7) 

or, on replacing do by its value (5), 

dS = 2^a'^ sin -£[irf-(n+p)]'^P (7*) 

Iaws of Obliqtiity; Natural Law. —The ligbt^vector / at an 
external point evidently depends upon the law of variation of the 
light-vector over the wave-front of the elementary wave, that is, 
its law of variation with regard to the angle the vector from the 
source (Jf) of the elementary wave to any wave-front element of 
the same makes with the normal to the wave-front .proper at that 
source. It is now natural to assume that this light-vector vanishes at 
all points behind the wave-front proper; that is, we suppose each 
olementary source (M) to emit only a hemispherical wave, that ia 
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front of the wave-front proper (cf. Figure 17), and we thus exclude ail 
reflected waves (cf. p. 144) from the medium. Moreover, it is natural 
to afisume that the law of variation of the light-vector over this hemi- 
sphere be according to the cosine of the obliquity or the angle ^ 
between the vector from the Bource {M) to the given element and 
the normal to the wave-front proper at that source, the vector thus 
varying from zero at the base of the hemisphere or equator to a 
maximum at its pole. Since now the lightvector s at an external 
point Q is determined by the action of that wave-element of the 
elementary wave in question that passes through that point, it would 
thus be proportional to the cosine of the obliquity <^ of the given 
element. Let us express this law, which we shall designate as the 
" Natural Law of Obliquity," in the form 

s' proportional to <x>8<f>=/(4>) (8) 

Stokes's Law of Obliqnitr. — Sir G. G. Stokes* has now found 
that the Ught-vector s' at an external point varies as 1-feos^; let 
us express this law in the form 

s' proportional to (l+cos^)=/('^) (9) 

f(<ft) becomes a maximum, 2, for the elementary wave emitted from 
the pole P and decreases in value, as we recede from the pole, assuming 
the value unity for the waves emitted from the circle (JC), for which 
the vectors from the external point (Q) are tangent to the wave-front 
proper (ABCP), towards the point B diametrically opposite the pole P, 
at which point /(^) vanishes (cf. also p. 175). According to this law 
of Stokes the wave-front of the elementary wave must evidently be 
regarded as a complete sphere and not as an hemisphere, as assumed 
above, and hence the presence of reflected waves granted. 

Laws of Oblidoitr in Terms of p.— The obliquity <i> can now be 
expressed as a function of the given quantities r, and r, and the 
variable p (cf. Ex. 1). We could thus express the law of variation 
of the light-vector s' with regard to -^ in the form 
s' proportional to F{r^, r^, p), 
or, for given ^^ and r^, 

s' proportional to F(p) ( 

Throughout any given zone M, - Jf,+, p increases from 
/>„ = fj - T-, -(- -g- for the circle M^ 

to /'■-n=''a~'"i + "~2~ ^ to' tbe circle M^+j, 

*"Oti the Dynamiol Theory of Diffnwtion," Math. a«d Phj/t. Paptn, t 
p. 343. 
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that is, it increases by the quantity ^. For light-waves A is now so 
small compared with r, and r^ that the function F(p) could be regarded 
as approximately constant throughout any zone. In determining the 
light-vector iS,' at an external point Q, dija to the action of the waves 
emitted from any zone M, - M,^^ or n, we could, therefore, set F(p) 
before the sign of integration. 

Detemiination of Light-Vector prodnced by Elementary Wavei 
of any Zone. — For light-waves the vector S^ due to the action of 
the elementary waves emitted from any zone m would, therefore, by 
formula (7a), be given by the integral 



„m\ .„^'H-(^,*rt]* 



,«.f{e.4'[.-(..^^)]-c„-[.-(..i±I.)]} 
-iiktMlm?^ (•< - rj cm nr - COB ^ (ri - r,) om (« + 1) »| 
.(-l)-2al^eo.^(,<-r,) (11) 



Iiigbt-Vector produced by Elementary Waves of two ConsecntiTe 
Zones. — Let us now consider the light-vector at an external point Q 
due to the mutual action of the elementary waves emitted from two 
consecutive zones. It is evident from formula (11) (cf. also formula 
(5)) that the waves emitted from the one zone, being opposite in 
phase to those emitted from the other, would neutralize each other,* 
provided their variation in obliquity could l>o entirely neglected (cf, 
also p. 164). The only effect that could be produced at an ext«rnal 

* The warei emitted froDi the zooal elemeDt included between the vectore 

3 phaje from those emitted from the zonal element 

/) — rj - r, + -^— X uid /) + d/i = r, - r, + -5— X + dp 

'>'>ier tone by h«lf a w»ve-length ; aiuce now the elementB of area inclnded 

'.hese two pain of vectors are the ume (cf. formulae (S) and {11}), the 

'..I the one zone would neutralize tho«e from the Other. Similarly, the 

' •! ii the next and all following consecutive zonal element* of the one 

: neutralize those from the corresponding elenimts of the other zona. 
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point would, therefore, be that due to the variation in the (mean) 
obliquity between the wavee emitted from the one zone and thoBe 
emitted from the other (cf. also p. 165). The total resultant effect or 
light-vector at an external point would thus be given by a sum of 
such effects ~^^S'^ + S'^^-^) ariging from the variations in obliquity 
between the waves emitted from consecutive zones. Let uh deter- 
mine the expression for such an effect. 

For two consecutive zones, n and n + 1, the law of variation of s' 
with regard to obliquity could be expressed by the functions 

F(r,-r,^'^) and f (r,-r, + i±ii) 

(cf. formula (10)) or for light-waves, since A is then infinitely small 
compared with r^ - r^, approximately by the functions 



fi 



(.,-,, + »#) and ^(,.-„.»^) + lx^.(,.-„.»-*), (12, 

where F' denotes the derivative of F with regard to A, 

By formula (11), the resultant effect or light-vector, iS',-i-S',+„ due 
to the mutual action of the elementary waves emitted from any two 
consecutive zones n and n-i- 1 could thus be written 



r 



(.-,.^>l..'(.-..«^)]o 



= (-i)"' —F{T^-r, + ^jcoa^{vt^r^) (13) 

ExpresdoB for Total Sffect or Li^t-Vector.— The resultant effect 
or light-vector (13) is now small, proportional to A, compared with 
that (11) produced by the waves emitted from either zone. It 
follows, moreover, from formula (11) that the light- vector S, due 
to the action of the elementary waves emitted from any zone differs 
in sign from that S',,j due to the action of the waves from the 
adjacent zone. If we denote the absolute value of any light-vector 
S,' by S„ the total resultant effect or light-vector S at an external 
point Q due to the mutual action at that point of all the elementary 
waves emitted from any (spherical) wave-front ABOP (cf. Figure 17) 
will, by the principle of superposition, be given by the series 

5'=So-S'i+«,-Sj+ -...(-1)"5„ <U) 

{cf. formula (11)), where m-H is the number of zones, into which 
the given wave-front can be divided. 
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Whatever law of variation of light-vector with regard to obliquity 
be assumed, it must evidently be such that the greater the obliquity 
the smaller the light-vector; since now the variation of S, is alone 
due to a variation of the obliquity (cf. p. 150), it would follow 
that, as n increased, S„ would decrease in value ; that is 

For m even, ?n = 2k, where k is an integer, the above series (14) forS 
can evidently be written 






..(16) 



Relation between the Lifht-Vectors of CoiuwcatiTe ZoneB,— 
la now examine any bracket term 



f^ 



of the series (15) ; here n must evidently be taken odd. 
By formula (13), we have 



which for n odd becomes 



'S,-hS,„ = ^,-H.S'.^,-(-1)"*'— ^(r^ 



= -^f" ( rj - r, + -^ 1 cos -^ (rt - Tj) ; 
and similarly, 

which for fi odd becomes 






r («*-»■.)- 



Add these two expressions, and we have 

'S..,-25,+S'.., = (16) 

In obtaining this relation between the S's, we have rejected only 
terms of the third and higher orders of magnitude in A, those arising 
from the development of the function F with regard to that quantity 
(cf. formula (12)); the given expression between the S^ can, there- 
fore, differ from zero by a quantity of only the third or higher orders 
of magnitude in X, that is, by a quantity, whose order of magnitude 
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in X is at least tvo higher than that of tJie expression (11) for S,. 
It is evident that such quantities can be rejected, when compared 
with S^ (Sf,), even when the number of terms of the given series 
is of the same order of magnitude as j. '^^ series (15) thus 
reduces to the simple expression 

Similarlj, it is easy to show, when m is odd, that the series (14) 
for S reduces to 

(cf. Ex, 2 at end of chapter). 

The . light- vector S at an external point (Q) would thus be given 
by the expression 

..(17) 



»«=.. 



Keplace here Sf, and S^ by their v^uea from formula (11), and 
we have 

«-^[''(--,-',)±f(',-n+T)]'»'x<''-'->> <"*> 

where m -t- 1 is the number of zones that contribute to the total effect 
at the given point. 

Laws of Oblidnity.— To evaluate the expression (17a) for S, we 
must now know the law of variation of the light-vector s' with regard 
to the obliquity <(•, that is, the function F(p} (cf. formula (10)). For 
Stokes's law (cf. formula (9) ), we find (cf. Ex. 1 at end of chapter) 

-'-(r,^ (,8) 

We have seen on p. 148 that this law gives reflected waves. That 
no reflected waves may appear, it is evident that the law of variation 
of the light-vector s' with regard to the obliquity <i> must be such 
that the elementary waves emitted from the zones, for which ^ is 
greater than 90°, will have no effect at the point in question. On the 
other hand, the law sought must evidently express the empirical fact 
that the larger <h between 0° and 90", the smaller the light-vector s'. 
The simplest such law is now the natural law proposed on p. 148, 
namely, 

s' proportional to cos ^ (0 a ^ g 90°) 

* For anotlier proof of this formula seo : A. Sohuater, Philo*ophieat Hoffoxine, 
vol. 31, p. 8S. 
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(cf . formula (8) ) ; which gives the following value for the function FQt) : 

^^>-'^^^^ ■ <"*> 

{cf. Ex. 1 at end of chapter). 

Total Li^t-Voctor for Hatoral Law.— -On the assumption of the 

natural law (ISA) the tost term of the expression (17a) for S evidently 
vanishes, and S is then given by the expression 

S=^coB^(rf-r,) (19) 

Total Light-Vector for Btokes's Law. — On the assumption of 
Stokes's law (18) S is evidently given by the expression 

5=^cos^(D/-r^ (20) 

Approximately BectiHnear Fropagatioii of LiKtat-Wavfts. Effect of 
Small Circnl&r Screen at Pole: Bending of WaTos.— On the assumption 
of either of the above laws (18) or (18a) the following relation 
evidently holds between the total light-vector S and the light^vector S^ 
due to the action of the elementary waves emitted from the central 

S=^^ (21) 

(cf. formula (17)); that ia, the total light-vector S at an external 
point Q could be conceived as produced alone by the action of the 
elementary waves emitted from the first half of the central zone, or 
the otTective portion of the given wave-front could be regarded as 
confined to a very smalt area (of the dimensions of the wave-length A) 
around the pole P; in other words, the light received at Q could be 
conceived as propagated from the source in approximately straight 
lines. This approximately rectilinear propagation of light is evidently 
a consequence of the extremely short wave-length of the light waves ; 
for waves of long wave-length, as the electromagnetic waves proper 
(Hertzian) or those of sound, the propagation would deviate con- 
siderably from the rectilinear. If the first half of the central zone 
be intercepted at the pole F by an opaque screen, the elementary 
waves emitted from the other portions of the given wave-front would 
have apparently no effect at the point Q, that is, that point would 
receive no light. This conclusion ia now neither correct nor is it 
confirmed by experiment. If we screen off the first half of the central 
zone by means of a small circular screen placed at P, the first zone 
will then ext«nd from the edge of that screen to the circle on the 
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given wave-front, whose distance from the point Q is r^-''i + ~r i 
the second zone from thla circle to that whose distance from Q is 
rj-rj + — , etc.; the total effect at the point Q, therefore, would not 
be zero, as concluded above, but it would be given by a series similar 
to that (14) already found, which, like the latter, would aaaume most 
approximately the value -^, where S^ denotes the light-vector produced 
by the elementary waves emitted from the (first) zone bounded by the 
edge of the screen and the circle on the given wave-front, whose 
distance from the point Q is »"2 - fj + -7-. The point Q or the line PQ 
would, therefore, be not dark but illuminated, and evidently (cf. for- 
mulae (11) and (ISa)) only to an infinitesimally less degree than in the 
case, where no obstacle were placed in the course of the waves; this 
would be interpreted according to the Emission Theory as a bending of 
the waves around the edge of the screen or obstacles placed in their 
course, a result that is confirmed by experiment. If the screen be 
large, of dimensions not of the wave-length but of the distance of the 
point Q from the screen, then the effect at that point would be small 
compared with that, where no obstacle were placed in the course of 
the waves (cf. formula (18a)). 

Effect of Small Screen of Irregular Contour : Qreat Diminution in 
Intenaitr.^A case, where the total effect or light-vector at the point 
Q will be found to be small compared with that where no obstacle 
is placed in the course of the waves, is that where the screen is 
comparatively large — large compared with X^ — and either not exactly 
circular or not placed with its centre at the pole P; these conditions 
would evidently correspond somewhat better to the actual facts of 
experiment than those assumed above. To determine the resultant 
effect or light-vector at the point Q, we imagine the edge or contour 
of the given screen replaced by a great (infinite) number of very 
(infinitely) short circular arcs of varying radius with common centre 
at the pole P. The light-vector dS produced by the elementary 
waves emitted from that unscreened portion of the given wave-front 
that lies between any two Buch consecutive vectors extended will 
then, by formula (19), be given by the expression 

■^"V^FT^ -^cos-^[i;(-(i-i-Hpi)], 

where (/^ denotes the angle subtended at the pole P by those two 
vectors and pj the radius of the corresponding circular are (given 
portion of edge of screen). 
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Similarly, the light-vector dS, to which the unscreened portion of 
the next circular sector of the given wave-front would give rise, will 
be given by 

The total eifect or light-vector S at the point Q produced by the 
action of the elementary waves emitted from the entire unscreened 
portion of the given wave-front will, therefore, be given by the sum 

of all the light-vectors rfS= — i ; we thus have 
^_ydS, c\lj^ 2^ \1._^„ 2>rl 

><K-('-.+P.)] + -+,-^co8?^^[.i^(r,-t.^,) 

where « denotes the number of circular arcs, by which the contour 
of the given screen has been replaced. 

Since now the contour of the given screen ie assumed to vary only 
very little from that of an exact circle with centre at P, p^, p^... will 
vary only very little from one another, and they may thus be re- 
placed by any mean value of the same, />, in the coefficienta of the cosines 
in the expreeaion (22) for S, but they cannot evidently be replaced by 
any such moan value in the aTgumetUs of those cosines, since r^ + p^, 
r^+pp... are divided here by the small quantity X. The above 
expression (22) for S can thus be written most approximately 

"^ ^ 2ir (r + p) 1'^^' °°° X 1^^ ~ ^''' "*" P'^] "*" ^"^^ °°^ X 
x[ri-(ri + pj)] + ...+rf<^,cos^[jrf-(r, + p,)]} 

The smallest deviations in the contour of the given screen from 
the exact circle with centre at P would now, in general, at least for 
light-waves, correspond to variations of several waves-lengths in the 
quantities p„ p^..., and hence to a great irregularity in the values 
assumed by the different cosines in this expression (22a) for S; some 
would be positive, others negative, and others vanish entirely. The 
value assumed by the series in the largest pair of brackets would, 
therefore, be small here compared with that of the senes for the 
case, where the p'a and hence each term of the series have one and 
the same value. The total effect or light-vector S at the point Q 
screened off from the source by a small (of the dimensions of the 
millimetre) opaque body would, in general (for light-waves), thus be 
small compared with the natural light- vector ; that is, the pointe 
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directty behind the screen or the line PQ would be illuminated only 
weakly, 

Elfect of Large Screen with Small Clrcolar Apertuie at Pole: 
MaTJiDH and Winim^ of Intensity. — If we replace the small opaque 
screen employed on p. 163 by a large one with a small circular aperture 
at P, we obtain quite different results from those above for the quasi- 
complementary case. If the given aperture admit the waves of only 
the first half of the central zone, the Ughtrvector at Q will evidently 
be exactly the same as when the screen is removed, that is, it will 
be the normal or natural light-vector or intensity. If the aperture be 
increased to admit the waves of the whole central zone only, the light- 
vector will be double the natural lightvector or the intensity four 
times the natural one. If the aperture admit all the waves from the 
central and first zones only, the resultant light-vector and hence the 
intensity at Q will approximately vanish. As we increase the opening 
in the screen, the resultant intensity at P will thus vary periodically 
between maxima and minima, but these maxima and minima will 
evidently become less and leas pronounced, so that after the opening 
has attained a. certain size, there will be no appreciable variation in 
the illumination at Q. These results, all of which are also confirmed 
by experiment, differ materially from those obtained by means of a 
small opaque screen at the pole P; here the intensity varies periodically 
between maxima and minima, as the aperture is increased in size, 
approaching a given uniform intensity, after the aperture has attained 
a certain size, whereas in the quasi complementary case the intensity 
decreased from a given finite maximum continuously but rapidly to a 
small value, as the dimensions of the screen approached those of the 
distance (squared) of the point Q from the same. Instead of varying 
the size of the small intercepting screen or that of the aperture in the 
large screen, we can evidently obtain the same reaulta by taking the 
point of observation Q at different point* on the line PQ. 

Effect of Large Screen with Small Lregnlar Aperture : Natural 
Intensity. — When the aperture in the intercepting screen is not exactly 
circular (with respect to pole), it is evident from considerations similar 
to those on the preceding page that the maxima and minima of 
intensity at the point Q will be much less marked than when the 
aperture is exactly circular (with respect to pole); the resultant 
intensity will then approach one and the same, the natural intensity, 
for all sizes of aperture (ef. Ex. 3 at end of chapter). For the quasi- 
complementary case, where the aperture was replaced by a small 
screen, we found only a weak illumination along the line PQ. 

The Eloctromagoetic Vector. — The above formulae, from (11) on. 
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have been deduced on the asaumption that the wave-length A. were very 
{infinitely) smatl compared with the distances r, and r^; they would 
thus hold for light-waves but not for electromagnetic wavee proper, 
as the Hertzian. Let us now examine the resultant effect or electro- 
magnetic vector at an external point Q (cf. Figure 17) due to the action 
of the elementary waves emitted from any given wave-front ABCP of 
a system of (spherical) wavea of long wave-length, as the electromagnetic 
waves proper, 

DatemUnation of Electromagnetic Vector prodnced br Elemeatatr 
Waves from anr Zone. — For waves of long wave-length the electro- 
magnetic vector £.' due to the action of the elementary waves emitted 
from any zone w would evidently be given by the integral 



s; - ^|-f (p) "in ^^[-i - (n + p)l * ■ ■ 



....(23) 

(cf. formulae (7a) and (10)), where F(p) cannot be regarded as constant 
throughout the given zone, as on p. 149, and has thua been retained 
under the sign of integration. In order to evaluate this integral we 
must now assume some law of variation for the electromagnetic vector 
it with regard to the obliquity ^, that is, we must know the function 
¥{p) (cf. p. 152). Let us assume here the natural law of obliquity, 
expressed by formula (8) or (lt*A). 

Replace F(p) by its value (18a) in the expression (23) for SJ, and 
we have 

„, I \: W 

— |sin-^[pi-(r, + p)]prfp I 

which we write S'.'^AS'^^-^-BS'^ (24A> 

where ^.'^'ilzl.? B- -^ (25) 

S\^ = ^^mJ±, 5'^ = |sin^prfft (26) 

where <"-^['-'(-(ri + ^)] v (26a) 

Let us first evaluate the integral IS\ . By the reduction-formulae 

(mi<i>dp_ \ r rf(c0S<n) _ A. COSni 1 \ f cOSaitfp 
J V "27rJ ff ~2ir p« K2irJ />-*i 

, fcoBoirfp A, j'(i(sin<u) A. sin <u 1 Arsintui/p 

and j._--_=. __j_..^ ^^ ^_^_j___j_, 
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the repeated integration by parte of the given integral will evidently 
lead to the following Beries for the same : 



- + .^i'iiz- 



1 A f A coB«u 1 _A / 

4 2a-\2ir / """S 2jr\ 



1 A f^cosM 1 A I A siniu 

"2 2i-\2)r "^»" ''■3 ■2ff\"2ir ~^ 

A sin (B 1 A f A 



■■})}■■ 



A coa<tf /Aysintii l/Ay coatj l/'A\*8inai 
"2i^ p V2irJ "p^ 2!\2>r/ p» 3!V2iJ 7*~ 
l/'_A\*coatu l/AYsiniu I /A\^ cos 10 
"*" ilUT/ "7* 5TV2?J /" " 6! l-2^J ~^"" + + - - . 

=2^t-i!(2^y+f!(2^y4(2^y-^--]*^'" 

^(2^y-^5\(2^y--^-]^'""- 



ATA 
'2wp \_2Trp 



2irp \2rp 
+-^ and J 



A r A 2ir / , »iA\1 

'.-—, nN~" 77 Sx+xr-'-'-Y) 



I- 2jrpL 
where the limite of integration are r^ - rj + 
Replace here p by these limits, and we have 

S', - 



-('.-.-T^) 






We next evaluate the integral 5', ; we evidently have 



<27a) 



'■..=!< 



pBin<i)rfp = J— jsiniu+ ^pcoBO), ,. 



,..(28) 

where the Umils of integration are, as above, ''2-''i + -^ and 
"*» ~ ''i + • 1, -^ On replacing here p by these limits, we have 
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nk\ . 2ir/ 
'>--2-)-™x(" 



, (28a) 



and, on developing these eines and cosines as functions, sines and 
cosines, of the angles ^{"^ - fj) and wir or (n + l)ir respectively, 






(vt - rj) COS fiir - sin -T- {vt - r^) cos (n + 1 )5r 



l-r- (vt- Tg) COB TSff 
I -y- (trf - Tj) COS (n 



1)'] 



^(-)-t[^ 



2n+l 



X cos -j- ()if - r,) 



Detennination of Total Effect or Electromagnetic Vector. — The 
total effect or electromagnetic vector S produced at the point Q by 
the elementary waves emitted from the whole eifective wave-front 
APC {cf. Fig, 1 7) is now given hy the expression 

S^A(S\_^ + S'j^ + S'^+...S\J+B{S-j^ + S\ + S'^+...S'^) (29) 
(cf. fonnulae (34a)). 

On replacing the S\'b of the first series of this expression hy tJieir 
values (27a), we find, since the first term of the given expression for 
any &'\ and the second or last term of the corresponding expression 
for the preceding S\, S\ , evidently cancel. 



jivl. 



.)]- 






J. 


, _ 



where «< 1 (cf. below). 

Similarly, the first and third terms of the expression (28a) for 
any S'^ and the second and fourth (last) terms of the corresponding 

ogle 



160 ELECTROMAONETIC THEORY OF UGHT. 

expresaion for the preceding S'^ S', , will evidently cancel, so thafc 
the second series in the expression (39) for S will reduce to 





>' 


"4^ 


^?^{, 



g(r,-)-,)o<M-j-(rf-r,) 



'("- 



...(31) 



where t 

The given wave-front hetween <fi = 0° and '/i = 90° could, in general, 
be divided up into only m whde zones or half period elements ; that is, 
the m + 1 zone would be not a whole zone but only part of one, that 
namely extending from the circle on the given wave-front, whose 
distance from the point Q is 

to that circle, for which the vectors p from Q are tangent to that wave- 
front, that is, for which ^ = 90°, The distance p of any point on the 
latter circle from Q is evidently 



P = f2- 



lix^sZ-V 



,..(32) 



by which the quantity t, which is smaller than unity, is determined 

as a function of the given quantities r,, t-j, m, and X. The particular 
case, where the given wave-front could be divided up into exactly 
m + \ whole zones, would evidently be characterized by the following 
conditional relation between r^ r„ m, and A : 



\ = -Jr-t- 



..(32a) 



—X by its value from formula (33) in the expressions 
(30) and (31) for the two series in formula (29), and we find, by the 
latter and formulae (25), the following expression for .S: 

■a(v-»'i^)f ^ r ^ 2x,, .-| 



t2^ 

k r A 

1 cos 7i — ^=^==^ 

M f A* . 2b-, _, , X , 

X? . 2ir,_, r-i 5T 

__,«,„„(rf_r,-^V-V)- 



-n/.7 
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which we write in the two terms 



s=4{h..)o»[s5^4v--.)] 

-(r,-r,)c«>.5(rf-r,)-A,i„^(rf.,,) 



2ir, 



(Pi- 






EzpresBion for Electminagnetic Vector; ndnceB to Ligbt-Veetor 
for very snudl valnes of A. — The first term of the expression (33) 
represents the residual electromagnetic vector produced at the point Q 
by the elementary waves emitted from the central zone, whose action 
at that point has not been annulled by the action of the waves emitted 
from the next (first) zone, and the second or last term the residual 
electromagnetic vector produced by the elementary waves emitted from 
the m + 1st or last zone, whose action has not been annulled by the 
action of the waves emitted from the mth zone ; the other elementary 
waves, from the first to the mth zone, produce no effect at the point Q. 
It is now easy to show that for light-waves the expression (33) reduces 



ak 



■B'^-r,) 



(cf. Ex. 6 at end of chapter), which is the expression for the light- 
vector of lightwaves (cf. formula (19)). The expression (33) for waves 
of long wave-length thus differs from that for light-waves in the 
appearance of terms of the second and higher orders of magnitude in A. 
J^piozimato Ezpreaslou for Electromagaetic V»ctor — X smaU. — 
Let us examine the expression (33) for S, when A is small but not 
very (infinitely) small in comparison to the distances r^ and r,, that is, 
let us retain terms of only the first, second and third orders of 
magnitude in X in the given expression for S. On developing the 
cosines of the first terms in the two pairs of largest brackets in 
expressiOD (33) as functions, sines and cosines, of the single angles, 
and replacing the sines and cosines of the angles 

r and - 



by the trigonometric series for the same, we can write the expression 
■ought 
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-2i(;^rT:)""T<''-'')J-(''-'')«"x<"'-'>>-K""T<"-''>} 



. -i^^{j^i(:. 




..(33a) 



■;7'»'T'''-"'>- 2:,r,(r,-r.) ''°T<''-"'' 
aX^ r„ + r, 2)r, , . 



Exuninatioii of ApinroxiiQate Bxpreasiou fbr Electromagnetic 
Vector ; Behavloiir of same compared 'with tiiat of U^- Vector. — 
The first three tenns of the expreseion (33A) represent the residual 
electromagnetic vector produced at the point Q by the elementary 
waves emitted from the central zone and the last two terms the 
residual vector due to the waves emitted from the m + Ist or last zone 
(cf. above). The former is represented by terms of the first, second, and 
third orders of magnitude in A and the latter by such of the second 
and third orders only. The total effect or electromagnetic vector at 
could, therefore, be regarded as produced chiefly by the action of the 
waves emitted from the central zone, except for (very) large values 
of A, that is, the maximum deviations in the paths of propagation of 
the given waves from the rectilinear would be approximately of the 
dimensions of the central zone. For values of X, for which the terms 
of the second order of magnitude in X of the given expression (33a) 
contribute materially to the total electromagnetic vector at Q, 
that vector would have to be regarded as the sum of two such, 
that produced by the waves emitted from the central zone, and that 
due to those emitted from the m + 1st or last zone ; and here the 
former would be given not alone by the first term of expression (33a), 
the ligb^ ■ector proper, but by the sum of two or more terms contain- 
ing X in not only the first but also the second (and third) power ; at 
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the same time the total effect at Q could not be regarded as produced 
alone or chiefly by the action of the waves emitted from the central 
zone, for the waves from the last zone then contribute materially to 
the total effect ; in other words the given propagation would then be 
said according to the Emission Theory to deviate materially from the 
rectilinear. If we intercept the given waves at the pole P by a circular 
screen, the effect at Q will evidently diminish only very little, as the 
size of the screen is increased, that is, figuratively speaking, there 
will be a marked bending of the waves round the edges of obstacles 
placed in their course. It is also easy to show (cf. Ex. 7} that slight 
deviations in the contour of the intercepting screen from the exact 
circle with centre at pole will have little effect at the point Q ; in this 
respect the light^waves and the electromagnetic waves of long wave- 
length will differ materially from each other (cf. p. 155). It ib also 
possible to show (cf. Ex. 8) that the electromagnetic vector, like the light- 
vector, will pass through maxima and minima, as the circular aperture 
in the large intercepting screen is increased in size ; but these maxima 
and minima of intensity will not be so pronounced aa those produced 
by light-waves on account of the appearance of terms of the second 
and higher orders of magnitude in A — these vanish for light waves — 
which will tend to diminish the maxima and to increase the mioiraa 
(cf. Ex. 8 at end of chapter). For reasons similar to those stated in 
Ex. 7 at end of chapter, it is evident that slight deviations in the 
contour of the aperture from the exact circle with centre at pole 
will have httle (infinitesimal) effect on the value assumed by the 
given electromagnetic vector. 

Shortcomings of Hnygens'e Piin^ple as postulated by Fresnel ; 
Necessaiy Uodlflcations. Another Methad. — Although the (approxi- 
mately) rectilinear propagation of light (electromagnetic) waves through 
homogeneous media, the apparent bending of the same around the 
edges of obstacles placed in their course, and their behaviour, aa 
confirmed by experiment, where they are intercepted by small screens 
or pass through small apertures in large opaque screens, can be deduced 
from Huygens's principle as modified by Fresnel, there are several 
serious shortcomings embodied in the same. The hght-vector S at 
an external point (Q) is evidently 

S=^fdn~{i>t-r^) (34) 

andnot ,?=— cos^(rf-rj), 

as found above (of. formula (ItJ)) ; that is, Fresnel's method givee not 
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only a false phase for the light-vector at Q, one that differs from the 
actual phase by quarter of a wave length, but also a false amplitude, 
one that is K times the actual amplitude. We observe that the 
expreaeion (33a) found for the electromagnetic vector at Q differs 
from the given one (34) still more than that (19) which has been 
deduced for the light-vector does. How are now these incorrect 
expressions for the vectors to be accounted for 1 Let us examine the 
above development, as postulated by Fresnel, in detail. The light- 
vector s' at the point Q due to the action of the elementary waves 
emitted from any source M on the wave-front ABCI' (cf. Fig. 1 7) waa, 
by formula (6), 



'fm.: 



f[,(-(r,+rt], 



and the light-vector dS' at Q due to the action of all the elementary 
waves emitted from any zonal element was then assumed to be s' times 
the area do of that element. This assumption is now evidently not 
justified. The elementary waves emitted from any such zonal element 
may be assumed to have one and the same phase, but not one and the 
same direction or plane of oscillation ; take, for example, the primary 
waves treated in Chapters II. and III. or any system of primary waves, 
that is, waves whose oscillations are taking place at right angles to 
their directions of propagation, whereby their directions or paths of 
oscillation (in planes of oscillation) may change thousands of times per 
second (cf. p. 72) ; two such waves emitted from different parte of 
any zonal element will now have different planes of oscillation at 
the point Q, so that the resultant effect at Q would not be given by 
the sum of the single effects or light-vectors, without any reference 
to the nature of the same, as assumed above, but it would have to be 
obtained from the superposition of the single effects, according to 
the doctrine of interference. The effect at Q due to the action of all 
the elementary waves emitted from any zonal element woidd, therefore, 
be not s^do, as assumed by Fresnel, but that obtained from the super- 
position of all the single effecte at Q, according to the doctrine of 
interference, and the latter would evidently be less than s'do, since 
many of the different component momente both in the plane at right 
angles to the line OQ and along that line would neutralize one another 
or interfere destructively. 

Again, on p. 149, it is taken for grantedthatthe only effect that could 
be produced at the point Q due to the joint action of the elementary 
waves emitted from two consecutive zones would be that due to the 
variation in the mean obliquity between the waves emitted from the one 
zone and those emitted from the other ; this assumption is also incorrect. 
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for there will evidently be a certain effect produced at the point Q by 
the variation in the mean angle, which the planes of OBcillation of the 
waves from the one zone and those from the other make with the line 
OQ. An attempt to calculate the total light (electromagnetic) vector 
at Q on the introduction of this and the foregoing modificationB would 
evidently prove fruitleBS, for, in the first place, we really know nothing 
about the behaviour (direction or path of oscillation, etc.) of the 
light (electromagnetic) vector along the surface of the given wave- 
front — we could only treat given particular casea as the problems 
of Chapters II. and III. — and secondly, if we did, the actual calcula- 
tions would present unsurmountable difficulties. For this reason we 
shall abandon the above method of treatment of Huygene's principle 
and seek to confirm the same from an entirely different standpoint, 
where no knowledge of the behaviour of the light (electromagnetic) 
vector throughout the region in question will be required, except that 
it be a particular integral of the general equation of wave-motion ; 
this will enable us to treat not only light-waves and electromagnetic 
waves, whose directions of oscillation are always at right angles to 
their directions of propagation, but apparently electromagnetic waves, as 
the secondary, whose planes of oscillation are not at right angles to their 
directions of propagation ; the rigorous treatment of the latter accord- 
ing to Fresnel's method would evidently present even more serious 
difficulties than those encountered in the treatment of the former. 

Bigorons Proof of Hnygens's Principle ; DeriTation of Foimnla for 
Function at any Point in Teims of Snr&ce and Volume-Integrals of Bame 
throughout any Olotied Begiou. — In the rigorous proof of Huygens'a 
principle we shall start from a formula between the volume-integral 
of a ^ven function of a certain function U and r and the siuface- 
integral of another function of the same (see below). Let us first 
derive the formula in question. Let the function U contain x, g, z and 
also r explicitly, where r denotes the distance of the point in question 
from the origin of the coordinates x, y, z, that is, r'=3^ + y^-(-3*; 

further, let t^-, tt— > ^^ or ,:— denote the change in U due alone 

3a; 3y 3/ 3r 

to a change in the variable z, y, a or r respectively, whereby the three 
otlier variables contained in V shall remain constant; and, lastly, let 

-r-, -^ or -7- denote the chance in V due to the increment dx, dy, 
dx di/ dz 

or dz along the x, y or z-axia respectively, whereby r will evidently 
undergo a change. We have then 

dU ZU -dU-dr dU dUx ZU ZU , . 
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or, if we write here 

^(; w)=dj- wr^[i ^)'™<'"' ")■ 

or, since r ia to be regarded as constant by the differentiation = 

dndU\ la^y i9f7 , . I -d^i/ , ^ 

dr\T 3a;/ r Ti^ r^ dx ^ ' ' t drdx ^ ' ' 
and similarly 

and -T-l- 7^- t - - ^i-s - -„ ^T- coa (r, a) + - tt-t^ cob (r, z) 
ds\r dz / r 32* r^ az ^ ' r 3r2i * ' ' 

Let now -j- denote the change in U due to the increment dr along 

the vector r; the total change in Udue to this increment will evidently 

conaiBt of four (partial) changes, that in U due alone to the change in 

r and those due alone to the changes in a:, y and z singly ; that is, the 

total change in U will evidently be given by the expression 

dl/ 2U -dU , . -dU , , -dU , , 

■ -cos(r,a;) + -^oos{r,y) + ^co8(r, s); (36) 



ZU. , 
-re^inpl. 

rfrV 3r / ~ 3r^ "^ 3r ar ""* *'"' "^^ "^ 3r 3y "* 
Add the three equations (35), and we have 

dx\r M/ ayVr 9y/ dz\r dz / rVai 3/ 3;'/ 

-r.[-s~<'' »)+^«"('- >')+&'»•('. »)J 

which, by formulae (36) and (37), can be written 

d£\r ■dx}'^3y\r ^)'^Tz\r Zt) r\3a;2 ''' 3y« ■*" Zz' ) 



-\{^-'^\ \{^ /3f7\ 3^tn 
r^rf*- 3r^"^rL5A3r/ 3rsJ' 

_,.„ Google 



HUTGENSa PRINCIPLE. 167 

„ . 1 d ftV\ IdU \ i I ZU\ 

\fwu mr wr OT7\ }_d_f'^ r,\ 

Multiply both sides of this equation by dxdydz and integrate the 
same through the region bounded by any closed surface ^, and we have 

Let us now assume that the functiona (- ■^), { -^r) ^^^ \ '^j 
and their derivatives with regard to x, y, s be single-valued, finite and 
condnuouB througliout the region bounded by the surface S. We can 
then integrate the different terms of the first integral of formula 
(38) by parts, the first with regard to a^ the second to y and l^e 
third to z, and we have 

the limits of integration to be taken at those values Oj, Oj, a,... of x 
on the surface S, where the cylindrical element dydz (as base) parallel to 
the X-axis enters and leaves the given region (cf. the annexed figure) ; 
we thus have 




m'i)"'^ 



I ~ IB Bvidentlj the parttol difbrentiaL 
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If ds denotes the area of the surface S intercepted by the cylindrical 
element dyde at the different points a^, Oj, Og, ... , then 

(izify = rfs, cos (n„ x)= - rfsj cob (iij, x) — (fejCoe(ny x)... 
(ct Fig. 18) ; aiid the given integral can be written 

Similarly, the other two volume-integrals of the left-hand member 
of formula (36) can be replaced by Burface-integrals, namely, 

Fonnula (38) can thus be written 

■l/S^f ?i^U ■s^u ^V\ ... I 

_„ , ., -bv 

where ^— denotes the change in U produced alone by the increments 
in the variables x, ^, s as we advance the distance dn along the inner 
normal to the surface S — that is, r is to be regarded here as constant — 

the formula sought (of. above). 

In formula (40) we must now discriminate between the two cases : 

I. The region of integration, enclosed by the surface S, contains the 
origin of our system of coordinates x, y, z; in which ca^e the given 
formulae would not hold in their above form, since 1/r then becomes 
infinite at the origin ; and 

II. The origin of our system of coordinates lies outside the region 
of integration. 



# 
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Case L : The Point Q lies iiuide the Bnr&ce S. — In order to be 
able to apply formula (40) to this case, we must evidently exclude the 
origin of our syBtem of coordinates from the region of integration; 
for this purpose we describe a sphere of very small radius p with 
centre at origin around the same. The region of integration 
will then be bounded by the given outer surface S and the surface 
of the small sphere, as inner surface. The value assumed by the first 
or surface-integral of formula (40) on the surface of the given sphere 
will now be very (infinitely) small, ainoe the area of that surface is 
proportional to p^, whereas 1/p alone appears in the expression to be 
integrated ; the value assumed by this integral on the surface of the 
sphere may, therefore, be neglected compared with that assumed by 
the same on the surface S. Similarly, since the volume of the given 
sphere is proportional to ffi and the expression under the integration- 
signs of the first volume-integral of formula (40) contains p in the 
first power only in the denominator, the value assumed by the given 
integral throughout that sphere will be very (infinitely) small com- 
pared with that assumed by the same throughout the given region; 
we could, therefore, extend the given integration throughout the whole 
region bounded by the surface S instead of throughout the given 
region or that bounded by S, as outer surface, and the surface of the 
given sphere, as inner surface, without effecting the value sought. 

lastly, let us examine the last integral of formula (40); for this 
purpose we imagine the given region divided up into elements formed 
by the intersections of cones with apices of solid angular aperture d<fi 
at the origin and of spheres with common centre at the origin and 
whose radii differ from one another by dr. The volume of any 
such element will evidently be 

TU>f>dT. 

£eplace the rectangular volume-element dxdydz by this new one in 
the given integral, and we have 






...(11) 



At the lower limit r-— - becomes infinitely small as p approaches 

zero and can thus be rejected, whereas, as we know from the theory of 
the potential, 

[d'^.U^.a-iitU^ (42) 
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where U^ denotes the value of U at the centre of the given sphere 
or origin. 

At the upper limits the surface S, the following relation will 
evidently hold between the surface -element iH-^i and the surface- 
element ds of the surface S, intercepted by the cone d<^ : 

rH>)t— - ds CQa(n, r), 
where n denotes the inner normal to the surface. 

At the upper limit the given integral can thus be written 






..(43) 



-II 



where the integration is to be extended over the whole surface S. 
In the given caae formula (40) wilt thus assume the form 

where the surface-integration is to be extended over the whole surface 
S only and the volume-integration over the whole region enclosed 
by that surface. 

Case n. The Point Q Ilea oatside the Snrf^e ■?.— This case differs 
from the foregoing in that the origin of our system of coordinates lies 
outside the region of integration, so that the considerations pertaining 
to the sphere employed in the latter will not have to be introduced 
here. In the given case the third or last integral of formula (40) 
can now be brought into another form ; for this purpose we first 
replace there the volume element dxdydz by T^di^dr introduced above, 
and we have 



^< 
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where r, denotes the distance from the origin of the point on the 
surface S, at which the cone of solid angular aperture difi with apex at 
origin enters that surface, and r, the distance from origin of the point 
on given surface, at which that cone leaves the same. 

We next replace the Burface-element r*rf<^ by its value in terms of 
the surface-element ds intercepted on the surface S by the given cone ; 
at the point, where this cone enters the surface S, we evidently have 

r,^d<j>= +ds.coe{ji„ r), 
and at that, where it leaves the same, ' 

r,^rf<(i= -(fc,cos(flh r), 
where n denotes the inner normal to surface. 

We can then write the integral (45) 



Iff 






-^«-(-')[l(f)],rl*-°"<""4S(?)],/ 

these last two integrals are evidently equivalent to the single integral 



;..»<„, .|(^), 



where the integration is to be extended over the whole surface S. 
In case II. formula (40) will thus assume the form 



j[c«(«,r)|(^)-i|^rf. 






,..(46) 



Application of Formula (14) to Hnnceiu's Principle. — We can now 
employ formula (44) for an examination of Huygens's principle as 
follows : Let the function U be the light-vector s of argument {( - r/r), 
where r denotes the distance of any point of the region enclosed by 
the surface S from the point of observation Q, which shall lie within 
that region and which we shall choose as origin of our system of 
coordinates ; that is, we put 

U=s{t-rlv), (47) 

At the point Q, U will then assume the value 

t^» = »o(0 (47a) 
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Since now any light-vector s is thereby defined, that it is ui integral 
of the partial differential equation 

SJ-'V'. (48) 

(cf. formulae (16 and 27, 1.)), it follows that the light-vector IT" will 
also be a particular integral of the same equation or 

%^— "VK (48A) 

The Ll^t- Vector s a Fnrelr Spherical Wave-Fnnction. — Let us now 
examine the case, where the light-vector s ie a purely spherical wave- 
function, that is, a function of r (and t) alone and not ot x, y, z singly. 
The general differential equation (48) will then assume the simple form 

dp-'^^ <*^' 

(cf. pp. 17 and 18). Since now U is also a function of r (and i) only, 
it will likewise be defined by the same equation or 

3f "■ ar*" ■ 
By formulae (48a) and (49a) the following relation will, therefore, 



..(49i) 



.ti"!'U- 



'Sr'' 



. _,, ?fU TfU VU 9U ,„, 

h»c V-P-^+ 5j,-+ 3^- 53- (50) 

Replace now U by its value (47), etc., in formula (44), and we have, 
since by (50) the volume-integral of the same vanishes, 

j[co.(»,r)|.i<i:;::/i*-i^.((-rM]i.-4„,,(0 (51) 

We can now interpret this formula as follows : The light-vector s^ 
at any point Q, which we choose as origin of our system of coordinates, 
and at any time f can be conceived as produced by elementary 
disturbances emitted at the times (( - r/p) by any surface S enclosing 
that point, where r denotes the distance of any point or elementary 
source M on that surface from the point Q and c the common velocity 
of propagation, with which those diaturbances are approaching that 
point. After the elapse of the times r/v we shall have the same phase 
along the surface S, as we had at Q, when the given disturbances left 
that surface. We observe that these disturbances are of a much more 
complicated nature than those emitted by Fresnel's elementary sources, 
the latter having been assumed to be proportional merely to the light- 
vector s (cf. p. 147). 
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B=-sin-np(Tt— r). — By formula (51) we can evidently determine the 
light-vector Sj(i) at any point Q, provided we know the light-vector s 
and ^ along any closed surface S enclosing that point. Let us 
assume that the light-vector s{t) at any point of the region enclosed 
by the surface S be given by the expression 

s(() = ^sin^(rf-p), (62) 

where p denotes the distance of that point from the source of dis- 
turbance — s{t) is here a purely spherical wave-function, as assumed 
above. The function U will then assume the form 

P.,(i-,/.)_?8inf [rf-(p+r)] (63) 

This function U must now remain finite throughout the region of 
integration (cf. p. 167) ; this condition will be satisfied, if the source 
of disturbance lies outside the region of integration, enclosed by the 
surface S. The relative positions of the points 0, M, and Q to the 
surface S could then be represented as in the annexed figure. 



Let us now determine the expressions under the integral-sign of the 
integral (51) for the given case; we have, by formula (53), 



2)ra 2n-r , , ., , 2^, _, , ,, 

"-V"'T[''-<'+''>l-|Sa™x[''-<''+'>l 



and 



^W-r/.)]4{?™|[..-<,H..)]} 



a (a . 
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. ...(54) 
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we can thus write the integral (51) for s^(t) here 

X^f*'"^"' ^^ ~ "^^"^ r)')coe^[vt - (i> + r)]ds 

fircosftkp) coafn, r)n . '2tr^ , , ,, ■ , 
+ "]-[— ^+ - y^^Jsin-j^[p(-0> + r)](fa-4ir3^,<() 

Approximatfl Expression fot s^{i) for Light-WaTas. — For waves of 
email wave-length A, aa those of light, the second or last integral of 
the expression (54) for «„((), being of a higher order of magnitude in A, 
than the first integral, would be very (infinitely) small compared with 
the latter and could thus be rejected. The light-vector 5^(1) would 
then be given most approximately by the integral 

Approximate Expresaioii for %{},) compared with that obtained br 
Fresnel's Method. — Let us compare the expression (55) for i^ with 
that obtained above according to Fresnel's method. For this purpose 
we compare the two expressions for any surface-element do ifii) of 
the surface S. The light-vector due to any such element is, according 
to Fresnel's method, 

(cf. formula (7)), and by formula (55) 

^ ^^[cos(n, p) - C03(n, r)]cos ^\yi - {p +r)]d«. 

Since now the r, of the former expression is the r of the latter, 
we must evidently put 

jb(». p)-cos(?t, r) 
2A. 



/(^) = ---"^""'^-'-"°'"-" , (56) 



if we neglect the difierence in phase between the two expressions. 

For the surface^lement at the point Mf^, where the line OQ of 
Fig. 19 enters the surface S — this element corresponds to the element 
at the pole P of Fresnel's construction (of. Fig. 17), 

cob(b, p)= -eoa(n, r) 
(cf. Fig. 19), and formula (56) will assume the simple form 
/^(^)„?^(!^. 

If the element at the point M^ stands at right angles to the line OQ, 
as in Fresnel's construction, then cos(n, p)= 1 (cf. Fig. 19), and hence 
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the Talue for f{i>) obtained from a comparison of the expreadon for 
tiie total light-vector at any point according to Fresnel'a method with 
the actual expression for the same (cf. p. 164). 

For the surface-element at the point M^, where the line OQ 
leaves the surface S (cf. Fig. 19), coa{w, p) = oos(ii, r), and hence the 
effect contributed to the total effect at Q by this element zero ; 
that is, by formula (55), no elementary waves will be propagated 
directly backwards towards the source, from which the given 
wave is advancing, as postulated by Stokes's law of obliquity (cf. 
p. 148). 

Oonflrmation of Formula (55). — Lastly, it is evident that formula 
(55) will give the correct phase for is^{t), since the integration by 
partfi of the given integral always gives sin 4- [t( - (p + r)] and not 
cos V[*^ - (p + 0] ^ factor in the term of the lowest order of mag- 
nitude in A, which term alone is to be retained for waves of short 
wave-length, as the light-waves ; for a confirmation of this statement 
aee Ex. 9 at end of chapter, where by a suitable choice of the surface S 
the light-vector 3g(/) will, in fact, be found to be given, as determined 
by formula (55), by 

the correct expression for the same. Formula (55) thus differs from 
Fresnel'a formula also in that it gives the correct phase for the light- 
vector (cf. p. 164). 

Osneral Expression for sj^l) for Wares of aay Wave-Length; 
Evaluation and Oonfiim&tion of Talidity of Bame for a Sphere S 
with centre at Q. — Lastly, let us evaluate the integral (54) for s^{t) 
for waves of long wave-length, when the surface iS' is a sphere with 
centre at point of observation Q. For this purpose we divide the 
surface of the given sphere up into surface-elements ds similar to 
the zonal elements do employed on p. 146 — the construction is 
that -represented in Fig. 17 with the points and Q interchanged. 
The area of any such surface-element ds can now by formula (5) be 
written in the form 

ds—^TT—fidp, 

where r, the r^ of Fig. 17, denotes the radius of the given sphere 
and T^ the distance of the point of observation Q from the source 
of disturbance 0. 

For the given surface the inner normal n— the inner normal is 
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always to be taken (cf, p. 171) — at any point M will evidently 
coincide wiUi the vector - r (ef. Fig, 19) ; we thus have 

cos(n, p) = co3(-r, p), 
and cos(«, r) = co8(-r, r)— -1. 

The angle ( - r, p) is now the angle ^ employed on p. 147 (cf. also 
Fig. 17) ; it can, therefore, be expressed b& a function of the distances 
r, rj, and p (cf. Ex, 1 at end of chapter) ; we have, namely. 



= coB(-r, p)=cos(ji, p). . 



..(67) 



By this and the above relations that hold for the given surface, the 
integral (54) for Sg(f) can be written 



2ira| 



^^^^=^ + 1] COS ^ [ri - (p + r)] dp 
ifr»-o*-r*-pS n . 2irr_, , ,,, 









By the reduction formulae on p. Id7 the first and fourth integrals 
of this expression for s^ can now be integrated as follows : 
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(cf. aeries for dn x and cos x on p. 158) ; and, aimilarly, 
fain «i(ip_XeoBtu IXfA-sinoi I X. ( \ cosat 

1 X_f__A^ Binj^ Y\\ 
'*'i2ir( 2ir ^ ""7/J 
X^ coaiu 1 / X y Bin <ii 1 /* A \' coe &i 1 / A \* ain <u 
"2jr p* "2!'>,2i:^ ~^"3!VW ~^''"4!\2^J ~^'*"'~- 

[ A. 1^ / A. y _ "I cosui 
2»-p"3iUtp/ ■*" '"J p 

[, 1/AV l/^^* Isiniu sinw 

. A COS HI ^A^ ain <o _ sin (B 

'Ivp p 2irp p p 

The valuee of the other integraJa of the expression (58) are evidently 

jpcos<udp= -2^siii<.. + ^^Jcos<u, 

IcoBaicfpo -^sinui, and I ain (u<2p •• ^ coe u. 

Beplace these integrals by their values in the above expreasion (68) 
for fg(t), and we find 

I,- f^-^f A ainu . A cos<u\ 

4)rs„(i) = -wa -^ { COB -; — 1- am ■= 1 

" V \ ^'P P 2irp p J 

wa/ . A \ 2ra . 
+ — (pain<u-^ eoBiul ain<u 

T^~i^f ■ A cosfu A sinu sinuN 

•^ira— (sm= Hcoa-^ ) 

TjT V 2irp p '2wp p p J 

va A 
+ — — coeio 
r^T 23r 

-^[?-^-'^*- <») 

where the integration is to be extended from 

ft"»-j-r to Pi = rj + r. 
Eeplace here p by theae limits, and we have 

or*'*-'" o '■s'-^n ■ 2n-, . . 

-f.LV-^-rl^J-T*"-'-). 

M 
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or, since the coefScient of sin -j- [trf - (r^ + 2r)] evidently ya.mahes, 

S„{/) = ^Hin^{trf„.,rJ, 

the correct expreafllon for the given vector at the point Q. It thua 
follows that not only the approximate formula (65), but also the 
exacter one (54), which holds for waves of any wave-length, will give 
the correct expression for the light (electromagnetic) vector, both ampU- 
tude and phase. 

The Light or Electromagnetic Vector a Spherical Function and 
Hnrgens's Principle; the Primary and Secondary Wares. — Formula 
(54) evidently holds for both light and electromagnetic waves of any 
wave-length, but provided only the vector s employed be a pardy 
spherical wave-function, that is, a function of r (and I) only and not 
oi x,t/, z singly. For the general spherical wave-function the differ- 
ential equation (49), which defines the purely spherical function, does 
not now hold, and hence the relation (50) also not ; in which case, the 
volume integral of formula (44) will not vanish ; this would evidently 
complicat« the treatment of the given case, since it would then require 
& knowledge of s and its derivatives not only along the surface S, but 
also throughout the whole region of integration. On the other hand, the 
given treatment would also be complicated greatly, since not only the 
general spherical wave-function itself always consists of two or more 
terms, neither of which is a particular integral of our general equation 
of wave-motion (48) (cf. p. 35), but also ite value is a function not 
alone of r, the distance from the source, but also of x, y, z singly. 
Whether it would be possible to evaluate s^{t) for such a function is 
a question that could be decided only by investigation. 

EXAJttPLES. 

1. Confirm the expressiomi for F{p) of formulae (IS) and (16a), Stokra'a and the 
natnral laws of obliqoit;. 

The Kimexed figure (of. also Elg. 17) givee the followiog relalioDB between the 
obliquity f, the anglea 6 and 9', and the dutoncea p, Tj, and r, : 

1(1 = 8 + $', 

^=r^+r^ - 2r^, coa 8, 
and r]*=rj'-H^-2rjpooaff', 

by which eqnatiooa ^ can evidently be determined ai a function of p, r,, and r^. 
The last two equations give 

^,, -.-tr,-V ^„^ J. ,. ^V -fr,-tr,'t,-)t2(,,V^,,Vt Vjj 
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Since now 0:<#£r and O^f <r/2, aia0 and sind' will always be positive, 
that JB, the plus gigns must be t^kea before the expreuJonB for sin 6 and blu S'. 




pio. 2a 



By the fint of the above relatioDs the obliquity ^ can thuB be written 

coi^ = cos(fi + ^] = cOB0 COB ^~ Bin Bind' 

4r,Vj, ■ * 4r,V 

which IB the nataral law of obliquity in terms of p, r„ and r^ 
Stohes'i law of obliquity can thus be written 

jt* proportional to (l-t-coaq 



2. Show, when m is odd, that the lerie* (14) for S reduces to 

„ So S„ 
fi'=2-T- 

3. The (Fresnel) light-vector S aBsnmes moat approximately one and the same 
values, thoM of the nataral light-vecton, along the line PQ, Fig. 17, when the 
small aperture in the large intercepting screen is not exactly circular. 

To determine the light-vector produced at any point Q by the elementary 
waves that are admitted through any irregular aperture at the pole P, we 
divide the given aperture or nnscreened portion of the given wave-front np 
Into drcnlar sectOTB, as on p. 164 the small BOreen, replacing the edge or 
contonr of the given apertnre by circolar aret with oontmon centre at P; the 
light-vector dS produced by the elementary waves that paas through any Buch 
nnscreened teotor of the given aperture will then, by formulae (17) and (17a), 
be given by the expreasion 

.«.f ±^=^ ^[fC-nliJ-Wl^-^W-'J -(.) 
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where d^ denotes the angle subtended by the itrc of the given ie<:t«r at the pols P 
and pi the diatance of that arc (edge of apertare) from the point Q ; ntj ourrespondl 
to that Ysiue of m, for which A = ^j - r, + ^ — 

The total effect or light-vector iS prodnced at the point Q by the elementary 
waves admitted through the whole aperture will, therefore, be given by the Bnm 
of t^e light vectora dS ; we thus have 

where k denotes the number of sectors, into which the given aperture is 
divided, or by (a), 



^oX 1 



.{±d<t>iF{i>,)±d<hF{p.,)i,...±d<l'.Flp.)\a»^(vt-r^ (6) 

The series in the larger brackets in the second term of this expreoaian will now 
be small compared with the value assumed by the Bome, when the aperture is 
exactly oironlar and with its centre at P, since approximately (in mean) one half 
of the terms of tbie aeries will be positive and the other half negative. The 
approximate value assumed by the expression (ii) for 5 will thus be 

S=^f(r,-r,)coe?^(rt-r,) = |, 

a function of r, only, the distance of the point of obeervation Q from the given 
source (cf. p. 163). 

4. Show that the following relation holds between the 5'j's (cf. formulae (28b)} 
of any three ci 



5. On the assumption of Stokes's law of obliquity (cf. formulae 18) ), show that 
the total electromagnetic vector at the point Q, Fig. 17, is determined by the 
expression 



~ 2i^ "" Y * '' f 



written approximately in the 
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(cL foimoU (33a)) ; it U evident that this eipresBioii reduces to tbat (20) for the 
light- vector proper for very bhidiI] values of X. 

6. For light-waves the eipreuiou (33) for the elsctromagnetic vector reduce* 
to that for the light-vector (cf. formula (10)). Thii follom directly trom the 
approximate expresBioQ (cf. formula (33a) ) for the electromBguetic vector. 

7. Small deviatioDB in the contour of the intercepting screen from the exact 
circle with centra at pole will have no appreciable effect on the valce of the 
electromagnetic vector behind that screen. This is evideDt, since all the termi 
of the series for the electromagnetic vector, corresponding to the different 
elementa of arc, by which the contour of the given screen may be replaced, 
will have, in genersi, one and the same and not, as in the case of light waves, 
diflerent signs (cf. Ex. 3), so that the given series will ossanie a, finite value. 

8. Determine the behaviour of the (electromagnetic) vector at the point Q, 
Pig. 17. due to the action of electromagnetic waves admitted through a email 
circular aperture (with centre at pole) in a large intercepting screen. 

The examination of the following two particular cases will suffice for the 
determination of the behaviour of the given vector : (I) the aperture admits the 
waves from the whole central zone only, and (2) the aperture admits the waves 
from the whole central and adjacent (first) zones only. 

CaBB 1. By fornialee (!MA)-(2eA), ('27), and (28) the total electromagnetic vector 
at Q will evidently be given here by the expression 

«= — ^-* L' coaia— ■^-r[o'-('■l-^l>)]l■ 
where the integralion is to be extended from 
Beplaoe here p by these limits, and we have 

- i,(..-r,*>« "' U('-.AtX/2) ^|l''-'---H} 
or, approilmiLtely (for comparatively small values of X), 



fr. ^' 1 2t,- . J^ ■ 2t_ 

'•{L'"« ^r,-,, + xp T-J°°'Tl"-'--l- 2.|,.-r,->> m"°X-'"- 
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ar, . , aX' , 2», . . a\* r. + r, 2i,^ 



r a>? gX' (r. + r,)(r,-r.4-X/4 1-| 2r 

L2irr,(r,-r,) 4Tr^, (r,-r,)(r,-r, + \/2)J ^ ' '' 

j- oA' r,+r, oX' (r, + r,)[|(r,-ri)'+3[r,-r.}X/4 + X*/8] l 

or, if we rejeot kU terms of higher order* of inagnituile in X than the third, 

„ .(aX 2t, , , oX» . 2r, , oX* r.+r, 2«-, _. .l 

- arrtr,'r,t>;2| '"x'"-''''-^i;^ (r.-r,tW ">'l''-''-l- 
A comparison of thia expression with that (33a) for the Dataral electromagnetic 
vector or th>t produced, when do obetacle ia placed in the coium of the given 
WBvea, showB that the given electromagnetic vector is approximately twioe as 
large u the natural one, or, more exactly, that the former differs from the latter 
(doubled) by an expreuion that is of one higher order of magnitude in X than tbot 
for either. 

Gabb 2. Similarly, the electromagnetic vector would evidently be given here by 
the eipression 

- 2x(r,-'r. + X) '=°'[ 2,(..-,r. + X) ^T"'-'-'-^']} 
which for valnes of X, that are small compared with r, and r,, can be written 

o oX 2r, , , aX' . 2t. , oX' r, + r, Zw, 



T,(r,-r,)°"* X^ " 16»V^, (r,- 



2r^,(. 



2T(ra-r, + X) 



»Vl"'-'-at 



ttX , , , 2I, . , a\* . 2t, , , 

+55r<'.-',+XI«»Y(«--.l+,-;,;«"5:l»-'->l' 
r, if we reject aU terms of higher orden of magnitude ia X than the third. 



_ aX'(2ra + X) 2t aXy^-t-r,) . 2x 

-2r^,(ra-r, + X)'^x'" '^'' 2T,,r,(r,-r, 4-X)''"'' X '" 



A comparison of this expression with that (33a) for the natural electromagnetic 
vector shows that the given eteclromagnetic vector is detemiinad by an ezpreasion 
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that is of one higher order of magnitade in \ than that for the former {cf. also 
P.1C6). 

9. Evaluate the integral (55) for the llght-veotor sM> vhen the sorface of 
hitegratioD iS is a sphere with centre at the point of obeervation Q. 

We divide the anrface of the given sphere up into sarface-elementa lb aa on 
p. 175 ; the folloving relatiom will then hold ; 

d«=2w-pdp, 

where we are assuming the natural law of obllqoit]', and 

«>«(n. r} = coB( -r,r)= -1 
(cf. tormalae on pp. 175-176) ; by which the integral (65) can be written 

at-r-'-r'/'oosudp ox 1 f , , aw f . 

= ^r- %_ ■■ ■ I '- -TT- =-— /oCOB«ti> + r— I COS U Op, 

where „=^[^_(p + r)]. 

These three integrals have now been evaluated on pp. 176-177. Since we have 
retained terms of only the lowest order of magnitude in X in formula (66), we can 
evidently retain only such terms in the evaluation of the vector songht or its 
integrale ; the approximate values of these integrals are evidently 



ToosB , X rinu r _, X . , r 



»*=- 



2;^" 



Replaoe the integrals by these values in the above expressioD for (d(0> a^d 
r,"-r'8inw 1 . 1 . 

where the integration is b> be extended from 

ft=ra-»- to ft^Tj-hr. 
Replace here p by these limits, and we have 



the actnal erpreseion for the light-vector at the distance r, from soarce. 

lO. Show that the fanction /{<p) employed in the determination of the light- 
vector aooording te Freenel's method must be aesigoed the value 

In order that we may obtain the correct expreulon for the amplilnde of the 
light- vector. 
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CHAPTER VI. 
DIFFRACTION. 

DllfractioB Phoaomena. — The phenomena that appear at the boun- 
daries of the geometrical shadow, when light rays pass through a very 
smaU aperture or by the edge of an opaque body placed in their couree, 
are known as the phenomena of " Di0raction" ; they arise, figuratively 
speaking, from the light rays deviating from their rectilinear paths. 
A similar class of phenomena that arise from the same cause, the 
deviation of the light rays from their rectilinear paths, has been 
examined in the preceding chapter ; there we investigated briefly the 
behaviour of light (its intensity) directly behind small screens and 
small apertures in large screens — along the central axis of the geo- 
metrical shadow or image respectively. For the particular case, where 
the aperture or the small intercepting screen or obstacle is very small, 
this latter class of phenomena is, as we shall see below, to be included 
in the former or that of the phenomena of diffiractton. 

First Observations on Difflmction. — The first observations on difirac- 
tion were made by Grimaldi* at Bologna in 1665; he found upon 
placing a small opaque obstacle (wire) in the cone of light admitted 
into a dark room through a very small aperture that the shadow cast 
on a screen behind that obstacle was much larger than the geometrical 
shadow ; he also observed that the enlarged portion of the shadow 
consisted of coloured bands or fringes that ran parallel to the edge of 
the geomet^cal shadow. Newton t was among the first to exandne 
the complementary case or the image cast by light admitted through 
a very small aperture or nurow slit; the slit employed was formed 
by two knife blades, which admitted only a very narrow strip of 
light; he found that the image was then bordered exteriorly by parallel 

* Phyiieo-maihan» de lumme, colorihv* $t iridt, BoDonbe, 1665. 

f Oplicia, vol. iii. 
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coloured fringes similar to those already observed by Grimaldi on the 
exterior of the shadow cast by a small obBtacle (see below). 

Tomig'B Explanation of Diflhu^ion. — The first attempt to explain 
difiraction phenomena was made by Dr. Young;* he attributed the 
(coloured) fringes bo the interference of the rays that pass very near to 
the edge of the obstacle and those that are reflected by the same at 
grazing incidence. This explanation would evidently stipulate that 
the given phenomena be more or lees marked according to the degree 
of polish and sharpness of the edge. Fresnel has now shown by moat 
exact experiments t that these factors, polish and sharpness of edge, 
have no effect whatever on the fringes produced, the fringes retaining 
the same position (with regard to edge) and intensity, whether the 
back or (sharp) edge of the knife (razor) he employed and whether 
that edge be highly polished or not. 

Fresnel's Theory of Diffi-action. — Fresnel, who had demonstrated 
experimentally the incorrectness of Young's explanation of dif&action 
phenomena, not only offered us another explanation but also confirmed 
the same by a aeries of most ingenious and exact experiment.* 
Fresnel attributes the phenomena of diffraction to the mutual action 
of the elementary waves that are supposed, according to Huygens'a 
principle, to be emitted from any wave-front, here that which passes 
through the edge of the intercepting obstacle; the mutual action of 
these waves at any external point is then calculated according to the 
principle of interierence (cf. Chapter IV.). Difiraction phenomena are, 
therefore, to be conceived as due to the mutual action or interference 
of the elementary waves emitted from the various (elementary) sources 
on the wave-front in question, just as interference phenomena are due 
to the mutual action or interference of two systems (pencUs) of waves. 

Let us first examine those problems on difiraction that can be 
treated by the simple methods employed m the preceding chapter ; 
these methods, which are only approximate ones, have been deduced 
from Huygens's principle as postulated by Fresnel and the principle of 
interference. 

DUbaction of Light on the Edge of an Opatine Obstacle ; the 
Exterior Bands. — Let be the source of a system of spherical light 
waves, A the straight edge of an opaque obstacle AB, MN the screen 
of observation, and Pq that point (line) on the screen that Ues on the 
continuation of the line (plane) or ray (rays) OA, as indicated in the 

• " On tha Theory of Light and Colours," Phil. Tram., p. 12, 1802. 
-f Fresnel, Oeavrea amvpUUt, torn, i., pp. 148 and 280. 

t"Mdmoire mr la diffraction de U lumiSre," Mimoirei de I' Acad. Jran^., 
torn. V. Poggend. Jnnot, vol. m. Otavrti compUUt, torn. L 
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annexed figure, P,, will then mark the upper boundaiy of the 
geometrical shadow on the screen. Let us first consider the illumina- 
tion at aoy point Q on the screen outside the geometrical shadow. 
For this purpose we draw the spherical wave-front S that passes 
through that point of the edge A of the obstacle AB, which 
corresponds to the point Q. We denote the point, where the 
line or vector OQ intersects this wave-front by P; P ia then 
the scM3alled "pole" of the given wave-front with respect to the 
external point Q (cf. p. 146). According to Fresnel the (light) effect 
at Q can now be conceived as produced by the mutual action at 
that point of the elementary waves emitted from the wave-front S, 




whereas for light waves the given effect may be conceived as confined 
to the mutual action of the elementary waves emitted alone from the 
immediate neighbourhood of the pole P with respect to the point Q, 
or, as we have seen in Chapter V,, to a limited number of the so-called 
"half -period elements" around that pole. If the pole P be at consider- 
able distance (compared with the wavelength) from the edge A of 
the obstacle, then the elementary waves that are intercepted by the 
obstacle will evidently have no appreciable effect at the external point 
Q, that is, the illumination at Q will be approximately the same as 
when the given obstacle is removed. On the other hand, if the point 
Q be very near the boundary of the geometrical shadow i*,,, ita pole P 
will be BO near the edge A of the obstacle that a given portion of the 
elementary waves emitted from the lower half of the effective pari; 
of the given wave-front will be intercepted by the obstacle. 
The resultant effect at will then consist of two effects, that 
from the whole upper half of the given effective wave-front and that 
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from that portion PA of the lower half of the same that extends from 
the pole P to the edge A of the obetacle. The former effect at Q will 
remain constant aa long as the [>ole P is above the line (plane) OAPg, 
whereas the latter will evidently vary between maxima and minima 
aecording aa the Dumber of half-period elements coatained in the 
unscreened portion PA of the lower half of the effective wave-front 
be odd or even respectively ; if PA contain an even number of such 
elements, the waves from the first and second, third and fourth, and 
all consecutive pairs will interfere destructively with each other, and 
hence produce no appreciable effect at ^; if the number of these 
elements be odd, 27i-(-l, where n is an integer, the waves from the 
first n pairs will interfere destructively as in the former case, whereas 
those from the (2n-i-l)st or last unscreened half-period element will 
not interfere with those from the next element, which are intercepted 
by the given obstacle, and they will thus contribute materially to 
the total effect at Q. Or, analytically, if 

A(J-PQ = 2n\l-2, 
we shall have a minimum of intensity or a dark band or fringe at the 
locus of the point Q with respect to the edge A of the obstacle, and if 

AQ-PQ = (2n+l)\/2. 
a maximum of intensity or bright band. 

It thus follows : the shadow cast on the screen MN by the obstecle 
AB will not be distinctly marked, but it will be bordered exteriorly 
by a series of alternately bright and dark bands or fringes running 
parallel to the edge of the obstacle or to its geometrical shadow ; and 
these bands will become less and less distinct, the further we recede 
from the boundary of the geometrical shadow. 

Oondition for the Appearaace of Exterior BandB. — Diffinction bands 
can evidently appear on the boundary of a geometrical shadow only 
when the angular diameter of the source of light is very small ; 
for, if this diameter is not small, each point of the source will emit a 
different wave-front and each such wave front a corresponding system 
of elementary waves, each one of which will produce a different set of 
bands on the screen; and these numerous sets of bands or fringes 
upon being superposed will interfere or destroy one another, and thus 
produce an uniform illumination of the screen (outside the geometrical 
shadow) (cf . also p, 111). 

The Difftaction Phenomena within the Shadow. — Let us next 
examine the illumination at any external point Q on the screen MJV 
within the geometrical shadow, that is, below the central point (line) Pq 
(cf. Fig. 21). Here only a portion of the upper half of the wave-front 
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S will transmit elementary waves to point C, and the waves from that 
portion will be less effective tliaii those from the lower portion of 
the same, which are intercepted by the obstacle AB, since their sources 
are more remote from the pole P" with respect to the point Q (cf. Fig. 
21) than those of the latter. To find the total effect at Q" we divide 
the unscreened portion of the given wave-front up into half-period 
elements, beginning at the edge j4 of the obstacle AB, and calculate 
the resultant effect of the waves from those elements according to the 
method employed in the foregoing chapter. This effect will evidently 
be determined by the same expression as that for the resultant effect 
at an external point, when ite pole and the immediate neighbourhood 
of the same is covered by a small screen ; the latUr has already been 
determined in Chapter V. (ef. pp. 153-154) ; we found, namely, that the 
resultant effect was half that produced by the waves emitted from the 
first half-period element of the unscreened portion of the given wave- 
front (cf. formula (21, V,)). As Q' recedes from the central point P^ 
downwards into the geometrical shadow, the resultant effect will, there- 
fore, diminish amiinuimsly but rapidly, since at a short distance below 
the central point the elementary waves from the whole effective 
portion of the given wave-front, that around the pole F, will all 
be intercepted by the given obstacle. The illumination within the 
given geometrical shadow will, therefore, decrease rapidly but continu- 
ously, aa we recede from its boundary. 

Difltaction Phenomena producsd by a Small Opaque Obstacle; 
Exterior and Interior Bands. — Let us, next, examine the diffraction 
effects due to a small opaque obstacle, such as a fine wire. We 




represent the relative position of the obstacle (wire) AB, the source 
and the screen MN, as in the annexed figure. It follows now from 
the preceding problem that the geometrical shadow P^P^ on the 
screen MN, not only it« upper boundary P^ but also its lower one 
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P^, will be bordered exteriorly each by a system of alternately bright 
and dark bands or fringes similar to those produced by the straight 
edge A of the larger opaque obstacle in the problem just treated. 
Moreover, we have seen in the preceding problem that the effect 
at any point Q within the geometrical shadow was produced alone 
by the mutual action of the elementary waves emitted from the 
unscreened portion of the given wave-front and that this could be 
replaced by the mutual action halved of the waves emitted from 
its first unscreened half-period element, that is, the first such element 
reckoned from the edge A of the obstacle. Hence, the eflect produced 
here at any point Q within the geometrical shadow P^P^ will 
evidently be determined by the mutual action halved of the waves 
emitted from the first unscreened half-period element of the upper 
half of the given wave-front and of those from the first such 
element of its lower half, this latter element being reckoned from 
the lower edge B of the obstacle. If the edges A and B of the 
obstacle are now equidistant from the source and also from the 
screen MN, as we shall assume here, the waves from the two half- 
period elements in question will have the same phase upon leaving 
their respective sources on the given wave-front. On reaching 
any point Q on the screen, they will, therefore, differ in phase only 
by the difference in the distances AQ and BQ traversed, and thus 
cooperate or interfere with one another accordingly. The interior 
of the geometrical shadow P^P,^ will, therefore, exhibit a set of 
alternately bright and dark bands or fringes, and these bands will 
evidently be similar to the interference-bands produced by waves 
emitted from one and the same source and brought to interfere, after 
having traversed slightly different paths (cf. p. 108).' That these 
bands are, in fact, due to the interference of the two systems of 
elementary waves that bend round the edges of the given obstacle, 
has been demonstrated by Dr. Young as follows : he intercepted the 
one system of light rays by an opaque screen placed first in front of 
the obstacle, that is, between it and the source, and then behind 
the same, and found that in both cases the set of interior fringes 
disappeared completely, whereas the exterior fringes remained un- 
altered on that side of the geometrical shadow, where the waves were 
not intercepted; from which it is evident that the interior fringes 
are due to the interference of the two systems of elementary waves 
that pass over the edges of the obstacle, just as the phenomena 
of interference proper are due to the mutual action of two systems 
of ordinary waves, whereas the exterior fringes on either boundary 
of the shadow are produced by the mutual action alone of the 
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elementary waves that pass over the respective edge of the obstacle, 
&a maintained above. 

OoBditiouB for tbe Appearance of Interior Baods. — The interior 
difiraction bands, like the exterior ones, can evidently only appear 
when the angular diameter of the source of light is very small or 
narrow. But this is not the only condition for the appearance of 
interior fringes; their appearance also demands that the diffracting 
obBtocIe be very narrow; for otherwise the luminous effect within the 
geometrical shadow due to the action of the elementary waves that 
pass over either edge of the obstacle will extend only to a compara- 
tively short distance within the shadow, since the effective portion 
of that half of the given wave-front, which is confined, as we have 
seen above, to the immediate neighbourhood of the pole, will be 
screened off by the obstacle, except at points very near the bound- 
aries of the shadow; the waves that pass over the one edge of the 
obstacle and those that pass over the other will not then over- 
lap within the geometrical shadow, that is, there will be no inter- 
ference within the same between the two systeius of elementary waves. 
The interior of the given shadow, instead of exhibiting a set of fringes, 
&a is the case when the diffracting obstacle is very narrow, will, 
therefore, be illuminated only at and near its boundaries ; this 
illumination, which is brightest at the boundaries of the geometrical 
shadow, will evidently decrease continumtdy but rapidly, as we recede 
from the same towards the centre of the shadow (cf. p. 188). 

ExpreBBlonB for the Breadths of the Bands. — Lastly, let us deter- 
mine the breadths of the exterior and interior diffraction fringes 
produced on the screen MN by the narrow wire AB of Fig. 22. It 
is now easy to show that the breadth of the nth exterior fringe from 
the boundary of the geometrical shadow is given by the expression 



when the fringe is a dark one, and by 

y^.ji^i]y[^JS±S (2) 

when the fringe is a bright one (cf. E^. 1), where a denotes the 
distance of the edge A of the obstacle AB from the source and 
i it£ distance from the screen MN. By Ex. 3 at end of chapter the 
breadth of any interior fringe is given by the simple expression 

^ (3) 
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where 5 denotes the distance between the screen and the obstacle, as 
above, and c the distance (breadth) between its two diffracting edges. 

We observe that the expression (1) or (2) for the breadth of an 
exterior band is a function not only of the distances a and b but 
also of the band n in question; that is, the exterior bands will not 
be of equal breadth, but they will evidently decrease in breadth, as 
we recede from the geometrical shadow (cf. Ex. 2). On the other 
hand, the expression (3) for the breadth of an interior band is a 
function only of the distances h and c and not of the band in 
question; these bands will, therefore, be of equal breadth, and in 
this respect they will differ from the exterior bands. 

Relative Breadths of the Exterior and Interior Bands. — Let us now 
attempt to compare the breadths of the exterior and interior bands, 
the expressions (1) or (2) and (3), with each other. We have seen 
above that for the appearance of interior bands the breadth c of the 
obstacle AB must be taken small compared with easily measurable 
quantities, such as the distances a and b. We pan express this in 
the form 

— » (4) 

where t shall denote a small quantity. Let now 2/i denote the 
number of bands, dark or bright, within the geometrical shadow. 
The difference {DE) in the paths traversed by the waves from B{D) 
to P(,{PJ) and from A(0) to Po{P„} — ^the letters in the brackets refer 
to Fig. 12, those without brackete to Fig. 22— will then be 

{DE) = f.k = r^, (5) 

where i; shall denote a small quantity. The relative magnitudes of these 
two small quantities, t and ij, are now to be sought. 

From the similarity of the two right-^ngle triangles (CED) and 
(OPPJ) (cf. p. 110), we have 

(DE):{CE)=-{PJ'):(OP). 
or, by (B) and Fig. 22, 

ije : c cos f = fioi, : b, 

where J denotes the very small angle (ECD) (ef. Fig. 12) and (n, the 
width of any interior dark or bright band. Since now f is very small, 
we can put cos^=l approximately and thus write the last proportion 
in the form 

1) ; 1 = /MUj ; 6, 

Of, by (4), 7):f=^,:c (6) 

It is now evident &om Fig. 22 that 

>«o,: c/2=a + 6:o; (7) 
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we observe here th&t, althougli the breadth aif of the interior bands is 
iwt a function of the diBtance a (cf. formula (3)), the number of bands 
2fi that will appear within the geometrical shadow is a function of 
that distance. 
The proportions (6) and (7) give 

if.f^a + b-.ia, (8) 

the relation sought between the two small quantities < and ij. 
By this and relation (5) we can write the wave-length A as follows ; 
, Tje^a + b c 
° /I ^ 2o fi ' 

or, by (4), kJ^^'\ 

Replace A by this value in the expressions (2) and (3) for the breadths 
of the exterior and interior bands respectively, and we have 



where u, and <u, are expressed in terms of t and n in place of X, and hence 

••^"-^<">'5i <'> 

As the number of interior bands (2/i) increases, their breadth will, 
therefore, diminish relatively compared with the breadths of the exterior 
ones, especially of those near the boundaries of the geometrical shadow 
(cf. the values of/(») for different u'b in Ex. 2 at end of chapter). The 
interior bands will, therefore, in general (except for small values of /*), 
be finer or closer together than the interior ones, a result that is 
confirmed by observation. 

Difb»ction Phenomena produced by a Narrow Apettnre ; Exterior 
Bands. — Let us, next, examine the complementary case to the above, 
the effect produced on a screen MN by light that passes through a 
very narrow slit or aperture AS in a large screen, as indicated 
in the annexed figure. To determine the illumination at any point 
Q outeide the geometrical image F^^', we divide the unscreened 
portion of the wave-front S that passes through the two edges 
A and B of the slit up into half-period elemente, beginning at 
the point A of the same. If now the slit were not narrow, tbe un- 
screened portion AB of the wave-front would be so large that it 
would include the whole unscreened efiective portion of the same, 
and the resultant effect at Q would evidently be given by the 
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mutual action halved of the elementaiy waves from its first (from 
A) unscreened half-period element (cf. p. 188) ; in which case the 
illumination outside the geometrical image would evidently decrease 
rapidly but continuously, as we receded from the boundary Pf, or P^' 
of the image (cf. p. 188). In the given case, where the aperture 
is assumed to be (very) small, the unscreened portion AB of the 
given wave-front will include only a (small) part of the effective 
wave-front, that is, only a limited number n of half-period elements 
of the latter; the effect at Q will then depend on the number 
of elements in question, whether the same be odd or even, since the 
first and second, third and fourth and each consecutive pair of half- 
period elements will each emit elementary waves that will interfere 




mutually with one another at Q. The point Q (its locus) will, there- 
fore, be bright or dark according as the number n of the half-period 
elements of the unscreened portion AB of the given wave-front be odd 
or even. The upper and lower portions of the screen MN outside 
the geometrical image P^Pf,' will, therefore, each exhibit a system of 
alternately bright and dark bands similar to the exterior bands on the 
boundary of the geometrical shadow of a large opaque obstacle or fine 
wire (cf. above). The distances of these bands from either boundary 
of the geometrical image and their breadths will evidently be 
determined by similar expressions to those already found for the 
exterior bands on the boundaries of the geometrical shadow of a small 
opaque obstacle (cf. formulae (1) and (2) ^nd Ex. 1 at end of chapter). 

Conditions for the Appearance of Interior Bands and Method for 
their Determination. — If the screen MN is so remote from the aperture 
AB of Fig. 23 that at the boundary P^ or Pf,' of the geometrical image 
the unscreened portion AB of the given wave-front includes only the 
first half -period element, that is, if BP^ -AP^ = X/2, then the first (bright) 
band will appear at the boundary of the geometrical image, and the 
diffi'action phenomena exhibited will evidently consist of two sets of 
exterior bands, one on either boundary of the geometrical image (cf. 
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abore). On the other hand, if the screen of observation ia at such a 
distance from the aperture that at the point P^ or P^ the unscreened por- 
tion AB of the wave-front includes several half-period elements, then 
bands will evidently appear within the geometrical image, but the det«r- 
mination of their position, breadth and intensity will offer difficulties that 
cannot readily be solved by the simple methods employed above. This 
is evident from the following considerations i Take any point Q on the 
screen MN within the geometrical image (cf. Fig, 23). The luminous 
effect at that point is now due to the mutual action of the elementary 
waves from the several half-period element*, into which the unscreened 
portion AB of the given wave-front can be divided with respect to 
the point Q'. At any point Q outside the geometrical image the un- 
screened portion of the wave-front consisted of a portion of either only 
the upper or the lower half of the same, and we were able to divide 
that unscreened portion up into half-period elements, beginning at the 
respective edge of the aperture, without any further reference to the 
pole with respect to the point Q, and to determine the effect at Q 
according as the number of those elements was even or odd. Here, 
on the other hand, the unscreened portion of the wave-front includes 
a portion of the upper and a portion of the lower half of the same with 
respect to the respective pole F ; we must, therefore, divide the given 
unscreened portion of the wave-front up into half-period elements 
with respect to that pole F (cf. Figure 23) and on both sides of 
the same j this division would, in general, give not only a different 
number of half-period elements on either side of the pole but also a 
different residual of an element at either boundary of the unscreened 
portion, the edge .^ or £ of the aperture. The determination of the 
luminous effect at any point Q produced by the elementary wavee 
from these half-period elements would, therefore, be quite complicated, 
at least, according to the simple methods employed above ; it would, 
in fact, evidently be given by the sum (with reference to phase) of the 
following single effects i First, the effect due to the mutual action of 
the elementary waves from all the whole half-period element* on that 
side of the pole, which contains the smaller number m of unscreened 
elements, and from the first m such elements on the opposite side; 
the effect or illumination produced by these waves at the point Q' 
would now be either large, 4 times the natural effect, or very small, 
approximately zero, according a£ m is odd or even (cf. p. 156). 
Secondly, the effect due to the mutual action of the elementary waves 
from the remaining I - m unscreened whole half-period elements of the 
given wave-front, where I denotes the total number of such elements, 
into which the larger unscreened portion of the wave-front with 
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roapect to the pole P can be divided ; the effect produced at C by 
the waves from these l^m elements would, like the first effect, be 
either large or very small according as l-m were odd or even. 
Lastly, the effect due to the mutual action of the elementary waves 
from the two residual half-period elemente at the edges A and B 
of the given aperture ; their effect at Q' would evidently depend 
on their relative size compared with the adjacent elements and with 
each other, and whether both (/+1) and (m+1) be odd or even or 
the one odd and the other even. The expression for the total 
resultant effect at Q' would, therefore, be an extremely complicated 
one, evidently such an one as could not readily be determined by 
the simple methods employed above. 

For the diffraction phenomena produced by a small circular aperture 
in a largo opaque screen, see Ex. 4 at end of chapter. 

Dii&action Phenomena of the Primair and Secondary (Electromag- 
netic) Waves. — Let us now consider the diflraction phenomena pro- 
duced by the primary electric waves, for example, the linearly polarized 
electromagnetic waves of the most general form, those represented by the 
first terms of the expressions for X, Y, Zoi formulae (43, IL). It is now 
evident that the waves of the given system that come into consideration 
for diffraction phenomena or those emitted from that portion of the given 
wave-front, which is supposed to give rise to such phenomena, may 
be regarded as approximately, hero linearly, polarized (cf. also p. 78), 
provided their source be at considerable distance from the diffracting 
obstacle ; that is, the direction-cosines a, /3, 7 in the coefBcients of the 
expressions for the component moments may he regarded here as 
constant. If we write the given component momenta X^, Y^, 2, in 

the form Xi = — iaino*, Fj — — msinm, Z^^—pairtbi, 

where / = ai(^ + y') - a{a^ + a^y), 

m=a,(a^+/)-j8(a,a + a,r), 

^ = ai,(a« + ^)-y(a,a + a^), 
and (u = n[w(-(r + 8)], 

we may, therefore, regard these coefficients I, m, p as constant 
throughout that portion of the given wave-front, which comes into 
consideration in the determination of diifraction phenomena, that 
is, we may assume here, as above, that the several elementary sources 
on the portion in question of the given wave-front all emit similar 
elementary waves. The mutual action of these waves at an external 
point would, therefore, be subject to the same laws as those for 
the light waves already treated, and hence the phenomena of 

Ciooglc 



196 ELECTEOMAGNETIC THEORY OF LIGHT. 

diffractioD produced, being due to the same causes, difference in 
phase between the elementary naves at an external point due to 
difference in the paths traversed, etc., similar to those of light. The 
above would evidently also hold for the secondary electric waves. 
The diffraction phenomena exhibited by the electric waves would dift'er 
from those of light only in relative magnitude, the bands of the 
former, which are always proportional to the wave-length X of the 
waves employed, being much broader than those of the latter. On the 
other hand, the bands of the primary and those of the secondary waves 
would be of the same dimensions, since the wave-length of the secondary 
wave that accompanies any primary disturbance is always that of the 
latter (cf. fonnulae (43, II.)), The bands produced by the secondary 
waves would be much less brilliant than those exhibited by the primary, 
at least, when the source of disturbance were at considerable distance 
from the diffracting obstacle, as assumed here, since the intensity of 
the secondary wave varies inversely as the fourth power of the dis- 
tance from source and that of the primary inversely as its square. 
We could, therefore, expect to obtain bright diffraction bands 
from the secondary waves only either near their source or in 
those regions, where the secondary waves were unaccompanied by 
primary disturbances (cf. pp. 49-53 and 61-62), Near the source 
the secondary waves would now evidently be neither approximately 
(linearly) polarized nor of one and the same amplitude or intensity, 
that is, the elementary waves emitted from the different sources 
on that portion of the given wave-front that cornea into con- 
sideration in the determination of diffraction phenomena would differ 
here appreciably from one another, both in intensity and direction 
of oscillation, so that, aside from the difficulties encountered in the 
actual determination of their mutual action at an external point, do 
great regularity in intensity or its distribution (law of dispersion of the 
intensity) and hence only correspondingly irregular diffraction bands 
could be anticipated ; this would be true not only of the secondary 
but also of the primary waves in the neighbourhood of the source. 
The only regions where it might be possible to detect secondary 
diffraction bands of any great degree of regularity in distribution and 
intensity would, therefore, be those remote from the given source, 
and where the secondary waves were unaccompanied by primary 
disturbances (cf. pp. 49-52). 

Diffraction of the Roentgen Bays. — In connection with the above 
we may call attention to the experiments of C. H. Wind* on the 

*"Zum FresDeUchen Beugungsbilde einea Spaltea," Phj/ataiuelie Zeitachr^, 
vol L, p. 112 (1900). and vol. U., p. 265 (19D1). 
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diftraction of the Boent^n (X) rays on a narrow wedge-shaped slit; 
the observation-screen exhibits systems of difiraction bands, which 
have been photographed and are, with the exception of certain 
irregularities (cf. above), remarkably similar to those obtained from 
actual calculation by Freanel's method. 

Fresno's Theoiy of Diffiraction and its Shortcomings.— The above 
simple methods for the determination of diffraction phenomena were 
employed by Fresnet, and with great success, for the results obtained 
agreed in the cases treated with those of observation. There are, 
however, many problems that cannot readily be solved by the applica- 
tion of these methods, at least in the simple form employed above, 
as, for example, the determination of the distribution and intensity of 
the bands within the geometrical image of a. small opaque obstacle 
(cf. pp. 194-195). Freanel now developed these simple methods and 
the principles embodied therein and found new ones, by means of which 
he was enabled to treat and solve the more complicated problems on 
diftraction ; these new principles and the methods deduced from them 
then led to a concrete representation or theory, which is known as 
"Fresnel's Theory of Diffraction." These methods of Fresnel, which 
are graphic ones, the resultant intensity being represented by means of 
a spiral, the so-called " Comu spiral," the determination of which re- 
quires the evaluation of two (definite) integrals that are known as 
"Fresnel's Integrals," are now so exhaustively expounded and the 
different problems on diffraction so extensively treated in the standard 
text-books* on the theory of light that I shall not repeat them 
here, at least not in the form employed by Fresnel. Another, perhaps 
the chief, reason why we shall not follow Freanel's method of treatment 
is the following : We have seen in the chapter on Huygens's principle 
that the form assumed by Fresnel for representing the elementary waves 
emitted by the different (elementary) sources on any wave-front was 
not the correct one, for the mutual action of those elementary waves 
at an external point gave for the simplest ease, where the given 
waves were in no way obstructed by foreign bodies, an expression for 
the light vector at that point that differed materially from the actual one. 
On the assumption of Fresnel's form for representing the elementary 
waves we could not, therefore, expect to obtain the correct expression 
for the light vector at an external point for the cases of diffraction, 
where a given portion of the (light) waves is always intercepted. 
That the results obtained by Fresnel's theory of diffraction agree 
with observation is beyond all doubts ; but we must realize that 



♦Cf. PwBton, The Thtory of Light, pp. 243-287. 
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these results are only relative or qualitative onea; they give only 
qualitatively the phenomena sought, a result we might easily have 
anticipated, for, although an incorrect expression was chosen for 
the form of the elementary waves, the very principles upon which 
the phenomena of diffraction depend were recognized by Fresnel and 
embodied in his theory. 

Theory of Di&action based on Integral Expression for Light- 
Vector, — Henceforth we shall baae our treatment of diff'raction 
phenomena on the formula (61) derived in the preceding chapter, 
which expresses the light-vector at any point as the integral of a 
given expression taken over any surface that encloses that point. 
First of all, this formula must be made to conform to the conditions 
prevailing in the given medium ; this will necessitate the introduction 
of certain modifications and assumptions due to the presence of the 
foreign bodies or obstacles, to which the phenomena of diffraction are 
ascribed. Let us now consider the form of the expression under 
the integral sign in formula (51, V.) at any point M on the 
surface S enclosing the point Q, at which the light-vector 3^ shall 
be sought, when obstacles are placed in the course of the waves 
emitted by the source of disturbance (see Fig. 19). We have 
now seen in Chapter V, that for the simple case, where no obstacles 
intercepted the waves from 0, an evaluation of the given integral 
was possible, when we chose as surface of integration S a sphere 
with centre at the point ft and we found there, in fact, the 
correct expression for the vector at that point (cf, Ex. 9, p. 183). 
If we insert obstacles, which we shall assume are opaque and 
reflect no waves, in the medium, it is evident that a certain 
portion of the waves emitted by the source will be inter- 
cepted and hence that the resultant vector at Q will be given 
by a different expression from that already found for the 
simple case, where there was no obstruction of the waves 
throughout the medium. The flrst question that arises upon 
the insertion of an opaque obstacle, as a screen, in the medium 
is, bow shall we lay the surface of integration S with respect to 

that screen % A knowledge of the values of the vector * and ^ 

along the whole surface of integration chosen, where n denotes the 
inner normal to that surface, is now evidently necessary for ai) 
evaluation of the integral of formula (51, V.). This can be had, 
if we lay the surface of integration parallel and very near to 
that side of the obstructing screen that is turned away from the 
source of disturbance, for we can then assume most iqiproximately 
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that both s and ^ vanish at every point od that surface that is 
sheltered from the action of the waves or is directly behind the 
screen (as seen from the source) and that at all other points on 
the same they retain the same values as those assumed by these 
quantities, when there is no obstruction; at points not directly 
behind the screen the surface of integration can evidently be laid 
as best suited for an evaluation of the given integral. This method 
of treatment of the obstructing screen and the assumptions embodied 
in the same are evidently similar to those employed by Fresnel (cf. 
pp. 144-153). The assumption that g and =— both vanish directly 
behind the screen but retain the same values at all other points 
as in the case, where there is no obstruction of the waves, will 
evidently be realized only, when the obstructing screen or the 
aperture in the large opaque screen is large compared with the 
wave-length of the waves employed ; the results obtained on this 
assumption will then, in fact, be found to agree with observation 
(see below). On the Other hand, if the obstructing screen or the 
aperture in the large screen is very small, the above assumption 
cannot well be maintained, since that portion of the given surface 
of integration or wave-front (according to Fresnel) that comes 
into consideration will then be so very small (of the dimensions 
of the given screen or aperture), that the vanishing of s and 
^ behind such a screen and the assumption of their natural values 
in the very next proximity or the assumption of their natural 
values in the small aperture and their vanishing in its very next 
proximity could not well be realized.* The theory in question is, 
therefore, only an approximate one and, like Fresnel 'a method 
employed above, it can be applied only to those problems on difirac- 
tion, where the obstructing screen or the aperture is- not very small, 
at least compared with the wave-length. 

Oensrol Frohlem on Diffiractlon : DiStMtion on Small Apertoxe in 
lATge Opaqns Screen. — Let us now consider the above theory of 

* Thii coald also be atated aa followa : When the acreen or aperture ia very 
small, ita edgea and (he behavioar of » and ^ at and near the aame will alone 
come into comideration, whereas, when the screen or aperture is large, its 
edges will constitute bo small a part of the screened or open portion respec- 
tively of the anrface of integration or wave-front, that the behaviour of these 
quantities at and near the edgea will not come into consideration. For this r«Mon 
the above assumption on the behaviour of s and ^ can evidently be maintained 
only in the latter cose. 
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difimction, that baaed on formula (51, V.) and on the validity of 

the above asaumption for the values of s and — directly behind 

obetructiDg bodies and at other points on the surface S (cf. Fig. 19) ; 
that ia, let ua determine the hght vector s^ at any external point Q, 
expressed as integral of a given expression over any surface S 
enclosing that point, for the different problems on diffraction. Let 
us, first, examine the case, where a large opaque plane screen with 
a smalt aperture is placed between the source of disturbance and the 
point of observation Q, which latter shall 
lie in the region, to which the difiraction 
phenomena sought are confined ; the 
screen shall be ao large that it inter- 
cepts all the waves from the given 
source except those that pass through the 
aperture, whereas the dimensions of the 
aperture ehall be very small compared 
with the distances p of the source from 
the same on its one aide and r of the 
point o! observation Q on its other, as 
indicated in the annexed figure. Let 
now the plane of the large obstructing 
screen be chosen as ij-plane of a system 
of rectangular coordinates x, y, z, whose 
origin shall be taken so near the given 
aperture that the distance of any point 
M in the same will be small compared' 
with the distances p■^ and Pg of the points 
and from that origin. We denote 
the coordinates of the source by z^, y,, 
z„ of the point of observation Q by x^, 
y^ Zf^ and of any point M in the aperture by x, y{a=0). The 
distances p^, p„ p and r will then be given by the expresaiona 

p2 = {Xi-a:)=-i-(yi-y)* + 2, 
and '^ = (%-ir)' + (?o-y)' + ^t 

By the first two of these relations we can write the last two in the form 
pS-.p,!+j? + y=-2(wrj + yy,) 
and '■=-V + '^ + y-2(iK^ + yj'o). • 




..(10) 
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. /ll'^ + y'- 


-2(ay-»,) 




Pi^ 


■, ^11 *■+■'"■ 


-2 («, + .».) 




P/ 



and 

Since now, by assumption, x and y are small compared with p-^ and pg, 
the second Wrms of the expressions under the squars-rool signs of these 
expressions for p and r will be small compared with their first onea or 
unity; we obtain, therefore, approximate values for p and r, on develop- 
ing these expressions by the binomial theorem according to the 
ascending powers of their second terms and on rejecting the tenns of 
the higher orders of magnitude in x/pj, y/p, and xjp^, yjp^ respectively ; 
if we retain here the terms of only the null, first and second orders 
of magnitude in these quantities, we evidently have 

'' '^L 2 V 8 V J 



and similarly. 



.{: 






If we denote the direction-cosines of the vectors p, and p^ by 
4, 0j and a^ ^f, respeotively, we can write these expressions for 
» and r in the form 



P=ft-(<'i^ + M + - 



1+y* ( V + ff,y )'- 
2Pi 2pi 



..(12A) 



and .=,„_(^^^^)^^^;^J^J^^^oV)!^ 

X.et US now employ formula (51, V.) for an examination of the 
^ven problem. If we assume that the light-vector s at any point 
on the surface of integration due to the action of the waves emitted 
by the source 0, which shall lie outside that surface, be given by the 
expression 

S=- Sin -J- (vt-p) 
P ^ 

(cf. formula (52, V.)), where p denotes the distance of that point from 
the source, then the light-vector s^ at any point Q within that 
surface will evidently be given, for light-waves, by the expression 

h-^A-['^i't>P)-'^^{^*')]°'^-^[^-(P+^)]^ (13) 
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(cf. formuI& (55, V.)), where, however, here ds shall denote any snrface- 
element of the unscreened portion of the surface of integration choaen 
(cf. above) ; we choose here as surface of integration best suited for 
an evaluation of the given integral the lyplane. For electric waves 
or waves of long wave length, the vector in question would be given 
by the more approximate formula (54, V). 

Since now the aperture in the large obstructing screen is, hy 
assumption, very small compared with the distances p and r, the angles 
(n, p) and (n, r) in the expression (13) may be regarded as constant 
by the given integration, which is extended only over that aperture ; 
for the same reasons /> and r may also be regarded as constant by 
the given integration, except where they are divided by very 
small quantities, as the wave-length A of the lightwaves. We 
can, therefore, write the above integral (13) for i^, here in the 
form 

3o = £^[cos(n.p)-coa(n,r)]jco8^[rt-(p+r)]<fa (13a) 

By formulae (12a), which express p and r (most approximately) in 
terms of the coordinates x, y of any point M in the aperture, the 
expression to be integrated here can now be written 

&x~[vt-{p + r)\ 

= cos -'^ [i^ - (Pi + Po) ] cos [/(x, y)] - sin ^ [vt - (p, + p^)] sin [/(x, y)], 
where 

/(»iy)-xr<°.+°.)"^+<ft+«»-^-(r+„-)l 

2p, 2/>, J J 

We can, therefore, write formula (13a) Id the form 

So - ^ r;; [cos (n, p)-ca8 (n, r)] jcos ^ [ri- (pi + po)]J eo8 [/(z, y)] is 
- .in -'^'[ri - (p, + p.)] |,in \J(^ j)]i,| 

Ught-VectoT Beenltant of two STstems of Waves. — By formula 
(15) we could conceive the light-vector % as due to the mutual action 



(15) 
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of two aystcma of (elementary) waves emitted from the aperture s, 
whose dilTerence in phase is >r/2 and whose amplitudes are propor- 
tional to the integrals 

f (i«) 

and S" jein[/(a^ y)]"^ 

To obtain a simpler form for f{x, y) than the above (14), we lay 
the origin of our system of coordinates x, y, z a.t that point of the 
x^-plane, where the same is intersected by the straight line joining 
the source and the point of observation Q (cf. Fig. 24) ; the vectors 
Pi and p^ will then lie on one and the same straight line, but they 
will be oppositely directed ; hence 

Oj = - dij and j8j = -P^ 
and formula (14) may then be written in the simpler form 

Lastly, we may choose the projection of the line OQ on the xy-plane 
as X-axis of a new system of rectangular coordinates (cf. Fig. 24); 
^j will then vanish, and hence f(x, y) assume the form 

--i(p;+^)<*»"*^>''J 

where ^ denotes the angle which the vector p■^ makes vrith the z-axis. 

On referring formula (15) to this new uniquely determined system 
of coordinates, we can, therefore, write the same in the explicit form 

s.= .^^8in<ulsin %{- + - |(a:*C08*<i -n u*) rfs 
-I- COS ui COS ^J- +■ Uai^cosV+y^} <^s[ 
where -^=^^[cos(n, p)-co8(n, r)] and w = -£[rf-(pj+p^)]...(18A) 

Difltactlon on Straight Edge of Large Opaane Scresn.— Let us, first, 
employ formula (16) for an examination of the diSraction on the straight 
edge of a large opaque screen ; we shall see below that this problem 
may be treated as a particular caae of the above general one, where 
namely the (small) aperture in the large obstructing screen is of quite 
arbitrary contour. We choose the straight obstructing edge of the 
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screen parallel to the t/-axie ; the screen itaelf shall extend in the direc- 
tion of the positive x-axis, from x = x' to z= +cd, and its diffracting 
edge (parallel to the y-axie) from y— +oo toy=-=o,a§ indicated in 
the annexed figure. Let ua now examine the expression (18) for the 
light-vector s^ at any point Q outside the geometrical shadow and in the 
plane that passes through the given source and intersects the large 
opaque screen in a line, which we shall choose as z-axis, that makes 
a right angle with it« diffracting edge (cf. Fig. 25). This system of 
coordinates is evidently that uniquely determined one chosen above, 
the system to which formula (18) has been referred. 



We have assumed above in the general development that the aperture 
in the large obstructing screen or the unscreened portion of the given 
surface of integration be small and that any point of the same be at a 
distance from the origin of our system of coordinates that is small 
compared with the distances />, and p^ of the soiirce and the point of 
observation Q. respectively from that origin. Here we can now image 
the unscreened portion of the given surface of integration or wave-front 
(the zp-plane) as divided into two regions, the one extending from the 
diffracting edge of the screen to only a short distance within its un- 
screened portion (in the direction of the negative s-axis) and the other 
from that line of division to z = - cc ; the former region shall include 
the effective portion of the given wave-front or that, which emit« the 
waves, whose action at the point of observation determines most 
approximately the ligh^vector sought, and the latter its ineffective 
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portion or that which contributes only inappreciably to that vector. We 
have now seen on p. 153 that the effective portion of any wave-front was 
confined alone to the region in the next proximity of the pole (with 
respect to the point Q) ; the dimensions of this region, although large 
compared with the wave-length of the waves employed, will always be 
small compared with the distances of the source and the point of obser- 
vation from the same, and especially here, where these points have been 
assumed to be at considerable distance from the screen. Since now the 
effective portion of the given wave-front is small compared with the 
distances p-j and pg and hence any point of the same at a distance 
from the given origin that is small compared with those distances, 
the above development will evidently hold here, that is, the formulae 
already derived may be employed for an examination of the given 
problem, and this problem may thus be regarded as a particular case 
of the above general one. At the same time, since the integration 
over the ineffective portion of the given wave-front or surface of 
integration will contribute approximately nothing to the value of the 
light^vector sought, the integration itself may be extended not only 
over the effective but also over the ineSective portion of the same, 
that is, here from x=x' to i!= - oo . 
We may, therefore, write the above expression (18) for s^ here 

.,-^|.iii.J'|".m[j(i + i)(«'c<»<<. + y>)]4.<i!, l 

-i-cos(o| I COS ';( — +— Uaj^cos^'^-Hy*) (forfy!- 

To evaluate the integrals of this expression for Sq, we, first, replace 
the variables x and y by the two new ones, v and m, where 

J vdv dv 



..(19) 



IQ.^^" 



^WF) 



ana rry i 

and we have I I sin t (— + — ){i«*cos'^ + y')UE4y 
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and _n"«»[-lC' +^j(-'eo..* + ,,]^.^, 

where the upper limits if are to be replaced by the expression 

''-'""*^l¥^) w 

On expanding here the sine and the cosine of the angle ^(i^ + «*) as 

functione of the sines and cosines of the single angles -^ and ^, 
we can write these integrals 



1 ff- i«' f . rf, 

■^— p.|J,«os-j-J.J sm^i. 



+ 1 sin -s-att I cos -^j-dv } 

— ■! I cos— diil co8-g 






-1 sin-^-iful 8in-H-rfw> 



Fresnel'B Zntegials and Oomtt's Spiral The integrals that appear 

n formulae (21), 



and 



|COS-^rfU= IC08-^-0)7=g 

iBin-^o«= |8m-^(«j=ij I 



— we denote them by ^ and ij — are known as "Fresnel's Integrals." 
Since now these integrals appear in all problems on difiraction, 
a. knowledge of the values they assume according to the limits of 
integration in question will be indispensable to a further treatment 
of the problems on diffraction ; before we proceed further with the 
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examination of the given problem, let us, therefore, consider the 
different properties of and the values assumed by these integrals 
according to the dilTerent limits of integration chosen. Let us, first, 
examine the two fundamental integrals 

....(22a) 



g= I coB — dv and ij = I sin -^ (fp. . 



The values of these integrals will evidently vary according to the 
value of their upper limits v. Let us now choose these values, ^ and ij, 
as coordinates of a system of rectangular coordinates and seek the 
curve described by the point |, ij for different values of v. This curve 
will pass through the origin of these coordinates, since for ti = both^ and 
i; evidently vanish. If we replace the upper limits p by -v, the values 
assumed by these integrals will evidently differ only in sign from those 
of the above (22a), that is, both ^ and i/ will change signs only ; the 
curve sought will, therefore, be symmetrical with respect to the origin 
^«=)j = 0, since for any and every pair of values ^, i/ corresponding to 
any positive value of v there will always be a similar pair -$, -^ that 
corresponds to a negative v. 

To determine the length of any element ds of the given curve, we 
observe that the projections of any such element on the $- and ij-axes 
will be ^ ^ 2 

rff =<il eos-^fi»=cos -^dv 

and, similarly, di] = am -^dv; 

hence ds - Jd^ + di/^ = dv\ 

or integrated a = p /' ^ ' 

provided the curve be measured from the origin, the lower limits zero. 

The angle, which the tangent to the curve $, ij at any point f, ij (») 

makes with the ^-axis, will evidently be given by the expression 

d-n . TTV^ 
tanr=^^,tan-2-, 

henoo '■=X ^^*' 

At the origin or for j=i' = (cf, formula (23)) t = 0, that is, the curve 
will leave the origin on either side running tangential to the ^-axis; for 
a=v=\, T=jr/2, that is, the curve will run here parallel to the ij-axis; 
it will next run parallel to the ^-axis for T=ir, that is, f or o^ = 2 = s^*, 
then again parallel to the )/-axis for t= ^ or t^ = 3=«*, etc. (cf. 
Kg. 36). 
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The rsdina of curyature p of the ciirve f, jj at any point {$, ij) will 
eridently be given bjr d, dv 1 I ,.„ 

(cf. formulae (23) and (24) ) ; that is, the radius of curvature will vary 
inversely as the length of the curve S from the origin. The curve 
described by the point f, t) on either side of the origin will, therefore, 
be one whose radius of curvature decreases continously, as we recede 
from the origin along the same; such a curve is now a spiral or 
double spiral i that in question is known as "Comu's spiral." Each 
spiral approaches now a given asymptotic point A or A' (cf. Fig. 26), 
closing in more and more on that point as the length of the curve s 
from the origin increases, until it finally for s = « = co reaches that point. 
Determination of Coordinates of the Aayniptottc Points of Coma's 
SjriiaL — Let us, next, determine the coordinates of the asymptotic 
point A of Comu's spiral (cf. Fig. 26) ; they are evidently given by 
the values of the integrals 

f,-j'co.^Aand,,-j'sm^*. (26) 

To evaluate these integrals, we make use of the integrals 

fe—dx^M, (27) 

r«—rfy = j(f, 

and their product rr(!-«^''(iz(Jy=^. (28) 

We, first, seek the value of this double integral on the assumption 
that X and t/ are the rectangular coordinates of any point P (in the 2^ 
plaDe)j dxdy will then denote any rectangular surface-element of the 
a^-plane. To evaluate this integral, we replace the surface-element 
dxdy by the surface-element do bounded on the one hand by any two 
vectors r, that subtend the infiuitesimal angle d<t> at the origin, and 
on the other hand by the segments of arc, intercepted by those 
vectors, of any two circles of radii, that differ by the infinitesimal 
quantity dr. The area of any such element do will evidently be 
do — Tdrd<t>. 

On replacing the rectangular coordinates a^ y by these new ones r 
and ift, we can write the above double integral in the form 



M' 



-'rdr-M'. 
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Thi«i 


^WgnJ 


r.--=H-r-i 


•nd 




^=i. 


that 




'# 'e-V*-j.Jfs, 


hence 




«=\ji. 



mely, aiiu 



w 

We, next, replace the variable z in integral (37) by a new variable 
), where the following relation shall hold between these two variablea : 



hence dx"*,] --^dv, 

where i shall denote the imaginary unit J -\; and we have 

(of. formula (29) X which gives 

P"*-?!?^ <»> 

We can now write the value of this integral in another fonn, one, 
in which the real and the imagioary parts appear separate. To 
accomplish this, we observe that 





7^=^ 










and 












which gives 


2i-(H-7. 










and hence 


,, 1 + i 1 










BepUee^ 


in formula (30) by this value 


1+t 


and we 


hsTe 


(30a) 
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we can vrite thie iotegral in the form 

«TJ* . . «A, 1+i 
)s-^ + (8in — Idp — — ;^ 

LbbU}', since both the real and the imaginary parta on the two sides 
of any equation must always be equal, it follows from this integral 
equation that 

1 cos —r-dV — t; 



[(" 



SDd 



fA. 



1 



,..(31) 



the integrals, whose values were sought 

The coordinates of the asymptotic point j 
by the point 

5" I cos — dp, )}— I sin 



of the spiral described 



will, therefore, be 



i.-V.= 



..<3lA) 



(cf. formulae (26)); this point is thus situated on the line bisecting 
the right angle between the coordinate-axes { and i). 

Ooiutnictioii of Coma's SpitaL — To plot Cornu's spiral, we start at 
the origin and lay offthe distance 3 "01 on the f-axis (cf. Fig. 26). From 
this point we draw a straight line intersecting the ij-axis at the angle 

'^^ - " "■"• - JT 0-005 (( = 0-1) 

(cf. formula (24)), and describe 
with this point of intersection as 
centre a circle of radius 



s001 = 




1 10 



(< = 0-l) 



(cf. formula (25)); this circle 
will pass (most approximately) 
through the origin of our co- 
ordinates. On this circle we lay 
ofT from the origin the aro of 
length s==0'l ; at the end of this 
arc s=0-I the given circle will 
evidently have the radius of 
curvature of the spiral sought at that point of the same, which is at 
the distance i — 0*1 from the origin measured along the spiral. On 
joining this point with the origin (by a curve whose radius of cur- 
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vature increaeee from that of the spiral at the point i — O'l to/>=(x> at 
the origin), we obtain the first portion of the given spiral. 

To obtain the next portion of the spiral, we continue the curve 
from the point s = 0'I of the same, by describing a circle of radius 
p=-~ {» = 02), whose centre is to be deteiTnined similarly to that of 

the first circle, lay off from the end of the first portion of the spiral 
already plotted the arc of length ^=0-1 on the same and join the end of 
this arc with that of the first one by a curve of the radius of curva- 
ture in question. Similarly, we can construct the successive portions 
of the given spiral. 

Evaluation of Fresnel's Integiala.— The above method of construct- 
ing Comu's spiral, like the other methods based on the approximato 
evaluations of the integrals themselves (ct. Exa. 6-9), is evidently only 
an approximate one. The values of Fresnel's integrals, as determined 
by Gilbert,* are given in the following table : 



- 


./■«.=.. 


,./■«. !f* 


" 


^.j-^'i^. 


,.|-.i»?.. 


0-0 


0-0000 


0-0000 


2-6 


0-3389 


0-6600 


0-1 


00000 


0-0005 


2-7 


0-3926 


0-4529 


0-2 


0-1009 


00042 


2-8 


0-4675 


0-3015 


OS 


0-2094 


0-0141 


2-9 


0-5624 


0-4102 


0-4 


0-3975 


0-0334 


3-0 


0-6a57 


0-4963 


0-6 


0-4923 


0-0647 


3-1 


0-6816 


0-6818 


0-6 


0-9811 


01105 


3-2 


0-4663 


0-6933 


0-7 


0-6097 


0-1721 


3-3 


0-4067 


0-6193 


0-B 


0-7230 


0-2493 


3-4 


0-43SS 


0-4287 


0-8 


0-7648 


0.^398 


3-5 


0-5326 


0-4153 


1-0 


0-7799 


0-4383 


36 


0-5880 


0-4023 


11 


7638 


06365 


3-7 


0-6410 


0-6760 


1-2 


0-7154 


06234 


3-8 


0-4481 


0-6666 


13 


0-6386 


06863 


3-0 


0-4223 


047ffi! 


1-4 


0-5431 


0-7135 


4-0 


0-4984 


0-4205 


IS 


0-4453 


0-6975 


4-1 


0-5737 


0-4768 


1-6 


0-366S 


0-6383 


4-2 


0-5417 


0-6632 


1-7 


0-3238 


5492 


4-3 


0-4494 


0-5540 


1-8 


0-3337t 


0-4509 


4-4 


0-4363 


0-4823 


Ifl 


0-3945 


0-3734 


4-5 


0-5258 


0-4342 


20 


0-4883 


0-3434 


4-6 


0-5672 


0-5162 


21 


0-5814 


0-3743 


4-7 


0-4914 


0-6669 


2-2 


0-6362 


0-4556 


4-8 


0-4.f38 


0-4068 


23 


0-6268 


0-5.'>26 


49 


0-5002 


0-4351 


2-4 


0-5560 


0-61M 


5-0 


0-5636 


0-4992 


2-6 


0-4574 


0-6102 




0-6000 


0-5000 



* Gilbert, Mtm. couroKnit dt VAcad. dt BruxdUt, tom. xixi., p. 1, 1863. 

tTh« value 03363 found b^ Gilbert for the int^nl f for o-lS varies ap- 
preciably from thoae determined anbeeqaently bj other methods ; we have, 
therefore, reptaoed it in tba above t*ble bf the more exact valne 0'3337 found 
by C. W. Wind (cf. Phys. ZtUidtrift, No. 18, p. 266). 
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This table showa that the given integrala posa through a aeries of 
marima and minima, which become less and less marked as we 
apinttach the asymptote points. Lommel* has evaluated Freanel's 
integrals to the sixth decimal for the variable (upper limit) ^ = -g" ^'**' 
«=0'1, 0-2, 0-3. .. 0-9, 1-0, 1-5, 2-0, 2-5. ..49-6, 50, which correspond to 
110 values of v between 0'064 and 5-642. 

The Qiven Problem. — Let us now return to the examination of the 
above problem on dif&action, which we were obliged to interrupt 
on account of the appearance of Fresnel's integrals (cf. formulae (21)), 
which we have just investigated. 

The integrals of formulae (21), whose limits are - °o and + « , can 
evidently be evaluated at once ; we have namely 



cos -s- d« - 1 



(cf. formulae (31)), and, similarly, 

Wo can, therefore, write formulae (21) 

f'ronrj(^ + 'J(«'eo«'*+y>)]&iy 



..(32) 



cos^ 

rrco«rj(^+i)(«%oi'*+rt]"'»* 



^ffcj)!!"'^'""!""^*'}' 



and hence formula (19) for Sg 



j^Pj— {siu.|Jsin^,i«+J"cos^A.] 



..(33) 



+co8(u I cos-s-ip- I ta.n-^dn I 

\gl. bayr. Ahat 
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This light-vector *^ like the light-vootor s^ of formula {15), can now 
be conceived as due to the mutual action of two systems of (element- 
aiy) waves, whose difference in phase is n-/2 and whose amplitudes are 






Tbe Bemltutt iBtanstty. — According to the principle of interference 
the resultant intensity / produced by the mutual action of two waves, 
whose difference in phase is r/2, is now proportional to the sum of the 
amplitudes squared of the given single waves (cf. formula (4, IV)). 
The resultant intensity / of the two syst«niB of waves, to whose 
mutual action the light-vector s^ of formula (33) is conceived as due, 
will, therefore, be proportional to the expression 

x{U8iQ5fdp+['eo8^rfpJ + Ucos^dt.-[''Bin^A'J} 
j^^^_{[jBin?!^rft.J+[|'cos^<i.J}, 



..(34) 



3cos^<^;(- 

or, by formula (18a), 

^ a''[cos(B,p)-coH()^r)P ftVp' 
8p»r*coe»<^ (ft + P^ 

Ezpreesion for the Sesnltaiit Intensity. — Let us now examine the 
expression (34) for the intensity. We have now seen on p. 205 that 
only those elements of the surface of integration or half-period 
elements of the given wave-front come into conBideration that are 
in the immediate neighbourhood of the pole on that surface or 
wavfr-front with respect to the point of observation Q (eee Fig. 25), 
which pole has been chosen above as origin of our coordinates 
(cf. p. 203 and Fig. 25). We can, therefore, replace most approxi- 
mately ^ by p, and r hy p^ in the coe^etent of the above expression 
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(34) for / {cf. also p. 155). Thia coefficient will then aasume the form 

a'[co8(w,p,)-cog(w,pB)? 

«C08«*(p,+/.o)^ ■ 

Moreover, since the origin of our coordinates has been laid on 
the line joining the source and the point of observation Q (cf- 
Fig. 24), we evidently have 

C«'('H^i)= -C08(«, Po) = coB<^, 
and the given coefficient will then reduce to the simple form 



2(p, + Po)*' 
The expression (34) can thus be written (most approximately) 

For the determination of / for waves of long wave-length see f^x. 5 
at end of chapter. 

a«ometrical Intoipretation of Ezpressloii for Besnltutt latensitT. — 

We can now interpret geometrically the integral expression in the 
largest brackets of formula (35) for 1 by means of Comu'a spiral. 
For this purpose we denote the coordinates of any two points of 
the (Comu's) spiral of Fig. 26 by f, ij and f , ij', where 



t=l cos ij-ttB, y}=\ soi-^dv 



..(36) 



The direct distance A between any two such points is evidently 
determined by the expression 



(37) 



= I coe-5-ao- 1 008-5-ai' +■ 1 Bm-^dv- 1 Bin- ^-dv 

which we can interpret as follows : The sum of the squares of the two 
(Fresnel'a) integrals 

I cos-j-af and 1 sm-g-aw 
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can be represented by tbe square of the direct distance bettreen the 
two points of Gomu's spiral (cf. Fig. 26), whose cooidinates £, ij and 
f , i;' are determined by the values of the integrals (36). 
For v= ~ 00 formula (37) will assume the form 

i'-(f-«r)' + (V-1..)'-Uo<»'^*J + UBn^i.J, 

where |j, i]^, denote the coordinates of the asymptotic point A' of the 
spiral in the quadrant - f, - ij ; this integral expression is now the 
one in the largest brackets of formula (35). We thus have 

/prop, to ^ 



(cf. formula (31)), that is, the intensity at the given point will be 
proportional to the square of the direct distance of the point f, ij' 
from the asymptotic point (j, -= i^' = - 1/2. 

Exterior Dilbaction Bands. — It is evident from the form of the given 
(Gomu's) spiral (cf. Fig. 26) that the distance of any point f, V of the 
same from the asymptotif: point (j., ij^. will pass through a aeries of 
maxima and minima, as we recede from the origin, ^ = )j = (p'-=0), 
along the spiral towards the asymptotic point f^ = ?jj = 1/2 (t/ = oo ), 
that is, as the distance 3^ of the obatruoting edge of the given screen 
is increased from x^ — O tQ3^ = <t>; positive values of nf correspond now 
to points of observation Q outside the geometrical shadow (cf. Fig. 25). 
On the other hand, for negative values of n' or x, which will correspond 
to points Q inside the geometrical shadow, the distance of any point 
^, 1]' of the spiral will evidently diminish cmUiTuumsli/, without passing 
through maxima or minima, as we recede from the origin along the 
spiral towards the asymptotic point ^_,, = ^^, = - 1/2 (t<= -oo). These 
results, which are confirmed by observation, are similar to those obtained 
by the former less exact method (cf. pp. 187, 188), 

Appiaximaibt Determination of Ihstribntion of Bands. — The exact 
determination of the position of the maxima and minima of intensity 
(outside the geometrical shadow) would require the determination of 
the points of the spiral in the quadrant ^, r) that are furthest and nearest 
respectively to the asymptotic point ^^. = ri^,= - 1/2 ; this problem has 
been solved in all its details by Ijommel.* These points may now be 

* " Die BeugungaerscheiauiigeD einer kreiiniDdeii Oeffiiang nnd einM kreie- 
niDden Schirmchani etc," uid "Die BeuKiuigaenabQiDuiigea gradlinig begrenzter 
Scbinne," in the AhhtawU-aiigtii der jaath.-phy». Claitf dtr kgt. ba^. Atadtmit 
der WiiKtiMckufUti, pp. 233-329 aod pp. 531-694 mpectively. 
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determined apiH^mately ; approximately they will evidently be the 
pointfl of interaection of the given spiral and tlie straight line bisecting 
the quAdnnte £, if and - (, - 1; of Fig. 26 and passing through the 
asymptotic points of both apirala. Since t^iis line cats the given 
spiral ^iproximateiy orthogonally (of. Fig. 26), the angle r, which the 
tangent to the spiral at any such point makes with the f-axis, will 
evidently be apfnvxiiiiately 

T-(3/4 + 2A))r 
for maxima of distance A or intensity I and 

T-(7/4 + 2A)^ 
for minitn*.^ where h = 0, I, 2, 

By forrnuU (24), ■' = ^' 

these maxima and minima will, therefore, correspond to the following 
valnes aiif : 



and 

These different values of t^ correspond now to different podtione of 
the point of observation Q ; let us, next, determine c* in terms of the 
position (with regard to source and soreeD) of any such point. For this 
purpose we assume that the vector from the source to the obstructing 
edge of the given screen coincide with the normal to the screen at that 
edge; this assumption is evidently consistent with the construction 
represented in Fig. 25, Let us denote this shortest distance from 
source to screen by a (of. Fig, 25). We now continue the vector from 
through the obstructing edge of the screen downwards till it meets 
the line (screen of observation) drawn through the point Q parallel 
to the x-axiB at the point £ (cf. Fig. 25); this point B marks the 
edge of the geometrical shadow on the screen of observation. Let ua 
denote the distance of the point It from the obstruoting edge of the 
given screen by b and the distance of the point of observation Q from 
R by d. It follows then from Fig. 26 that 

a:a + b~3^:d. (40) 

and a : P] K cos ^ 

By formula (20), we have now 
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Replace here n! by ita value from fonnuU (40), and we have 
ad 



p--- : 



V!a^^> 



For pointa Q near the edge of Uie geometrical shadow R — only 
such pointe come into consideration here (cf. p. 206) — we may now 
replace />i by a and p^ by h most approximately and hence put 
cos ^ = o/pj = 1. 

We can then write ^ most approximately 



tiiat is, f{ will be directly proportional to the distance d of the point of 
observation Q from the edge of the geometrical shadow R. 

By formulae (39) maxima and minima of intensity will appear for 
the following particular values of t/ : 



+ a and »'.u. = y^ + 4A- 

Beplace here \l by its value (41) in terms of the distance d,, and 
we have , — ^ 

On evaluating here the expressions ^/3/2 + 4A and s/7/2 + 4A for the 
different values of &, %"% 1, 2, ..., we find the following values for 
the cf B : 

rfo«r,-pl-225, d,_^ -.^2-345, if,^=p3-0e2, rf,_^=i'3674, 
and 4,^=;)1-871, <i,^=f 2-739, d^^^_=fZZ^\, rf,„,^-j'3-937, 
M6(a + 6) 



where ^ = VtP <"' 

These approximate values for the distances of the first maxima and 
minima of intensity from the boundary of the geometrical shadow 
differ only inappreciably from the exacter ones, found by Lonunel;* 

'"Die Beagongserecfaeiiiangen geradlinig begrenzter SchirrDe" ; Ahkaadiungm 
der math.-phy. Claaae der igi, bayr, AkwUoue dtr H'MMtMcAq/len, B«od XT., 
I^beUe XXI», p. 662. 
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the latter values for these diatanceB, ezpreased in tenna of the quantity 

X, where I — —3-, are 

4-654, 17-268, 29-840, 42-409, 
and 11015, 23-569, 36-132, 48-698 respectively, 

where we have retained only the first three decimals \ these values 
correspond to the following values of i : 

p\-2n, p2-344, p3-082, ;i3-674, 
and ^1-873, p2-139, i)3 391, pZQSl respectively. 

Intemitr of M^^rlmfr and TWtnimn. — The intensities of the above 
maxima and minima will now, by fonnula (38), be proportional approxi- 
mately to the squares of the direct distances of the points of inter- 
section of the line A' A and the upper {in the quadrant f, 17) (Comu's) 
spiral from the asymptotic point A' of the lower spiral. If we chooee 
the natural intensity as unity, we find," on measuring these dis- 
tances, the following values for the maximum and minimum intensities 
in question : 

/o™.. = l'34, /,„ = I-20, /,„„ = M6, 
and Jo^,^ = 0-78, /,^=0-84, /j„,..=0-87. 

These values also difier only inappreciably from those found by the 
exacter method. Lommelt has found the following values for these 



1-370. 1199, 1151, 
and 0-778, 0-843, 0-872, 

where we have retained only the first three decimals. 

Diffraction on Harrov Slit in Large Opaque Scieeii. — Let us, 
next, examine the behaviour of the intensity after the passage of 
light-waves through a narrow slit in a large opaque screen. We can 
now regard the preceding problem as a particular case of the given 
one, the slit being conceived in the former as so broad that there is 
a diffraction of the waves on its one edge only. The given problem 
will, therefore, difi'er from the preceding one only therein that the 
lower limits of integration, instead of being - a: as in formula (35), 
will be Zf' (fj'), the distance of the other edge of the slit from the 
origin. On replacing the lower limits - 00 by x^' or v^' in the formulae 
deduced above, we obtain, therefore, the formulae sought for the given 
problem. Formula (38) for the resultant intensity then becomes 

/prop.to^^^^,[(f,'-fs7 + (V-Wn ■ (43) 

• Of. Druda : Ltkrbueh dor Optik, p. 183. 
+ Cf. paper cited in footoote, p. 217. 
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where |,', jj/ and fg', t)^' denote the coordinates of the two pointa of 
Comu's spiral that are determined by the values of the integrals 

I, = I cos —dv, i)i=\ sin "n-"" 
and ss = I co8-^rfw, 12 = 1 ein-^ac 



(cf. formulae (36)), where 



and fj' = a^'coB <^ 



^^^})--' 



(44) 



(cf. formula (20)), Xj' and x,' denoting the distances of the two edges 
of the slit from the given origin, as indicated in Fig. 27. The 
intensity at Q will thus vary directly as the square of the direct 
distance between the two points ^1', jjj' and g^', ij^'. 

Let now the source be so chosen that the centre of the given slit and 
not the (one) diffracting edge of the screen, as in the preceding problem, 
be nearest to the same, as indicated in the annexed figure. Since the 




origin of our coordinates has been chosen on the line joining the source 
and the point of observation Q (cf. p. 203), i,' and Xj' will evidently 
be opposite in sign for any point Q within the geometrical image, and 
of the same sign, either both positive or both negative, for any point 
within the geometrical shadow. If we denote the distance of the 
source from the centre of the slit by a, the distances of that centre 
projected on the line (screen of observation) dr&wn through the point 
of observation Q parallel to the z-axis from the centre of the slit by 
b and from the point of observation Q by d and the width of the 
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alit itself by 8 (cf. Fig. 27), the following relations will evidently hold 
between these distances and the distances Xj' and x^ : 

and 34'-S/2:(f = a:a + i=p, :p, + py 

Am in the preceding problem, we may now replace pj by a and pg 
by b, and hence put coe^-1. The values (44) of v^' and v,', which 
correspond to any given point Q, may, therefore, be written most 
approximately 

, /2/1 , 1\ , , , /2/1 1\ ,,, , 

By the above relations we can now express z,' and k,', the distances 

of the two edges of the slit from the origin, whose position on the 

i^axis varies according to t^t of the point of observation Q chosen, in 

terms of the distances a, b,d and $ ; we evidently find 

, ad S , , ad S 

Replace x^' and z^ by these values in the expressions (44a) for v,' 
and Vj', and we have 

. r ad S-| /2/1 1\ 1 

"""^ "^"[^b-iyiiWi)] 

which give the two following simple relations between the tfa : 

d 

ih{a + b) p'' 
where ji is given by formuU (42). 

luterpretatiim of the fielatioiu between tiie if 'a and £ ; Diffnalon of 
tilfl Wavee. — We can now interpret the two relations (45) as follows ; 
For given A, a and 6 the difference in the distances ii|' and ti,'(<j' and Sj') 
along the given spiral will be directly proportional to the width t of the 
slit and their sum, Vi' + v,', along the spiral directly proportional to the 
distance d of the point of observation Q from the centre of the geo- 
metrical shadow. For given 8 the difference in these distances, v^ - v^, 
along the spiral will, therefore, remain constant for all values of d ; the 
intensity at any point Q, which is proportional to the square of the 
direct distance between the two points ^(, i)( and ^,', >;,' of the spiral 
(cf. formula (43)), will, therefore, depend alone on the curvature of 
the ^ven constant segment Cj' - v^ of the spiral. If now the sht 
is very narrow, the segment p,' - v^ will be very short and the in- 
tensity will evidently retain approximately one and the same value, 
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as we recede from the centre of the geometrical image, where d=0,to 
a considerable diatance within the geometrical shadow (cf. Fig. 26), 
The screen of observation will, therefore, be illuminated approximately 
uniformly, the illumination diminishing very gradually, as we pass 
from the centre of the geometrical image into the geometrical shadow, 
th&t ia, no marked boundary will be discernible between shadow and 
image ; the waves are then said to be diffused. 

Eztraior Diffraction Banda.— If the width S of the slit is increased 
to such dimensionB that the constant segment r,' - v^ of the spiral, 
which is always proportional to 8 (cf. formulae (45)), embracee a com- 
paratively long portion of the same, then thg intensity will evidently 
retain approximately one and the same value within the geometrical 
image, but diminish gradually as we pass into the geometrical shadow 
(cf. Figs. 26-28) ; as we pose from geometrical image into shadow, x^' 
and Z{' (T|' and Oj'), which are always opposite in sign in the former, 
vrill evidently assume one and the same sign in the latter (cf. p. 219). 
As we recede further into the geometrical shadow, the intensity will 
evidently diminish more rapidly and then less mpidly, until we finally 
reach a point Q at the distance d from the centre of the geometrical 
image, where the intensity becomes a minimum ; the position of this 
first minimum will evidently be determined approximately thereby, 
that the tangents to the end points of the given segment «,' - v^ of the 
spiral run parallel to each other and in the same direction, as indicated 
in Fig. 28 below. From this minimum the intensity will evidently 
increase first gradually, then rapidly, and finally gradually again, until 
it reaches a maximum, whose position will evidently be determined 
approximately thereby, that the tangenta to the end points of the 
given segment i^, - Cj' run parallel to each other, but in oppoaite direc- 
tions (cf. Fig. 28 below). The screen of observation will, therefore, be 
illuminated approximately uniformly from the centre of the geometrical 
image to a certain distance within the geometrical shadow, the illumina- 
tion diminishing gradually from the central line towards the shadow, 
then the illumination will diminish more rapidly, until it finally reaches 
a minimum, and from this point on the screen will exhibit a series of 
bright and dark (coloured) bands (cf. pp. 193 and 224 below). 

Approximate Determination of DiBtribntton of Bands. — Let us now 
determine the distances d of the above minima and maxima of intensity 
from the centre of the geometrical image. Aa we have observed above, 
the positions of these minima and maxima are determined approximately 
thereby, that the tangents to the two end points of the given segment 
t>,' - V,' run parallel to each other, for the minima in the same direction 
and for the maxima in opposite directions ; this will now evidently be 
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the case, vhen the angles which the taogents to the two end points 
of the given segment make with the f-axis, differ hy 2ir and multiples 
of the same for the minima, and by Sw, Sir, 7ir, etc, for the maxima ; 
the positions of the first minimum and maximum determined in this 
manner are represented roughly in the annexed figure. The angle r, 
which the tangent to any point {, i) of the (Comu's) spiral makes with 
the f-axis, is now, by formula (24), 



That the two end pointe of the given segment %' - Vj of the spiral be s( 




situated that minima of intensity appear, the following condition must, 
therefore, hold : 

where A =1, 2, 3, Similarly, the following condition will determine 

the positions of the maxima : 

'•■■-V-|(V-''.'')-(i + 2'K 

We can now write these two conditions in the form 

<V-<)(r;+rj') = 4A 
and {Oi' - i'i')(Oi' + «a') = 2(1 + 2ft), 

and hence, on replacing ©i'-Pj' and »,'+Pj' by their values (45), 



-M^ 



"^/Ie^]) 
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Lastly, replace here^ by ita value (42), aod we find 

Sd-'Xih I 

«=«i±?-' I '«' 

as conditions for the appearance of minima and maxima reapectirely. 

On replacing h by 1, 2, 3... in these formulae (46), we find the 
following values for the ffs : 

and d,-„. = ^A, rf.„„. = |A, rf.„„-^i,etc. 

where A= -p-; 

that is, the distances of the maxima and minima of intensity from the 
centre of the geometrical image will be independent of the distance a 
of the source of the disturbance from the slit, but directly proportional 
to the distance b of the screen of observation behind the same and to 
the wave-length A of the waves employed and indirectly proportional 
to the width fi of the alit, whereas the maxima and minima themselves 
or the bright and dark (coloured) bands will be equidistant The 
exacter method for the determination of the positions of these maxima 
and minima shows, however, that this last result is only approxim- 
ately correct. Lommel * has namely found the following values 
for these distances d of maximum intensity in terms of the dis- 
tances, where z^rd: 

e,= 4-493A, «,= 7-726i, 2g=I0-904A, 2, = U066i, 
j!5-17-221i, «,-20-371A, JJ-23-520A, ag-26-666i, 
where we have retained only the first three decimals; these values 
evidently correspond to the following values of d : 

d,-.l-430A, dj = 2-459i, dg = 3-472A, d^ = i-478^, 
(fj, = 5-4:82A, rfg-6486A, (Jj = 7-488A, da-8-490d 

A comparison of the above approximate values (47) for the distances 
d with these shows that the former differ only inappreciably from the 
latter. 

Intensity cf "WaTJm* — To find the intensity of any maximum or 
minimum, we replace d by its respective value from (47) or (47a) in 
formulae (44b), determining thereby the corresponding values of v^' 
and Vj', evaluate the integrals £,', -rj^' and £,', >],' on p. 219 for those 
values of v as limits, and then determine by formula (43) and actual 
■ Ct. paper dted in tMt-note, p. 217 : IUmIIa IVa, p. 6S1, 
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mflasnrenient of the direct distance between the two pointa (i, Tfi and 
fit *)i ^^ ^^^ spiral the intensity sought. The values of these nuuriina 
of intensity, oa determined by Lommel,* are 

at dj = 0, /o-l, atd, = l-430i, /i = 0-0472,'l 

atrf,-2-459A, /,-0-0165, atrfg-3-472i, A -0-0083, I 
at rf, = 4-478<i. /, = 00050, ..,, M*^* 

andat(f„-16-497A, /„-0-0003(7) ) 

where we have retained only the first four decimals and the natural 
intensity has been taken as unity. It is evident from these values that 
only a limited number of bands will be observable, for these muTriima 
decrease very rapidly in intensity, as we recede from the central axis 
d^O of the geometrical image (cf. p. 193). 

BdiaTionr of IntensitT along Central Axis of Image ; Determination 
of Positions of Maxima and Minima on tliAt Axis. — It is evident from 
formulae (44b} that, for given a and 8, v^' and v^' will vary along the 
central axis d = oi the geometrical image according to the distance 
b of the point of observation Q on that axis from the centre of the 
slit; as this distance b decreases, v/ or «,' will increase in absolute 
value, and the direct distance between the two corresponding sym- 
metrically situated points |,', >;,' and f,', i}^ {-ii, —>)]') of the spiral 
will evidently pass through a series of nm-yiTna and minima and hence 
the respective intensity also. Since now for rf=0, iii'= -fg', so that the 
straight line joining any two points |j', ijj' and - £j', - ijj' of the spiral 
will always pass through the origin of the same, the points of maximum 
and minimum distance from the origin will be determined approxi- 
mately by the points of intersection of the spiral and the strtught line 
AA' joining the two asymptotic pointa and passing through the origin 
of the spiral. These points of intersection have now been determined 
on p. 216 ; we found namely 

V|' = a/^ + 4h for the maxima 

and Vj' — a/^ 4- 4& for the minimn^ 

where A=>0, 1, 2 ... . 

Replace here r,' by its value for iJ^O from formulae (44b), and 

'."-WjW-V^ 

«0f. pftper eitad in foot-nate, pw 217 : p. 60S. 
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vtich evidently give the following ezpreBsiooB for the b's : 






..(60) 



(cf also formula (b) Ex. 4). 

Lommel* has now determined hy his exacter method the dlstancea 
of these maxima and minima from the slit in tenns of the quantity y, 
which ia related to the distance b by the formula 



-t 



On replacing the y'a by the values t determined by Lommel in this 
formula, we find 

"o"" -fi3 + A(i(0)" "■ 0"^~ -S2 + Aa(7-308) 



-S> + Aa(i0-420)' '"^ -S» + Aa{15-240) 



,..{50A) 



^■"- -5* + Ao{18-606)' ""^''-SS + Aa(23-20i) 
On- comparing these values for the ^s with the approximate ones 
obtained by putting A = 0, 1, 2, ... in formulae (50), we observe that 
the latter, with the exception of the first maximum,! differ only in- 
appreciably from the former. 

Intensity of WaT^Tna and Minim a. — ^The intensities of the above 
maxima and minima could evidently be determined in a similar manner 
to the preceding ones (48), namely, by formulae (50) or (50a), (49) and 
(^3) (^1 = ~ £i' ^^^ Va ~ ~ Vi) ^^^ ^? ^tual measurement of the direct 
distance between the two points £/, jjj' and -$i', -^i of the spiral 
thus determined. Lommel |[ has found the following values for these 
m££xima and minima : 

at 6o™.(= -«). io..^=l> at K^> /o^-0-0816, 

at b^^^, /i^, = 0-1323, at Si,«b., /,.,,. =0-0463, 

at 6j„^, /2™."0-0698, at 6,„,„., /j.^ = 0-0326, 

where we have retained only the first four decimals. 

*Cf paper cit«d in foot-note, p. 217, Tabelle Va, p. 652. tCt, ditto, p. 606. 
Jjftm«.=0, yomi.L =11-479, yiB«x. = 16-371. yiou^ =23-939. 

ya«..=29-223, y„nift =36-451, i*i„„. = 41-9I6, v,„i.. =43-982, 
where ws hnre retained only the first three decimatB. 

SLominers first maximum appearaat the diitADce b= -a from alit, that U, at 
the sonroe O itaelt, and eridentlj does not oorreepond to the first mazimuni of 
formulae (50) ; the latter seems to have been overlooked bj' Lommel. 
IjCf. pftper cited in footnote, p. 217, TabeUe Va, p. 652. 
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Diflnetioii on a Nanrow Screen. — Lastly, let us examioe the 
dif&actioD of light od its passage by a narrow screen or fine wire. 
A^ above we aball consider the behaviour of the intensity on a large 
screen placed parallel to the two edges of the obstructing screen or 
wire and at the distance b behind the latter. We denote the breadth 
of the obstructing screen by S and the distances of its two edges from 
the origin of our coordinates by 24' and x^', which origin we shall lay 
as above on the line joining the source and the point of observation 
Q. By formula (35) the intensity / at any point Q on the screen of 
observation will then evidently be given by the expression 

^i"°p- " 2i;;T^{[r''°'?*"'ir"'°T*T 

+ I cos-s-d«+l cos-^do [, 

where fj' and v^ correspond to the values z^' and x^' respectively of x 
<cf. formula (20)). 

By Comu's spiral we can now interpret the (Fresnel's) integrals in 
the above expression for the intensity as follows : the first integral 
represents the projection on the ij-axiB of the distance A'E^', where Ej 
denotes that point of the spiral, whose ij-coordioate is determined by 
the value of the integral 

I Bin -^ "". 

the second integral the projection on the i^axis of the distance E^'A, 
where E^ denotes the point of the spiral, whose coordinate i) is deter- 
mined by the value of the integral 

Bin -^ til), 

and, similarly, the third and fourth or last integrals the projections oa 
the ^axis of those same distances A'E^' and Ej'A respectively, as 
indicated in Fig. 29 below. If we denote these four projections by 
Vi'< Vi> fi'i is' respectively, we can then write the above expression 
for the resultant intensity in the form 

/prop, to 2^^^, [(,,■ + ,,■)> + ({, ' + £,7] (51) 

If we now lay off the distance E^'A at the point E,' of the spiral 
and parallel to that direction (cf. Fig. 29), we can interpret the 
expression in the large brackets of this formula (51) for the intensity 
as the square of the distance A'A thus constructed. The intensity in 
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question will, therefore, be proportional to the square of the distance 
A' A of the given constructjon (cf. Fig. 29). 

Behavionr of lutenaity along Central Axis of Shadow.— It follows 
now from the above formulae and given geometrical conBtruction that 
the region directly behind the small screen or wire will always be 
illuminated, for there, i^ = 0, v{ and Vj' will be equal but opposite in 
sign, so that the points E^ and E^' will be situated symmetrically with 
respect to the origin and hence the distances A'E^' and £j'^ equal 
and similarly directed (cf. Fig. 29). Along the central axis of the 
geometrical shadow the intensity will, therefore, increase gradually but 
continuously, without passing through maxima and minima, as we 
recede from the obstructing screen.* 




Interior Diftaction Bands. — For large values of v,' and v^, that is, 
for a comparatively broad obstructing screen or directly behind 
a (very) narrow screen, the two points E^ and E^' of the spiral will 
be situated near their respective asymptotic points A' and A ; the 
distances A'E^' and Ej'A will, therefore, then differ only inappreciably 
from each other in length, as the one point, £,' or E^, recedes from 
or approaches the origin along the spiral, whereby the other point will 
approach or recede from the origin respectively (cf. formulae (45)). It 
thus follows that marked maxima and minima of intensity will appear, 
when the two lines A'E^' and E^A run parallel to each other, maxima 
when they are similarly directed, and minima when oppositely directed. 
Since now in the given case, where v,' and v^' are assumed to be large, 

*Cf. paper by Lonitnel cited in foot-note od p. 217, Tab. XVL, p. 668, for 
variatioD of inteiuity in queatioii. 
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the lines A'E-^ and E^A will cut the (Cornu'e) spiral approximately 
orthogonally, the tangente to any two such points £,' and E^ will in 
both cases (maxima and minima) run approximately parallel to each 
other. It is now evident from the above figure, where the given con- 
Btruction is roughly indicated for a minimum, that maxima of intensity 
will appear, when the angles which these tangents make with their 
respective (positive and negative) |-axes are equal or differ from each 
other by 2ir or multiples of the same, and minima, when they differ by 
odd multiples of jt ; that is, by formula (24), maxima will appear when 

','-'>'-j(V -•■'■)- ±2'*, 
and minima when 

where A = 0, 1, 2 

By formulae (45), which evidently hold for the given problem, these 
conditions for the maxima and minima can now be written 

2M„„= ±2AX6 
and 2&f.^.= ±(2A + l)W f 

which give the following values for the d'a : 
, .Ikb , .ZXb 



^•' '''-' 



^« 



...(52i> 



»<i d,^.±'^, J,„-±2^, d,„-±37,, 

It follows from these formulae that the distances of the maxima and 
minima from the centre of the geometrical shadow will be independent 
of the distance o of the source from the obstructing screen, but directly 
proportional to the distance b of the screen of observation behind the 
latter and to the wave-length A. of the waves employed, whereas the 
maxima and minima themselves or the bright and dark (coloured) bands 
(within the geometrical shadow) will be equidistant. These bands 
are thus similar to the difiraction bands produced by a narrow slit 
in a large opaque screen (of. pp. 221-323). It is evident that the 
intensity of the given maxima and minima will increase as h in- 
creases, that is, as we recede from the central axis of the geometrical 
shadow towards its boundaries (cf. Fig. 29 and below) ; but the above 
conditions for the appearance of the bands will evidently hold only 
well within the geometrical shadow, that is, for values of d that lie well 
within the interval o + 6S , tt + 68 

which limiting values for d evidently correspond to the conditions 
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ii,'>0 and »j'<0 (cf. formulae (448)). We could expect, therefore, to 
find only a limited number of diflraction bands of the given type 
within the geometrical shadow, and these only in the next proximity of 
an obstructing screen of such breadth that v^' and v^' aesume there large 
values (cf. below). This and the above resulte, which are confirmed by 
experiment, also agree comparatively well with the exacter calculations 
of Lommel ; * he has found the following values f for the distances 
of the maximft and minima from the central axis of the geometrical 
shadow in tenna of the quantity 

2"-8 , . 

and the corresponding values for the intendtiee ; 

(1) At the distance 9 = -^ — t- -j = 3, J which corresponds to the value 



from the obstructing screen. 



-5» + Ao{l-910) 



1-3550 


0-4313 




0-0113 min. 


X 


1-0000 




0-1942 max. 


3-7710 


1-203 




0-1769 min. 


5-7637 


1-793 




0-6413 max. 


2t 


2-000 




0-6130 min. 


7-2419 


2-305 




0-7443 max. 


8-4491 


2-690 




0-3803 min. 


3ff 


3000 




0-B086 max. 


etc. 


etc. 




etc 


(2) AtthedUtancey = 


- (i or ft = 


aS» 




-bore = — p- 


+ Aa{3-819)' 


1-4835 


0-4723 




0-0013 min. 


n- 


1-000 




0-0369 max. 


4-3450 


1-3833 




0-0172 min. 


2ir 


2 000 




00914 max. 


6-9276 


2-205 




0-0856 min. 


9-1785 


2-922 




0-2540 max. 


3ir 


3000 




0-2633 min. 


11-1203 


3-540 




0-3933 max. 


4ir 


4000 




0-2876 min. 



* Cf. paptr olted in foot-note on p. 217. 

■fCf. ditto. Tab. xth— XX, pp. 6se-fl$i. :cf. ditto, p. eoe. 
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-* = ^ 


+ Aa(6-730) 


1-5247 


0-4855 


0-0003 min. 


TT 


1-0000 


0-0142 max. 


4-5334 


1-443 


0-0036 min. 


2)r 


2-000 


00250 max. 


7-4102 


2-359 


0-0163 min. 


3t 


3-000 


0-0601 max. 


10-0687 


3-206 


0-0571 min. 


12-4745 


3-972 


0-1477 (28) max. 


4ff 


4-000 


0-1477 (13) min. 


nd (4) at the distance y = 


12orfc = - 


aS» 


.S« + Aa(7-640)- 


1-6426 


0-4911 


00001 min. 


IT 


1-0000 


0-0076 max. 


4-6103 


1-468 


00011 min. 


2ir 


2-000 


0-0109 max. 


7-6163 


2-425 


0-0045 min. 


Sir 


3-000 


0-0200 max. 


10-4953 


3-342 


0-0150 min. 


4ir 


4-000 


0-0450 max., 



where we have retained only the first tour decimals. 

We observe that the results obtained above by our approximate 
method agree comparatively well with these exocter ones of Lommel, 
especially as we approach the obstructing screen, that is, as y increases 
in value (cf . values of z f or y = 1 2), 

FianenhofiBr'B Diffraction Phenomena. — Frauenhofer's phenomena of 
difiraction are known as those that appear, when both source of 
disturbance and screen of observation are removed to infinite distance 
from the difiracting screen. To obtain these phenomena, we place the 
source to be employed at the focue of an ordinary lens, so that the 
waves emerging from the same will be propagated along parallel lines, 
and observe the (light) efiect on any plane parallel to the obstructing 
screen and behind it by means of a telescope adjusted at infinite 
distance. Frauenhofer's diffraction phenomena axe evidently a 
particular case of Fresnel's and can thus be deduced from his (Fresnel's) 
formulae, if we put there p^=p^=-<c. Let us first establish these 
formulae and then apply them to the various problems on difiraction. 

For pj = pg = co formula (14) for /(a^ y) will assume the form 

A'^ y)='x[(«i+'»o)«+(^i+A)s']=/«+'y. (53) 
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when /i=^(a, + ao)ftiid v = ^(^, + /3,), {53a) 

and hence formula (15) for the hghUvector s the form 



'^[vl - (pi + Po)] jcoe (jix + vy)d$ 



....(54) 



where A is given by formulae (18a) and the integration is to be 
extended over the aperture s in the difiracting screen. 

According to the principle of superposition the intensity / pro- 
duced by any Ught-vector of the form (54) ia now proportional to the 
expression 

AhI \iiOB(jix + vy)dal+\ \8ia(jix + vy)ds\ I prop, to /", (65) 

or A\C* + S^) prop, to /, ] 

r r } (65a) 

where C = icoafjix + vyyis &nd 8= \sin(iix + vy)ds I 

(cf, p. 213). If we lay the origin of our coordinates at any point of 
the aperture s (cf. also p. 203) and place the telescope parallel to the 
direction of propagation of the incident waves, then not only Oj and 
Og but also /3j and ^^ will evidently differ from each other only in 
sign (cf. Fig. 24), and hence the quantities /< and v of formulae 
(53a) vanish at all points in the (small) aperture. If we denote 
the intensity in this particular position of the telescope by T, the 
above general formula (55) will evidently give 

I 
Ah^ prop, to /', hence A^ prop, to j, (56b) 

where s denotes the area of the given aperture. By means of this 
formula for the determination of the constant A, we can now write 
the general formula (65) for /, when the telescope (point of observa- 
tion) makes an angle with the direction of propagatJon of the incident 
waves, in the form 

/-^{[f«)8(/«-K^j,)<&J-fQsin(^-hiy)<&J}=^C-HS') }. ...(56) 

Diibsetion oa BeetMnnlar Apertnre. — ^Let us, first, apply formula 
(56) to the case, where the aperture s has the form of a rectangle. For 
this purpose we choose the centre of the rectangle as origin of our 
coordinates and lay the x and ^-axes parallel to its two sides, whose 
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lengths we shall denote by a and 6 respectively. Formula (56) will 
then assume the form 

J-£{[f'J^coB(^ + .'y)£iK<fyJ + |yj^Bin(^ + vj>ferfyJj,..(57) 

-5-5 -T-J 

where the integration is to be extended over the rectangle ab only. 

For small rectangular apertures x and y will be small, and hence 
Bin(jix + vy) approximately vanish at all points of the same. Here we 
can, therefore, reject the second integral of this expression (57) for 
/ in oomparison to the first, and we have most approximately 

^"Sr !'""<'"+ '>*'*]' <"*> 

which we can evaluate as follows : 

/»-T I dxl (cos/ixcosi^-sin/i2sin vy)ify I 

rfi^j Icos^sinvy sin/ixcoBt^l'li 

~f -F 

/'I ri 2sin.5-cos/w! 

'•""• '"WW- 

This expression for / will now vanish, when either of its last two 
factors vanishes, that is, when 

±^ = ir, 2s-, 3)r, ... ] 

,5 w 

or ±Y"T, 2ir, Sir, ... 
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If the difiracting screen is so placed that the direction of propagation 
of the incident waves ia normal to the same, then <ij = ^, = and the 
intensity / in any direction a^ ;8, can be observed at that point of the 
focal plane in the object glass of the telescope, when placed parallel to 
the incident waves, whose coordinates are 

ar'=/aj and j('=./j8^ (60) 

where / denotes the focal distance of the object glass and the co- 
ordinates x', y* are taken parallel to the coordinates x, y (a, h) and 
their origin at the focus of the object glass. 

Replace / and y' by their values (60) in formulae (&3a), and we have 
Sfl- / J , Sir V 



formulae (59) the intensity / will, therefore, vanish, when 



iff, i=l, 2, 3, ..., 



*y=*T7 2 

that is, for the following values of x' and / : 

«!=±h^, or y' = ±k^. (61) 

It follows front these formulae that the focal plane of the object 
glass will exhibit two series of dark parallel bands, the one parallel to 
the 3! (a) axis and the other to the y' {b) axis ; these bands are 
indicated roughly in the above figure by the dotted white lines. 
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The bands of each series will evidently be equidistant, except at the 
fociu of the object glass and along its focal axes x* and y, where 
the distance between the first dark band on the one aide of either 
focal axis and that on its other will be double the distance between 
the other bands of the respective aeries; this follows, since the 
expressions 



^^— ana i 
"2" ^ 

do not vanish for /* = k = 0, but evidently assume each the value unity. 
With the exception of these mRniT T m of intensity in place of minima, 
the two series of dark parallel bands will form a system of small 
equal rectangles similar to the rectangular aperture but turned through 
90' (ef. Fig. 30) ; that these rectangles are turned through 90* is 
evident from the above expressions (61) for / and ^. 

Aside from the maxima of intensity at the focus of the object glass 
and along its focal axes, other less brilliant maxima will evidently 
appear at the centres of the small rectangles formed by the two 
series of dark equidistant bands, that is, for the values of / and y' 
determined by the relations 

»d ±^.4'^-|4^,,..=(a..)l,*=.,2,3,...i 

the maximum ftt any such point 3I, ^ will, by formula (58), be given 
by the expression 

'-'^^^"-^^^^^^^ ■■■'''' 

Along either focal axis, that is, for/«=0 or v-O, the corresponding 
factor in the expression (58) for / will assume the value unity, and 
hence the maximum intensity itself the value 



I^ = T - 



' ^(2Ul)' ""^ ^'' = %^(2A+t)^- "■""'' 

At the focus of the object glass I=T (cf, p. 231). 

Since the maxima at the focus and along the focal axes are 
evidently appreciably brighter than the other maxima, determined 
by formula (62) — the intensity of the maxima is indicated roughly 
in Fig. 30 by the size of the white rectangles — the general effect or 
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pattern produced in the foc«l plane of the object glass will be a bright 
cross parallel to the sides of the given aperture and with its centre at 
focus (cf. Fig. 30), 

DUtnction on Harrow Slit —If we replace the rectangular aperture 
ab in the preceding problem by a narrow slit of width a and length 
6 •> GO , the above formula (58) for / will evidently reduce to 



If the diSracting screen is so placed that the direction of propagation 
of the incident waves is normal to it, then 

•,-A-o, 

and hence by formulae (53a) 

2ir 2)r . . , .. 
fi^-^a^ = j^tnn'l> (v = 0), 

where <^ denotes the "angle of difiraetion," that is, the angle, which 
the vector from the centre of the slit to the point of observation 
in the focal plane makes with the direction of propagation of the 
incident waves. By formula (58) the intensity at any point (i^) can 
thus be written 



L T™* J 



/ will, therefore, vanish, when 

^am<l>=±hir, h=l, 2, 3..., 

henee sin i^ = ± — , 

that is, we obtain here a single series (cf. Ex. 12 at end of chapter) of 
dark equidistant bands parallel to the edge b of the slit. If a<A, 
then sin ^ will be larger than unity for all integers h, that is, there 
will be no angle •)>, for which / will vanish, and the waves will be 
diffused <cf. p. 221). 

Diflnction invdnced hy a Hnmber of Eanal Apettnrea. — Let us, next, 
examine the (Frauenhofer's) diffraction pattern (source and observation 
screen at infinite distance) that is produced by several small equal 
apertures or holes, as pin holes, in a large opaque screen. We denote 
the coordinates of the centres of the apertures or of points similarly 
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situated in the same, referred to any g^ven system of rectangular 
coordinates x'y', by x^y^, ^tVit etc., and the coordinates of any other 
point in any aperture t, referred to a system of coordinates parallel to 
the system a!i/ and with origin at the centre of or at the point chosen 
in that aperture (X|V)< ^7 ^V'l ^^^ origin and axes of the system 
of coordinates 3l^ shall be so chosen in the obstructing screen as 
best suited for the treatment of the problem in question. The co- 
ordinates of any point in any aperture i referred to the coordinates 
i^y' will then be 

a:,' + z and y,' + y. 
The resultant intensity / at any point of the object glass will then, 
by formula (55a), be given by the expression 

/prop. tOil''(C« + S'), . 

where C-'^\\ixia\}i.(x! ■\-x) + v{y;-\-y)'\dxdy 

^"2lj8in|>« + iE) + v(y,' + y)](iErfy 

where the integration is to be extended over any aperture i and the 
summation over all the apertures in the screen. Since this integra- 
tion and summation are evidently entirely independent of each other, 
we can, therefore, write and S in the form 

t^- S 1 [coB(/ia:,' + vy/)cos(/ia: + vy) 

- sin (jixl + »yi')sin fjtx + vy)'\dxdy 

= 2 co8(/«r/ + vy,')l |cos(/ia!+ vy)dxdy 

--^Biii(itx,' + vy;)\\^a(iix + vy)dxdy, 
and, similarly, 

S-'^tsm(ja; + vy/)l \coe(ja + vy)dxdy 

+ '^isoe(fxi^' + vy,')\\aia{fa+vy)dxdy, 
or C^dc-ii and S—dc + dt, 

where c* ■= ^ cob (fa, + 'yiOi «* = y anipxt' + vy,'), 

c= I lcos(fu: + vy)(ia;dy, s— I lsin(/u;-t- vy)t2z(2y 
The above formula for / can therefore be written 

/ prop, to ^s [(c*.: -/«)> + (/e -k:'*)*] = ^V» + O ("^ + A ■ 



...(65) 
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This expression for /for several apertures differs now from tliat (65a) 
for a single aperture only in its coefficient ((!^ + s')j it thus follows 
that the intensity in the former case will be (c'*+^) times that in 
the latter, whereas the expression itself will vanish at the same points 
in both cases, that is, the jmHion of the dark bands of a single 
aperture will not be altered, when that aperture is replaced by 
several auch (equal) apertures. 

Let us now examine the coefficient (if^ + s'*) in formula (66) ; for this 
purpose we write it in the form 

«"» +i'i = V co8»(/tK,' + vy,') + 222 «»0*='' + '^<')»»s(/xai' + vy/) 

+ 2 8iii*(/«i'.' + 1/,') + 222 sin(w' + 1/i')^^(l^' + 1/'-% 
where t-1, 2,...n, A«l, 2, ...Ji, (k^i), 

where n denotes the number of apertures in the obstructing screen, 
hence 

c'» + s-2 = »i + 2V2cos[,.(z;-a;.') + .(y;-y.')] (67) 

If there are many apertures in the screen and these are irregularly 
distributed over the same, the second term of this expression will 
vanish when compared with the first, since its different members will 
then assume values that lie irregularly but in mean equally distributed 
between + S and - 2 and hence will approximately cancel one another. 
In this case the intensity at any point will, therefore, be approximately 
n-times that produced by a single aperture, that is, it will be propor- 
tional to the number of apertures in the screen. On the other hand, if 
the apertures are distributed regularly or according to any law, the 
second term of the given expression will not, in general, vanish, when 
compared with the first, but it wilt assume a finite value determined 
by the law of distribution chosen. Take, for example, the simple 
case of two equal apertures at the distance d apart ; if we choose the 
line joining them (their centres) as /-axis and lay the origin of our 
coordinates of^ in one of the apertures, we can then put 

the quantities if and ^ of formulae (65) will then assume the simple form 

c' = 1 + cos ^, s" = sin ^, 
and hence the coefficient c'^ + s'^ the form 

c'« + s'2 = 2 + 2cosfirf, 
that, in which formula (67) is written. It is evident that the second 
term of this expression for the given coefficient cannot be neglected in 
comparison to the first. 
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We can also write the coefficient c'' + s^ here in the form 

It will thns evidently vanish, when 

fd = {2h-t-\)jr, h-l, 2,3,..., 
that is, for those values of /j^x) that are determined by this relation. 
The given diffraction pattern will, therefore, exhibit a third series of 
equidistant dark bands running at right angles to the line joining the 
two apertures in addition to the two series of dark bands produced 
by the single (rectangular) aperture (cf. formulae (56) and (66)). 

For another example, where the second term of the general expres- 
sion (67) for the coefficient e^'+t^' cannot be rejected, see Ex. 13 at 
end of chapter. 

Bablnet's Principle, — Let us now compare the difiraction pattern 
produced by a small screen s^ with any number of very small apertures 
with that produced by its so-called " complementary " screen s, or that 
formed by the apertures of the former as opaque portions, the opaque 
portions of the former becoming the transparent ones or apertures in 
the latter. The intensity /j at any point behind the screen s. Is now, 
by formula (55a), proportional to the expression Cj^-t-S,', where the 
integrals £7, and Sj (cf. also formulae (65)) are to be extended over the 
apertures in thai screen; similarly the intensity /, behind the com- 
plementary screen Sj will be proportional to the expression C^+S^^, 
where the integrations are to be extended over its transparent portions. 
If now the small screen Sj or ^ is replaced by a single aperture, the 
intensity ij, behind it will evidently be proportional to the expression 
Cj^ + ^y/, where the integrals C^ and Sg are to be extended over the 
single aperture previously occupied by the screens s^ or s^; this 
surface of integration can now be replaced by the transparent portions 
of both screens together, and we can thus write /^ in the form 

/„ prop, to (Cj + Cjf + {S^ + S^y, 
where C„ C^ and S-^, S^ are the integrals employed above. 

Outside the geometrical image, that is, within the region of the 
diffraction pattern proper cast by either screen s^ or «^ /„ will evidently 
vanish (cf. p. 193), and hence 

(c,+(?j)*+(5i-i-a,)'=o. 

This condition can now be satisfied only when 
(7,=- -(7aandS'i= -8^; 

in which case ^i = ^r i^^) 

In this formula is embodied Babinet's principle, which we can state 
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as follows: "The intensity at all points of the difiraction pattern 
proper will be the same for the complementary screen as for the screen 
itself." According to this principle the diffraction pattern produced 
by any number of arbitrarily situated small screens of equal size 
will be the same as that produced by the same number of similar and 
similarly situated apertures of that size in a large screen, which 
problem has just been treated above. 

DUbaction QratlngB atid their PatteruB. — An opaque screen with a 
system of very narrow, equal and equidistant rectangular apertures 
or slita is called a "grating" or "difiraction grating." Diflraction 
gratings are usually formed by tracing a system of parallel equidistant 
straight lines on a glass plate with a diamond ; these lines act like a 
system of narrow opaque screens, reflecting back the incident waves 
in all directions without allowing any to pass through, whereas the 
transparent spaces or strips between the lines allow the waves free 
transmission through the glass; these gratings are thus known as 
"reflection gratings." Let us now consider the difiraction pattern 
produced by such a grating; the given problem is evidently a par- 
ticular case of the above general one, where we had a system of 
arbitrarily situated apertures of equal size in a large opaque screen. 
For gratings the above general formulae will evidently assume a much 
simpler form : the system of coordinates x', y' can evidently be so chosen 
that the coordinates 2,'yi'. ^ivi,- of given points in the different 
transparent strips of the grating may be written 
a^'=0, Xj' — d, 2g' = 2rf, etc., 

and y,' = y^'=yg' = ...=0, 

where d, the soiled " grating constant," denotes the distance between 
those points. By formulae (65) the quantities <f and s* will then 
assume the form 

c' = l+cos/«i + coa2/«i + co6 3/(rf+...l .gg, 

«"= sin/u^ + sin 2^ + sin3/M£+.../ 
To determine the coefficient c'^ + s^ in the expression (66) for the 
resultant intensity, we write it in the form 

c's+s^ = {c' + k')(c'-m'), 
where * is the imaginary unit ^-1, replace here <f and if by their 
values (69), and we have 

c"* + s^ = { 1 + (cos ^ + 1 sin /Mi) + (cos 2/wi + » sin 2>irf) + . . . 
+ [cos(n-l)/id+isin(a -!)/«?]} 
X {I + (txiB lid - i ein fid) + {ix)a2iid- tain 2ftd) + ... 
+ [co8(rt- l);«f-iBin(n- l)/<d]}, 
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where n denotea the number of transparent strips in the given grating, 
Iienoe 

c-^+i^-tl +«"- + (!«" + e*^+ ... <?<-'"-] 
X [1 +«-'^+«-'*' + «-'*"+ ... e-"-"-^ 

2 - (coa n/id + 1 ain nfuj) - (cos n/id -tan ttfui) 
2 - (cos fid + ion fid) - (cob pd-iam /td) 
nfid\^ 
1 -cosnfuf _ 
1 -cos /id ~ 

By formula (66) the resultant intensity / at any point of the given 
diffraetioD pattern will, therefore, be given by the expression 



which, by formula (63), can evidently be written in the form 

-mm ™ 

where F denotes the intensity at the centre of the diffraction pattern 
produced by a single narrow slit of breadth a, here the breadth of the 
narrow transparent strips of the given grating. 

We can now interpret the expression (70) for / as follows : its first 
two factors represent the diffraction pattern produced by a single 
narrow slit of breadth a (cf. formula (63)), whereas its last factor will 
vanish, when 

the diffraction pattern produced by the given grating will, therefore, 
be that of the narrow slit with its bright bands traversed by a 
series of dark bands or lines, whose positions are determined by 
the following values of /t : 

2ir W 6)r 

These banda evidently run parallel to one another and at right angles 
to the transparent strips or grooves of the grating, and are also equi- 
distant. The greater the number n of the grooves, the closer together 
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are these banda. It is also evident that the intensities of the intei^ 
mediate maxima will, in general, be smaller than those of the marima 
of the single slit. On the other hand, we obtain maxima of much 
greater intensity than those of the single slit at those points (lines) 
of the diflraction pattern, where ^ = irh, for then the last factor of 
the expression (70) for / will evidently assume the value n^, and 
hence the resultant intensity be n' times that of the single slit. For 
large values of n these bright maxima will alone be observable, the 
intennediatfl ones being so much fainter and closer together that they 
will escape observation. 

It is now possible that for given large values of h the positions of 
some of the bright bands determined by the values /t = —-r- will coincide 
with some of those of the dark bands in the pattern produced by the 

single slit and determined by the values /x = ; in this particular 

case the second factor of the expression (70) for I will now vanish and 
hence / itself ; for such values of /* these bright bands will not, there- 
foi'e, appear, but will be replaced by dark ones. The condition for 
the appearance of these dark bands is evidently that the breadth a 
of the transparent strips and the grating constant d stand in a rational 
ratio to each other. For reflecting gratings it is easy to show that 
these dark bands, provided they appear, will be separated from one 
another by a considerable number of bright ones,' for replace the 
breadth a of the transparent strips by that 6 of the fine grooves of 
the grating, as allowed by Babinet's principle, and the distance between 
two such consecutive dark bands will be given by 
2wJc 

where t and k are integers and & is a small quantity compared with 
the grating constant d, whereas the distance between two con- 
secutive bright bands will be given by 

2lr 

As we recede from the centre of the diflraction pattern, we encounter, 
therefore, a (great) number of equidistant and equally bright bands, 
before we reach the first dark band of the series in question. 

If the grating is so placed that the incident waves strike it at right 

angles, then /t =- -^ sin ^ 

where ^ denotes the angle of diflraction (cf. p. 235), and the positions 
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of the bright bands, whose intenaities are n^ times those produced by 
tiie single slit, will be determined by 

2a- . , 2ffA 

hence sin -^ = -t-> 

that is, Bin^K-3, sim^j"-,, 8in^«=--T, ... . 

Tbfl Diiltaction Spectra of White Light. — It follows from the last 
relations that the bright. bands, whose intensities are n' times those 
produced by the single slit, will be equidistant, at least, for small values 
of <f>, where sin <ft can be replaced by <ft itself, and that the diflraction 
angle <p will then be directly proportional to the wave-length A of 
the waves employed and indirectly proportional to tbe grating constant 
d. If we let white light pass through a diffraction grating, the waves 
of different wave-length or colour contained in it will, therefore, all 
be difiracted according to their wave-length, and thus produce spectra ; 
these spectra are, therefore, known as " normal " ones, to distinguish 
them from the refraction spectra formed by glass prisms. Of these 
the first (A-«l) or so-called "spectrum of the first order" will be 
absolutely pure, that is, there will be no overlapping of tbe waves of 
different colour in it, the second (h = 2) or "spectrum of the second 
order" will be only partially pure, whereas that of the third order 
(^ = 3) will include the red rays of the further end of the second 
spectrum overlapping its own violet rays; as we continue to recede 
from the centre of the pattern, the overlapping of the waves of 
different colour from the different spectra proper will evidently 
increase and the spectra themselves thus become less and less pure. 

Sommerfeld'B Theory of Diftactlon ; DifltactioB on Stiai^t Edge 
of Latge Beflecting ScreeiL — ^Fresnel's modified theory of diffi'action 
was based on the assumption that the hght-vector s vanished directly 
behind opaque bodies placed in the course of the waves and assumed 
its natural value in all regions that were illuminated directly from 
the source (cf. p. 199) ; as this assumption is now only approximately 
realized, the given theory can be regarded as only an approximate 
one, except at short distances from the obstructing body and ita 
geometrical shadow (cf. assumption made on p. 200), as we shall 
see below. A more rigorous treatment of, at least, one problem on 
diflraction, that on tbe straight edge of a large screen, has now been 
effected by Sommerfeld ; * his treatment of this problem enables us to 

* IfMh. Amiakti, Bud 47, p. 317, 180S. 
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examine the behaviour of the light-vector not only in the neighbour- 
hood of the geometrical shadow but at any distance from it. 

Sommerfeld starts from the differential equation for the light-vector 
s at any point 

w-" [w^^f^z^J ^'^' 

(cf. formula (48, V)) and seeks a solution for the same, which shall 
satisfy the aurface-conditions on the obstructing screen. For BimpUeity 
let us assume that the source of light be an infinitely long straight 
line parallel to the obstructing edge of the screen, which we shall 
choose as y-axis of a system of rectangular coordinates ; the x-axis 
shall lie in the obstructing screen and the positive s^axis be directed 
away from the source 0, as indicated in the annexed figure. We 
denote the angle, which the direction of propagation of the waves 
from the source makes with the x-axis, by ^' (cf. Fig. 31). The 



light-vector s at any point Q will then evidently be a function only 
of X and z, that is, it will be defined by the differential equation 

3l^ = ^fe + 3^) ^"*> 

or, if we replace the rectangular coordinates x, z hy the polars r, <p, 
where 3:=rcoa<^ 

z=rsin<lt 
<ef. Fig. 31), by 

c?s ,fdh 1 3* 1 3*s\ ,-„. 
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SommerfBld now obbuiubs that the waves that strike the obstructing 
screen are all reflected and not, as assumed above by Fresnel, absorbed. 
There will then be three characteristic regions, instead of two as above, 
that will come into consideration here, the region of the geometrical 
shadow, that of the reflected waves and that of unobstructed pro- 
pagation, ae indicated in Fig. 31. The surface-conditions on such a 
(highly polished metallic) screen are, as we shall see in Chapters VII. 
and VIII. (cf. also below), 

s = 0, (73) 

when the incident waves are polarized at right angles to the edge 
of the obstructing screen, and 

s=°. <») 

when they are polarized parallel to that edge. 

A solution of the differential equation (72), which will also satisfy 
these surface-conditions, is now 

s = ol±ie'"|e-fyj'%-'-a-£/pq:e-ir'f''e-'TrfA (75) 

where i' = ^eos(^-*'), y = ?J'cos(^ + *') ) 



=Vf' 



sin|(<^-f), <r'= ^J-IfAn-i-p + i,') 



and the minus-sign before the second or last integral is to be chosen for 
the Buriace-condJtion (73) and the plus sign for the condition (74). 

Soiutfim for Light-Vector in Foim of Complex Quantity; Eqnsssion 
for Intenaltr- — The solution (75) for the light vector s is a complex 
quantity of the form 

, . .„./ 2irvt . . 23rr(\ 
=-(^ + t£)(co8 -T- + (sin-y^j 

-(.^coe-Y--JBin-Y-j + t(.<isin-T-4-£coa— J. 

The physical meaning of such a solution is now to he sought either 
in its real part or in the real factor of its imaginary one. 

The intensity / at any point Q produced by either of these physical 
expressions or solutions for s will now, by formula (4, IV.), be pro- 
portional to the expression 

A^ + S^ prop, to /. 
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We ^so obtain this expression for I, on multiplying the given solution 
(75) expressed in the above complex form by its conjugate complex 
quantity 



{A+%B)e >' .{A-iB)6 * -^» + B'prop. to/, (77) 

which can be interpreted as follows : " When the solution for the light- 
vector j is a complex quantity or expression, the resultant intensity 
will be proportional to the product of that quantity and its conjugate 
complex quantity." 

Oonflimatiim of glTen Solution. — We can confirm that the expression 
(75) for s is a solution of the differential equation (72), on replacing 
there B by that expression and performing tbe differentiations 
indicated. To confirm that the surface condition (73) is fulfilled, we 
put ^=0 and 2ir in the respective solution (75) for «, and we have, 
since then 7 = y' and <r = <r', 

To confirm that the other surface condition (74) is fulfilled, we first 

form;^-: we have r, -1 -, -a nj 

az OS as or as op _ 

Zx "br "dz 'd<f> "dz ' 

since now r* = j^ + «^ and ^ = arctan zjx (cf. the above relations between 
X, z and r, 4>), we have 



which expressions evidently reduce to the following on the obstructing 
screen, that is, for -^"O and 2ir or j=0: 



The above difTerential quotient will, therefore, assume the following 
particular form on the obstructing screen : 



itizecy Google 



246 ELECTROMAGNETIC THEORY OF LIGHT. 

Replace here s by ita value (75) for the given Burface^ondition, and 
we have 

or, on replacing the /b and the o-'s by their values (76) and perfonning 
the differentiatioa indicated, 

+ t-r-an{-f<'-'f,)e *■ |/(p)| * 



+ e 



>»+♦■) 3 r, ,- .,-V5»lni(#+#-)l 



-flin(^+^)e >■ 1/(0)1 * 1. 



where 



1 1 + ii 



and f(v)~\e'*~^dv. 

On the obetnicting screen, <^ = or 2x, the second and last terms 
of this ezpreseion for ^ will now cancel one another, since the upper 
limits of the function f(v) in both terms then assume one and the 
same value, whereas their coefficients differ only in sign. We can 

thus write the expression for ^ in the form 

where ,,.^sin J(*-«, •nd »-,- -^.in {(♦ + *■), 
or, since 

„d ^/(-«)-». 
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S'°t' Va a Zfj^''-' 

wliicli on the obstructing screen, i^ = or 2ir, will evidently assume 
the form 

as f -i*ro«#- /8"rcoB^72 B X /8^ . ,,"| 

'L-Vx""*] J 

as maintained above. 

Oeomstrical Ponn of Eiprwsioii for Light-Vector. — Put 



in formula (75), and ve have 

s = a'-s-e *-U'*^\ cos-^-ac-i sm-^-dv 

T«-vU''coa^rfi^-t|^sin'Jrf^]|j 



..(78) 



' {e-'-'{i-iv)+e-^ii-iv% <79) 

where f, 1) and f , ij' denote the proj'ectionH on the ^ and ij axes of 
th« vectors A'E and A'E" respectively from the asymptotic point A' 
of Comn's spiral (cf. Figs. 26 and 29) to those points E and E of the 
same, whose coordinates are determined by the values of FreHnel's 
fundamental integrals (22a), whose upper limits are it and <t' respec- 
tively and lower ones zero (cf, also p. 226). 

Approximata Ezpreesioa for Intenaltr within Image near Bonndarjr 
of Oeometrical Shadow. — Let us now examine the expression (78) 
or (79) format any point of the region ^' «i><Tr; here 

0<i(<^-f)<i(* + *')<'r, 
and hence, by formulae (76), o- always positive and cr' always negative; 
for waves of short wave-length X, as those of light, it will thus assume 
lai^ positive values and a' (very) large negative ones at finite distances 
r from the edge of the obstructing screen. The last two integrals of 
formula (78) or the projections f , )j' of the vector A'E of formula (79) 
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will, therefore, be (very) small compared with the values assumed 
by the first two integrals or the projections i, ij of the vector A'E, so 
that we can write the expression (79) for s here most approximately 

...l + 'Z-^V-tf-j,), (80) 

and hence, by formula (77), the resultant intensity / 

/prop, to [ai±^''-?(-'>(i-i,)][oi^%-*¥e*r(£ + t,)] 

prop, to 'l'(^ + ,ii) = ^:r£» (81) 

Ootupaiison of Sommeifeld's Expression (81) with Fresnel's.— Let us 
now compare the expression (81) for 7 with that obtained by Fresnel's 
(modified) method for the particular case, where the source of disturb- 
ance is at considerable (infinite) distance from the obstructing screen ; 
here Fresnel's formula (38) can evidently be written 

/ prop, to |'[(f + ^)%(,- + -;)'].'^3», (82) 

where, however, the point E has the coordinates f , ij' determined by 
the values of the (Fresnel's) integrals, whose upper limits if are given 
by formula (41) and lower ones are zero; formula (41) will now assume 
here the particular form _ 

•■-''Va <»') 

The distance d of the point of observation from the boundary of the 
geometrical shadow will evidently be given here, that is, in terms 
of the quantities employed in Fig. 31, by rain (^ - <)>), where (<^ - ^') 
is the angle the vector r makes with the direction of propagation of the 
incident waves (cf. Pig. 31). On the other hand, since formula (83) for 
p* holds only in the next proximity of the boundary of the geometrical 
shadow (cf. p. 200), we may replace there b by r. We can, therefore, 
write ^ most approximately 

tf - r sin (* - *')^^ = ^^ Bin (* - -^O 



■VI 



-*')c».|(*-*'), (84) 

or, since here the angle (^ — ^') is small, most approximately 

•■-Vx'^s'*"*'' *"*"' 

which is Sommerfeld's expression for <r (cf. formulae (76)). It thuB 
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follows that the expressioa (82) for / obtained by Fresnel's method, 
but which holds only in the neighbourhood of the boundary of the 
geometrical shadow, will differ only infinites! mally from that (81) 
determined by Sommerfeld's method, at least, when the source of 
disturbance is at considerable distance from the obstructing screen. 
The value (82) determined by the former method will evidently be 
somewhat smaller than that (81) found by Sommerfeld. 

Oflneral Expreflsion for Intensity. — The approximate formula (80) 
for s and (81) for I will also hold in the region of unobstructed pro- 
pagation, ^'<<^<27r-^' (ef. also Ex, 14), but in the regions of the 
geometrical shadow and the reflected waves we shall be obliged to 
employ the explicit expression (79) for s, since the last two integrals 
of formula (78) will evidently assume finite values in those regions. 
In these regions the light-vector will, therefore, be given by formula 
(79), and hence, by formula (77), the resultant intensity Ihy 



/prop, to ^a^i/"-\e-*^{^-i^):fe-W{^-iTi'M 



...(85) 






which can be written in the form 

/prop.to|'[(|^ + ^) + (f« + V^)¥2(Sf + ,V)cos(y-> 

prop. to ^IA'E^ + A' E'^ 7 2A'E.A'E'coa(y--/ + x)] {86a) 

(cf. Ex. 16 at end of chapter), where x denotes the angle included 
between the two vectors A'E and A'E' of Comu's spiral (cf. Fig. 29). 
This formula states that the result&nt intensity is proportional to the 
square of the geometrical difference or sum, according as the incident 
waves are polarized at right angles or parallel to the edge of the 
obstructing screen, of two vectors A'E and A'E' in Comu's spiral, 
which make the angle x ^t.h one another. 

Approximate Expressioa for Intensity within Oeomstiical Shadow 
at cimsidemblo Distance &om ita Boundary. — Let us now examine 
the expression (86a) for / at any point within the geometrical shadow 
that is at considerable distance from the boundary of the same, that 
is, for values of i^ that are considerably smaller than the angle of 
incidence ift of the incident waves ; <fi-<l>' will then be negative, •i' + 'l>' 
positive, and hence both o- and o-' negative ; for waves of short wave- 
length A, <r and a-' will, therefore, assume large negative values at 
finite distances r from the edge of the obstructing screen. The four 
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(FreBnel'a) integrals that come into condderation here are now similar 
to those examined on pp. 226-228; by the geometrical properties 
peculiar to these integrala the vectors A'E and A'E' will be very 
short and will thus cut the (Comu's) spiral approximately orthogonally; 
hence the lengths of these vectors will be given approximately by the 
radii of curvature, p and p', of the spiral itself at the two pointe E 
and E' of the same ; by formula (3S) we have then 

A-E = p = — and A'E'=p'-'—, {^1) 

For similar reasons the angle x. which the two vectors A'E and A'B' 
make with each other, may be replaced here by the angle r included 
between the two tangents to the spiral at the points E and E'; the 
latter angle is now determined by formula (24) ; we can thus write most 
approximately a- 

X-T--(<rS-<i-'S). 

On replacing the vectors A'E and A'E' and the angles x, y and y' by 
their above values in formula (86a) for /, we have 

, ^ a* fl 1 2 rSsr, , ,,, 2Tr ,, ,,. 

/prop, to y- 2i-i + -i=F iCOS -5-- (cos ^ - ^ ) - -j-C08(^ + -^) 

+ Ip'sin^ i(* - *') - ^sin* i(* + f )]}• 
or, since the angle (y - 7' + x) evidently vanishes here, 

/prop. tOj: -,( -5 + -i5T-:, =o"i(~^- ■ 
'^ '^ 2jr*\o-' cr^ vff} 2ir*\cT v } 

Lastly, replace here <t and o-' by their values (76), and we have 



3in^i(.^ + ^') + sin'^(j.-<^')±2sin^('^ + 0')sin^(»-<^') 
" sin'i(*-*')sin^i(^ + <^') 

^ a* X 
prop, to ^^ 

(sinV/2coBV/2 + cos^jt/2ainV/2)±(sinV/2cos'i^72-cos'-^/28in*.fr72) . 
" [l-cos(*-f)][l-co8(<^ + <(.')] ' 

.... T . a^ ^ sin«0/2coss<^72 /an. 

which gives /prop, to -, - 7^ :t 7' , (00) 

* '^ '^ ifir (cos 1^ - cos 1^ )* 

when the waves are polarized at right angles to the edge of the 
obstructing screen, and 

o^ A cos* 0/2 sin* <672 ,„„. 

/prop, to -„--. — ^ -:L (89) 

^ ^ tA T (cos - COS )* ' ^ ' 

when they are polarized parallel to that edge. 
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For a further examination of Sommerf eld's formulae see Eeb. 17-19 
at end of chapter. 

ShortcomingB of Sommerfeld's Theoiy. — It follows from formulae (88) 
and (89) that along the screen, ^ = 0, the waves will be polarized 
parallel to ila edge, and that as ^ increases both intensities, that 
parallel to ita edge and that at right angles to the same, will incroaBe, 
but their difference will diminish, whereby, however, the latter intensity 
will always remain smaller than the former ; moreover, both intensities 
will be directly proportional to the wave-length X of the waves 
employed. If we employ white light, the waves of greater wave- 
length should, therefore, predominate well within the geometrical 
shadow, that is, for small values of >j> (cf. also formulae (S1)-(84a)). 
Observation* now shows that the distribution of the waves of different 
wave-length or colour within the geometrical shadow is not according 
to this law, but that it depends on the nature of the screen, whether 
its diffracting edge be sharp or rounded, etc. ; certain screen constants 
would, therefore, have to be introduced into the surface conditions 
t73) and (74) in order that the results obtained should agree with 
observation ; not only the determination of these constants but also 
the integration of our differential equation (72) for other surface- 
conditions than the above (73) and (74) offers now unsurmountable 
difficulties. In consideration of these shortcomings it is evident that 
little has been gained by the introduction of the "totally reflecting" 
diffraction screen assumed by Sommerfeld in place of the "opaque" 
screen employed above in Fresnel's (modified) theory of diffraction. 
Whether the inaccuracies due to the introduction of the totally re- 
flecting screen in the above form, where the screen constants have 
been entirely neglected, are of greater moment than those that arise 
from the assumption made in Fresnel's (modified) theory that, namely, 
the light- vector s vanishes directly behind opaque obstacles but assumes 
ite natural value at all other points on the surface of integration, 
cannot well be decided except by experiment. 

Form of Maxwell's Fundamental Equations for Sommerfeld's Light- 
Tector s. — We have seen in Chapter I. that the electromagnetic stat« 
of Maxwell's ether is defined by differential equations of the form (71), 
where s is to be replaced by the component electric or magnetic moments 
X, r, Z, or a, 6, e respectively (cf. formulae (16, I.) and (17, 1.)). These 
components will now be the derivatives of the light-vector s with regard 
to X, ^, and z, and Maxwell's fundamental equations (12, 1.) and (13, I.) 
must evidently hold for those components (cf. Ex. 20), These 



♦Gouy, Ann. de Chita, et tU Phy»., (6) 8, p. 145, 1886. 



^ Google 



,..(90) 



252 ELECTROMAGNETIC THEORY OF LIGHT. 

equations will evidently aaeume here, where the electromagnetic state 
has been assumed to be a function of % and a only, the form 

Ki^^'B Mdr^dcda MdZ^ _db ] 

(i„ dt dt' v^~dt~dz d£ % dt dx \ 

and :5^«_4? ^^ = ^_^ ^*=^ 

Wj dt dz' v^dt dz dx* v^dt dx J 

The Ftimary and Secondary Waves and the Different Theories of 
OiAactlon. — We have already observed on pp. 196-196 that both the 
primary and secondary waves may give rise to phenomena of dif&action. 
A treatment of these waves according to Fresnel's modified theory of 
diflraction meets at the outeet with imaurmountable difficulties j the 
first such is to establish a formula similar to formula (55, V.), which 
shall express the light-vector Sq at any point as an integral taken over 
any suitably chosen surface enclosing that point. In the derivation of 
formula (55, V.) we assumed that the light^vector at any point, as on 
the surface of integration, was a purely spherical wave-function, an 
assumption that cannot be maintained for the primary or secondary 
waves and of which we made free use in the derivation not only 
of formula (55, V.) itself, but also of the fundamental formulae em- 
ployed at the very start. On the other hand, a treatment of the 
difli-BCtion phenomena of the primary and aeconduy waves accordlDg 
to Sommerield's theory would be possible, provided we could find 
solutions for s that would reproisent primary and secondary waves 
and also fulfil the surface- conditions on the obstructing screen ; but in 
consideration of the complicated form of the vector s for the simple 
eaae examined by Sommerfeld, we could hardly expect much succesB 
in that direction. 

The Boentgen Bays as Impulses and Sommerfbld's Theory of 
Diffraction. — Sommerield has also developed a theory of diffraction for 
waves that consist of a succession of short and violent impidses, to 
which class the Roentgen rays are often assumed to belong j * as an 
exposition of his theory would throw little light on the theory of 
diffraction proper, we refer here to Sommerfeld's papert on the subject. 
We may remark, however, that the same scruples, which we had in 
accepting conclusively his above theory on diSraction, also arise here. 

*Cf. E. Wi«cbert, Abkandiungm der Phys.-Oekoa. GatUxhqfi zu Kdnigaberg, 
1896, pp. 1 and 45; also Wiedemanti'a Annalen, Bd. 59, 189Q (§6). 

t Cf. aUo Sir George Stok«a, Proceidvags rif the Camhridgi PhilotophiaU Soeielj/, 
vol. 9, p. 216, 1898, and Proc^dings of the Maneketter Lit. and Phil. Society, 1897- 
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EXAMPLES. 

1. The breadth of the nth exterior band or fringe produced on the screen MN 
by the etnught edge A of th« opaque obaioole AB of Fig. 21 ia determined by 
the expression 

[•j2a+\ - J^^] .^xil^ll' tor a bright band, 



and [n/S- -JW^} W2)£i^±£' tor a dark band, 

where a denotes the distance of the edge of the obstacle from the souroe O and 
b Its distance from the screen MN. 

By Fig. 21 the following geometrical relations evidently hold between the 
distance x of any band n at Q from the boandary of the geometrical shadow P^ 
and the other distances : 






For light-wavea the second term of either expression undar tbeea square-root 

«ign8 will be very small compared with the first or unity, so that, by the 
binomial theorem, the expresBlons for OQ and AQ caa be written approximately. 






For a bright band or maximum of intensity the difference in the paths AQ and 
PQ travereed by the elementary wave* from the last unscreened half-period 
element of the given wava-front and those from the pole of the same most now, 
aa we have seen on p. 1ST, be an odd multiple of the wave-length X halved of 
the waves employed, that ie, we must have 

AQ-PQ=&n+l)\t2 (6) 

[cf. formula on p. 187). where n is an integer. 
Similarly, for a dork band, we must have 

-d(2-Pe=9nX/2. (e) 

Since now P<i=OQ-OP=0<i-a, 

we can write the condition (6) for a bright band, 

AQ-{,0Q-a) = &a + \)\t2. 
and that (c) for a darh band, 

AQ-(OQ-a)=n\. 
Replace here AQ and OQ by their approximate values {a), aod we have 



+« 



a?=iiX: 
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x=J{2n + \)\^i^^ forobright bund 



^=-^2« 



The breadth ot ft dark band will, therefore, be i^ven by the expreaaion 

and that of a bright band by 

2. The di&action band* on the exterior of the geometrical shadow of a large 
opaqae ob«(«cle decrease at first rapidly in breadth, aa we reoede from the 
boundary of the shadow. Show, on accepting the formnlae eatabliabed in the 
preceding example, that the breadthi of the following bright b>nda are : 

Band(n), 12345 910 2S2e 

Breadth, 1 0-4U2 0-3179 0-2679 0-2301 0-1710 01623 0-1010 0-099 
where the breadth of the 6rat baud is taken aa unity. 

3. Show that the breadth of any diffraction band within the geometrical shadow 
of a imall opaque obstacle (wire) is according to the (Freanel's) method* employed 
on pp. 188-192 given by the eiprewion 

\b 

where b denotes the diataDce between the screen of obaervation and the obstacle, 
and e the distance (breadth) between the two diffracting edge* of the latter 
(cf. formula {7, IV.) and Fig. 12). 

4. Examine by the (Freenel's) methods employed on pp. 185-195 the diffi«ction 
phenomena prodnced by a very small circular aperture in a large opaque screen. 
Show that along the central axis of the image the intensity paases through a 
lucoeasion of maxima and minima, and determine approximately the diitaucee of 
these maxima and minima from the aperture. 

We divide the unscreened portion of the wave-front that passes through the 
edge of the circular aperture up into circular half-period elements with respect to 
the point, at which the intensity is sought. For a very small aperture the area 
of any such half-period element will now be given approximately by 

2wl'{r,-r,)^^ to) 

(cf. fornmla (5, V.)aiid Fig. 17), where rj denotes the distance of the aperture 
and r, that of the point of observation from the source. 

The area of the whole unscreened portion of the given waYe.front or the circular 
aperture Itself is evidently n", where r denotes the radius of that aperture. 
Since now for a very small aperture the different half-period elemenUl will have 
approximately one and the same area (cF. the expreesion (a)), we may evidently 
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where n shall denote the exact number of hslf-period elementi, into which the 
anBcreenad portion of the givea wave-front may be divided, correipondiug to 
the polnte of maximum and minimam intenBitj Bought on the central aii« of 
the given image. Thia relatioo gives 

'■»-'''=^' 



(of. Fig. 17}, hence p,_r,=^j^-l— j; (6) 

by whioh the distancee of the maxima and minima of intenaity from the given 
aperture are determined according as it i« odd or eveo respectively. 

6. Determine the formnUe for the vector ^ and intensity / of waves of long 
wave-length, ai the electric waves, correaponding to formulae (13), (16), (18), 
(18a), (19), (29), (35) and (38) ia text for Ugbl-wavea. 

By formulae (64, V. ), which holds for waves of long wave-length, the expression 
for the vector sought oan evidently be written here, where the source of dis- 
turbance O and the point of observation Q are both supposed to be at considerable 
distance from the aperture 4 in the large obstructing screen (cf. Fig. 26), 

?^i[cos(n,p)-cos(n,r)]/^'[rt-(p + r)]rfs ] 

'^ -^ , (.....(lyA) 

a ro(M{n, p) cos(n, r)"| / . 2ir,_, , ,, . . I 

+— [■ p ^^Jjamy[l«-^/.-^r)]A=^I«, j 

(ef. p. 202). 
Replace here p and r by their approximate values (12a), and we find 

■*'«o= ^ -^ [cos {«, p) - cos (n, r)]|ooB ?^ [rt - (ft +,!,)] Jcos [/(a:, !/)] .4, 
- sin ^ [«( - (ft -^ fy)]j sin ifix, y)] d.} 

^^[— -*-^^']{'-Tl'^-'ft+W«>*t/(..y)l'^ 
-h 00* ^ [ri - (ft -f rt)] Jsin [/(I, y)] d,} 
which we can write in the form 

^=maw[-A,fBmU{=c.ynd<,+A,j<x»[Ax.ynd4^ 
.^oos«{^,Jco•(^x,y)]£b■^^,J•hl[/^i,y)]<i,J 
where Ji=^[oos(ii,p)-eos(»i,r)] | 

A - ** f '^''^^* cos(n.r )~ll .^^. 

* ir/n-L P r Jj 

and/I», y) is given by formnla (14) or (17) according to the system of coordinates 
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The vector ig can thas be conceiTed aa due to the mutual actioo of two iyatema 
of (alamentary) wave« emitted from the givea aperture, whose diOerenoe in phace 
is t/2 and whose amplitudes are determined by the expresBioni 

1 the ttraigbt edge of the large opaque screen of Fig. 25, 
formula (18'] will awome the fonn 

,.=.in,{^£/;i„[T(l + i.)(^oo.V + y')]^rf. 
+-!,/*/ 'coe [^ (1+i'J (a>oo«V+y>)] dxds/X 

[at. p. 308). 

On replacing here x and y by tha variables v and u respectively employed o 
p. 205, we find, by formnlae (32), the following eiprewioQ for 'n : 






^\ft Pa/ 

The reaultant intensity I at any point Q will, therefore, be proportional to 
the ezpressioD 



WFiT^ 



+ Jjj I ooe-g-iiv- jsin-^dv \\ 
-^.[/'.i.='*+/'c'^*]}' 
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or, if w« repUkce here A, and A, by their vHluea (IS'a) Mid p and r by their 
approximate value* p, and pg reapectivelj (cf. p. 202), 

-[.w--s^]{[/'f ?^'T*[/r?^']"} -'■ *" '■ ■•■"'■' 

wbioh referred to Gocnn's spiral can be written in the form 

"^^ [2(/.?S>*S^] • I'f *«'+l''+OT (38-) 

The above formulae differ from those in the text for light-wave* only in the 
valnea of their coefficients ; the diffraction phenomena of waves of long wave- 
length, aa the electric waves, will, therefore, be similar to tbose prodnoed by 
light-waves, difl^ring only quantitatively from the latter. 

8. Showthat j''oU~dv=X[mi^(P+2iti)-aa~] 

and j'1L^=dvK^-co»l{i' + 2iv) + eoMfj.* 

where i is given and u is bo small a quantity that its square (t^) may be neglected 
oompared with u iteeU. 

We replace the variable vin the given integrals by i-f u, and we have 

j <^-^dv = jeoa^ii + ufda 
and rtin -^dv= rim^i> + tt)Vu, 

or, on rejecting the terms in u', 

( C0B-H-<'f=( cossti'-Haujiittscoa — I cosmurfu-ain-g- I dnTiudu 

and / ain-s-do=/ ■ins(t'+2iu)du = Bin-5-/ coBi-iudtt-foas-^ / sinTtut^u; 
which integrated give 

( co«-g-dD=^coB-g-sinnu-H^Bin-^[ooiinu-]] 

*Cf. Freanel, Ottmru, tom. 1, p. 319; also Prestoo'i Thtory of Light, p. 275. 
R 
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■1+. rl^ 1 n> I li* 

«nd I ain-^ Jk = — iBin-^smnu — :CO8-g-[Q0BTTii-l] 

=s[-«"§<'"+«+«"t]' 

Ftemel employed t)MM iDtegr«la for cblcuUting the vklnea of hia iDtegnli (22), 
t&king u = 0'l and > ■acceauvelj' eqnal to 0*0, O'l, 0*2, etc. ; b; thia method he 
was eoabled to plot the curve (Bpiral) £, i;, determming auoceaaively the Tolne* 
of f and ir for everj 01 of the quantity u(ii] (cf. p. 211). 

7. Freanel'a iutegnU (22a) oan be written in the form 
/ ooB-5-dti= Jfcoa-5- + JVain-5-T 

and ratii^rfv=Jfain-^-JVcoa-g-,* 

wber. ^=''L'T:3r5-^ 1.3.6.7.9 -+"J 

*"" -"-"Ll.S 1.3.5-7^1.3.9.7. 9. 11 ^-J" 

Integrate the given integrals by parts, and we have 
J coa -^ t»B = V coa -5- + t J r'ain -=-"" 

= rco.- + ,|5im-^-3|-geoa-^ + g^ ^m-^-drJI 

-Si '"'f, Ir.tn'^li-r"' '"''' I 1«n^ 

~ L 3.5"^ ■J'^ 2 "^"L 3 3.6.7 ■J 2 

and / ain -J- dp =iKin -=--■■/ Aoa-^-rfo 

=''"°-2 -'{3~"T+3/ '^"'a-'*''} 

= .«n^-,|3-eoe-^ + j{^a,n-^-g^ ,^-^dv\^ 

L 3.6 ■■■J 2 L3 3.6.7 -J"* 2 

S. Shoir that the following (Freanel'a) integrala caji be written In the fotm : 
j ooa-g-<ie=Pooa-^-0«n-2- 

»nd |"ain^dr = fain^ + Oco.^. 

*Cf. Knooheiihauer, i>M CfuliiIalM»t«aA>ne (fe< i«:iU>, p. 36. 
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.3.8 , 1.3.5.7.9 , -\ 
. - r 1 1.3 1.3.6.7 -|* 

To «Tklnat« tbese integraU, we start from the two expresaions 

1 Itb" , 1 , TU» 

TV"*' 2 irti"+' 2 

where k Is lui integer, diS'ereDtiKt« them with record to v, and we hare 
d r 1 rvn 1 . nj" <+l 1 TB» 



, f"l . «r«. 1 its' jt + ir- 1 »»». 

hence j _,^_.d„ = ^^,««_ ^_j ^.«»^dr 

, fi xk", 1 . m^ K + l/" 1 . xp", 

by the repeated application of these reduction-formulae (jt=0, 1, 2, 3...) we a 
evidently write the given inlegrala 

1 , •«" 1 ( 1 Tti" 3f-l mi'. \ 
= sin -s- + - -1 ^ COS -= 1 -i cos -=- oi' }■ 

3.S 

7 ri_x«> . 1 



*Cf. Canchy, CompUt Sendus, torn. 16, pp. 634 and 578. 
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and, aimiUrly, 

ir«» f 1 3 



1.3.5^ 



9. Show tiiat the following (Fresnel) tDtegrali c&n be exprened in the form 



/■■ 



where /* uid Q ate givea by the series employed in the preoediDg e; 
We have 






r^n-^dv= r«n-^dv- p^u-^dv, 



which by formulae (31) and Ex. 8 can evidently lie mitteo in the above form. 

10. ExNttine, as in text pp. 218-224, the diBraction of light on a elit (in a 
large opaque screen) of sach breadth that v,' - tr,' ia alirays very large, and ehow 
tiwt bright and dark (coloured) bands or fringe* will appear in ita geometrical 
image. Bhow also, as the breadth of the slit is increased, that the diffraction 
phenomena will reaemble more and more thoae produced on the straigbt edge of a 
large opaque screen. 

11. Examine, as In text pp. 226-231, the distribution of the tnteniity ontaide 
the geometrical shadow of a narrow screen or wire ; show that the di&action 
banda, which appear there, will obey no liinple law of distribution.'* 

12. Show that formula (58) will hold at any point {fi and r ^ 0), when 
the rectAugnlar aperture in the obstmotlng screen is large. By formulae (61) 
the dark bands of both aeries will then be correepondingly near together, 
and hence for large values of a and b inobeervable (cf. problem on di£&«ctioii 

on narrow slit (b^m ), p. 236). 

13. Determine the form of the ooeffiolent c^-l-«^ in formula (66) for fonr equal' 
apertures in a large opaque screen situated at the four comers of a square. 

If we lay the origin of our ooordinatee x" ]/ (cf. p. 236) at one of the fonr 
comers of the square, and choose the two sides of the square that meet at that 
comer as x' and y' axes, we con then put 

xj'=0, ia'=0, !e,'=d, x,'=d, 

yi'=o, ih'=<i. yj'=o.: y*'=<*. 

* Cf. also paper by Lommel, cited in foot-note on p. 2IS. 
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wber« d denotes the length of the aidte of the square. The quantities rf and f* of 
formulae (65) will theo aaaunie the [«rtiiniUr form 

c'=l+COSflrf + 0OB»d + C0S(/I + >i)(i, 

s'= maiid + iiiird + aa{jt+r)d, 
and hence the coefficient in quettiou 

(^+»'*=4 + 4[COB^ + COS.'d + COSWj00BMf|, (o) 

the fonn, in which the general formula (67) ie written. It is evident tliat the 
second term of this expression cannot be neglected in comparison to the first 
(cf . also p. 238). 
We can also write the expression (a) for c'^ + 9^ 
«'"+»'»=(2+2cosM) + (2+2«w»rf)+2cwiM(l+co«»d)+2coswi(l4-ooeA«i) 
=4oo8'^ + 4coB'-^ + 4coBf4dcos»-^ + 4oos»dcos*^ 



•Show that the given diffraction pattern will thus exhibit two series of dark equi- 
distant bimds running parallel to the two pairs of parallel sides of the square in 
addition to the two series produced b; the single (rectangular) aperture (cf. p. 234). 

14. Sommerfeld's expression (TS) for i assumes the following familiar form in 
the region of unobstructed propagation, ^'<^<2t-^' (cf. Fig. 31), for large 
valnee of r ; 

Here a will evidently assume large positive and i/ large negativE values, so 
that th« second integral of the general expression (7G) for n may be rejected when 
compared with the first, whereas the latter may be replaced approximately by 
the integral 

I fi~''*'irfi' = 2 I e''"ai dv = l-i 

(cf. formula (30a)). We thus have, by fonnnUe (TS) and (76), 

,=„'?[«-'"•<-■>]. 

Observe that for r= oo the real part of this expression represents plane'waves of 
amplitude a and whose direction of propagation makes tbe angle ^' with 
the z-axis. 

15. Show that Sommerfeld's expression (75) for s assumes the following form in 
the r«gioD of the reflected waves, 2r-^'<^<2i' (cf. Fig. 31], for large values 

,.,{,'t[-'™»-«]»,'?[-'™.*«-']J. 

Observe that for r = u the real part of this expression represents the resultant 
of two plane waves, any incident wave of amplitude a and direction of propagation 
4/ with regard to x-axis, and that wave reflected (according to taw of reflection). 
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i) for the intenaitj I can be 

/prop. to^[3^+Z^T2^'E.-4'ffco8(7-y+x)} 
(of. fonnnla (SeA)). 

On performing the multiplication of the two conjog&te complei qoantitiea forja 
in the expresaion (85) For /, we have 

/prop. to|{(j-i,,)(f + .-,) + (f-iV)(f + i.,')=F[e'<'-^(f+"l}{f-il') 

± •■(ll' - f 1)[«"* - 1" - « - 'f'-^>] I, 
or, on expreating the exponential base as function of the cine and cosine, 

/pK.p.to|{z^+3'^T2nfj'+w)cos(7-y)+(fii'-ff)sii.(7-yt]} 

(of. formnk (S6)). 

If now we denote the angles, which the vectors .j'£and A'ff make with the 
f-axis. by a and a' reapeottvelj', we can put 

and heuoe mite the expression for / 

/prop. to.^{T^ + Pff*Tad'^.^'A*[(cosacosa' + sinosino')coB(7-y) 
+ {coBoBinii'-ooenaina')Bin(7-7')]}, 
prop. to|{3^+Z^E"'±2^'J. ^'ff[coa(a-B-)coB(T-yt-sin(o-.')«in{y-y)]}, 

prop, to 2-(^^+J^T2il'S.i4'^cos(T-y+x)}. 

where x=a-o'. Q.i.n. 

17. By Sommerf eld's theory of diffraction the inteneity / at any point of the 
region •p'<^ <2r-#' (cf. Fig. 31) is determined approximately by theei 






lo the given region both i(^-^'} and 4(* + *') will be positive, and hence e- 
will assume large positive and a' large negative values for finite r and waves of 
short wsve-lengtli X. A'B will, therefore, be large, approaching the value t/S, 
and A'S' so small that it can be replaced approximately by the radios of 
earratnre of the spiral itself at the point S' (cf. p. 250). The vector A'B wilt 
make an angle of approximately ir/4 with the (-axis of the spiral, whereaa the 
angle made by the tAngent to the spiral at the point S' with the {-axis will be 
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given ApproxlDuitel; hy the sxpreMion ^«^ [d. p. 2G0 and formnk (24))) the 
angle X °»i thni be written approzbnktely 

or, by foniMke (76)i = - j-^»>n'i(#+*')- 

The angle 7 - 7' + x '"'^ *h«» awanie here the form 

p^ib' !(*+*') 
= '^ + ^ain^B[n#'-^[Biii0/2o(»it'/2+oM^/2iui^'/2] 

= -^ + ^[4wn*/2co.0/2am#'/2oo«#'/2 

- (am #/2 coa ^'/2 + cos 0/2 aio 0'/2)*] 
= -^--^[am0/2coB^'/2-coa0/2Bin0/2f 

eplacing the angle y-T'+xliy this value in formal* (86a), we can wri 
ireaaioD for / 

/prop. t*>^|T2" + :S^'T2J'if ^'iroo»rt+^Bm«i{*-*')l}, 

'e replace here A'Eaad A'B b; their appioximale values 



'•^ Bin !(* + *') 
1 first orders of maf 

1 *T\4r fliiii(p + *') r 



and retain terma of only the null and first orders of magnitude in tlie small 
quantity p', moat approximately 



(thow that as # variea this expression for / will pass through a aerie* of maxima 
and minima, and that the nearer <p approaches the boundary ^=2r-^' of tlie 
region of the reflected waves (cf. Fig. 31) the more marked will be the difiraction 
bauds corretpoDding to these maxima and minima. 

18. Show according to Sommerfeld'a theory of difiaction ttiat well within the 
region of the re&ected waves (cf. Fig. 31) A'Et,od A'ff will each assume approxi- 
mately the value 'J2 and x vaaiab, and hence that / will be given approximately 
by the expression 

/prop.too*|2T2ooer^ain*aln0''||T 
that ia, if we choose the minua sign, / will vanish, when 
^siD^sin«' = l, 2,3, .... 
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whwfiM it will *Mnme fonr timei the oKtnral intensity, that of the anobstrncted 
incident waves, when 

2r , ^ . _^, 1 8 6 

the reanltkntwaveasre evidently the ao-oaU«d "stationarjr" waves (ot. pp. 13-14). 

19. ElMnine Sommerfeld'e expreaaion (86a) for 1 in the region of nnobetmoted 
propagation (cf. Fig. 31). 

20. Show thkt tb« solntion (75) for » will satiify the particular form (M) 
ounmed in the caae in qoestion by Maxwell's fundamental equations, when 
S, T, Z or n, 6, e denote the componente of that light-vector «. 
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CHAPTER VII. 



REFLECTION AND REFRACTION ON SURFACE OF ISOTROPIC 
INSULATORS; TOTAL REFLECTION. REFLECTION 
AND REFRACTION OF THE PRIMARY AND SECOND- 
Alty WAVES. 

Beflection and Befraction and Hazwell's Eqn&tionB for Electro- 
magnetic Distnrbances. — We know, when light falls on the surface of 
a second medium, that part of it is turned back or "reflected" and 
part admitted into that medium or "refracted." This reflection and 
refraction of light rays on the surface of a second medium and the 
phenomena arising therefrom are now, according to our conception of 
the nature of light, electromagnetic phenomena, and we should, there- 
fore, be able not only to explain them as such, but also to derive the 
empirical laws on reflection and refraction from our (Maxwell's) equa- 
tions for electricity and magnetism. We shall confine ourselves here, 
as in the preceding chapters (cf. p. 6), to the behaviour of electromag- 
netic disturbances in homogeneous non-conducting media, and, in the 
present chapter, to their behaviour in such isotropic media. The electro- 
magnetic state of an homogeneous non-conducting isotropic medium is 
now according to Maxwell defined by the differential equations 

Vg dt dz lit/ 



, dt dx dz 



..(1) 



and 



dQ 



D dR^da _ 
"o <^' " <i}l 
Mda^dS_ 

fg dt dp 

Md^^dP _dR 

Vg dt dz dx 

Mdy^dQ_dP 

Vg dt dx dy 

{cf. formulae (5) and (6), I.), where P, Q, R and o, A r denote the 
components of the electric and magnetic forces respectively ; v, denotes 



..(2) 
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266 ELECTROMAGNETIC THEORY OF UGHT. 

the velocity of propagation of electromagnetic disturbaaces in the 
stMidard medium (vacuum). 

The Snr&ce Oonditions. — On the dividing surface of two non-con- 
ducting isotropic media the equations (1) and (2) assume the following 
particular form, when the nonnal to that surface is chosen as z-axis : 

^('?^i-r'^ol-0, hence iJ,P,- D„R = const. 

i-ro. A -ft. 

1 = 0, hence a, -an = con8t., 



dfM* 



(cf. formulae (3), (4), (10), and (11), I.), where the Index or 1 denotes 
that the compound force to be taken is that or the sum of those acting 
in the first (0) or second (1) medium respectively (cf. Fig. 32). On the 
assumption that no electromagnetic forces were acting in the film be- 
tween the two media before the passage of the disturbance in question, 
these so-called "surface-conditions" can evidently be written in the 
rinipl,rfonn o,P, - C.P, - 0, «,-«„ R,-R,\ 

0,-0,-0, ft. ft, y,.y. ; W 

We have chosen the above form of our difierential equations, where 
the forces and not, as in the preceding chapters, the moments appear 
as variables; for the present purposes this fonn is somewhat more 
convenient than the other, since the forces acting in adjacent media, 
and not, in general, their respective moment*, may be compared or 




Fio. 32. 
superposed directly, as is evident from our surface conditions (3) {cf. 
also below). The surface conditions (3) have been referred to a system 
of rectangular coordinates, whose avaxis has been so chosen that it coin- 
cides with the normal to the given dividing surface. Let now the y- 
and a-axes be so situated in this dividing surface that the nonnal to the 
wave-fronts of the given (transverse) waves incident at any point, the 
origin 0, on that surface lie in the xg plane, as indicated in Fig. 32 ; 
»Cf. p. 6. 
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the Qormala to the wave-fronts of the reflected and refracted waves 
will then evidently lie in that same (xg) plane, which is then known 
as the " plane of incidence." We denote the angles, which the normals 
bo the wave-fronts of the incident, reflected and refracted waves, make 
with the z-axis, by ^, 0', and <^^ respectively (cf. Fig. 32). 

Liiwajrly FoUrused Plane Waves. — Let us first examine the case 
where the incident waves are ordinary linearly polarized plane waves. 

We can now represent such waves by the function 

' ae*"v*'),t (4) 

where t=v'-l, n — ^^7 ' ^^ 

T being the period of oscillation, and r denotes the distance of any 
incident wave from the point 0, where it strikes the dividing surface 
(cf. Fig. 32). Here the quantity n is not that (n) employed in the 
preceding chapters (cf. formulae (31), ii.) ; we have chosen the given 
form for n in the ensuing investigations, since it will then assume one ■ 
and the same value in all (both) media, for just as many impulses 
or waves per unit-time will be imparted to and transmitted through 
any adjacent medium as there are impulses or waves per unit-time 
in the given medium, that is, the period of oscillation of any given 
oscillation will not change upon its entering a second medium. That 
we choose the complex form (4) for representing the given waves is 
only a matter of taste; this complex function contains, in fact, two 
systems of waves, the one represented by its real term and the other 
by the real factor of its imaginary term. 

The Beflected and Be&acted Waves. — If the incident waves are 
represented by the function (4), the respective reflected and refracted 
waves will evidently have the form 

tt'e *■ -'' and a^e ^ i',t (6) 

where a' and a^ denote the amplitudes, j/ and r, the velocities of pro- 
pagation, and / and fj the distances from the point on the dividing 
surface, where the given incident waves strike the same, of the 
reflected and refracted waves respectively (cf. Fig. 32); the quantities 
a', a,, v' and v, are to be regarded here as unknown and to be sought. 

If we refer the incident waves (4) and the reflected and refracted onew 
(6), to which the former give rise, to the above system of coordinates 

i For WKvei approaehing the point O, u the incident ones, the pliu-dgn mun 
evidently be ohoMU before -, wherau for thow that are needing from that point, 
M the reflected and refracted wave>, the minus-Hign mnit be taken. 

« CT. p. 12. 
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(cf. Pig. 32), the diat&ncea t, / and r, can then evidently be written 
in the form r = -ydn.^ + xcos* 1 

r'=y8ini^' + !eeoa^' r (7) 

r, = y sin ^j - a coe -^i J 
(cf. Fig. 32), and hence the three waves themselvee in the form 

ae"^ ' ' I 

__,^..(,.«!=i:±^) ,8, 

a e " "1 ' } 

Before we consider the general case, where the direction of 
oscillation in the incident wavee makes an arbitrary angle with the 
plane of the incidence, the xy coordinate-plane, let us examine the 
following two particular cases : 

I. The electric oscillations in the incident waves take place at right 
angles to the plane of incidence ; and 

II. The electric oscillations in the incident waves take place in 
the plane of incidence. 

Case L : The Electric OscillatioiiB at ± to Plane of Incidence.^ 
Here P = Q = 0, \ 

andhence F = Q = P^ = Qi = j' ^ ' 

that is, the oscillations in the reflected and refracted waves take place 
at right angles to the plane of incidence. 

The components R, R and R^ parallel to the j-axis of the electric 
forces acting in the incident, reflected and refracted waves respectively, 
will then, by formulae (4) and (6), be represented by the functions 

ii-a"> • ' 

R .a:'<-'-'^^"*"> ('») 

fl,-a,e^ .» ') 

To find the magnetic fonjes, the a's, /J's and y's, that accompany these 
electric onea, we replace the fa and ^a hy their values (9) in our 
fundamental equations (1) and (2), and we have 

.,3r dy' 



Vf, 7t dy 
Md^__dR 
v^ dt^ dx 



..(2A) 
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— the remaining tbree equatioos all reduce to y = — where if la to be 
replaced by its value from formulae (10), asd Bimilar equations for 
fl-andii,. 

The Ifagnetic Waves. — It follows from fonnulae (2a) and the 
analogous ones for a.', ^, y' and <tj, fS^, y^ that all three magnetic 
oecillations are taking place in the plane of incidence, that is, at right 
angles to the respective electric ones ; to find their two components 
in this plane, we replace the ^8 by their values (10) in the given 
equations, and we have 



Vfl dt 






. Bia<^ *"(' 



I"*"*-'"**] 





-..=-,-(.- 


>'•»"»-♦) 


Mdf! 


a-i„52*'r('- 


>«■♦■+""♦■) 


Mij^_ 


-».»»!*,'■('- 


„»t^) 



Md/l, .CO.*, ,J,- '-» «■-"-«■ ) 

do ai Pi 

integraUid, these equations give the following values for the a's 
and/ffs; 

t, mi 4. <•(•- '"*-,""* ) 

M T 

. , t. >alnA-icai4\ 

B - . •* 'SL*H'-'—h — ') 
"^ ~ Jf • 

c sin*' tiifr y'°*'+'°«* " 



^' fl'i 
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Replace, next, the a's and jS's by these and the Ufa by their above 
values (10) in our fundamental equations (1a), and we have 

and similar relations for the reflected aad refracted waves, which give 

hence •'-otI 

and similarly ^^~ JTiff }• (^2) 

that is, these familiar relations (ct p. 11) must hold between the 
velocities of propagation of the waves and the medium constants, in 
order that our fundamental equations (1a) may be satisfied. It 
follows, moreover, from these conditional relations that 



if = v; (12A) 

that is, the velocity of propagation of the given electromagnetic 
disturbance undergoes no change upon reflection. 

The Snrfoce Conditions and the L&vs of Beflectitm and Refraction. — 
Let ua, now, examine the surface-conditions (3) for the given system 
of waves ; they evidently assume here the simple form 

D,P, = D,P, = Q, = Q,~0. R,~E^ \ ^3^^ 

and ai = ao. ft = A, ri = To = ' 

The index 1 denotes that the component force to be taken is that 
acting in the medium 1, that ia, here the component force acting in the 
refracted waves, whereas the index refers to the component force or 
forces acting in the medium 0, here the component force acting in 
the incident and that acting in the reflected waves superposed. The 
given surface-conditions (3a) must, therefore, be written explicitly as 
follows : 

.,.. + .-, ft./Jt,?} <"'> 

— the other component forces vanish. 

Replace here the R'b, -I's and j8's by their above values on the given 
dividing surface, a: = 0, and we have 
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U,.*-E*) iJ,.t^^) .ini,."-^) 

5*. »0-«^) .^a »si '■(-^') 



"'i- 



<-«io^r-« 



,/(_*™*) 






where, by formula {12a), we have put c' — p. 

The surface-conditions (13) must now hold not only for all values of 
t but also at all points on the given dividing surface, that is, for all 
values of y (and z); this is now evidently only possible, when the 
following relation holds between the i^s and the ^'s : 



sin ip _ sin 'f' _ sin^ ^ 



•(H) 



which gives ^' = 'l> (15) 

(cf. Fig. 32), or the familiar law, the angle of incidence is equal to the 
angle of reflection. 

The first and last members of relation (14) give 

sin^;ain^j = »: tJ, = 71^,, (16) 

or the (Snell's) law of refraction; Aqj is known as the "index of 
refraction" for waves passing from the medium into the medium 1. 

The laws (15) and (16) follow directly from the actual existence of 
the surface conditions or from the fact that a linear relation holds 
between the forces acting in the film, being entirely independent of 
the form of those conditions or that relation, its coefficients. 

Determlmition of Amplitudes of Reflected and Befracted Waves. — 
We have seen that the relation (14) must hold between the v's and the 
^'s, in order that the surface-conditions (13) may be satisfied ; but it 
does not necessarily follow that thoy are satisfied ; this will be, in 
fact, the case only when certain other relations hold between the 
amplitudes a, a' and a, and the angles ^ ^' and <|>^ or the medium 
constants. These relations may now be determined from the eurface- 
condidons upon the assumption of the validity of the latter. By 
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the relation (14) the three surface-conditions (13) will then reduce to 

(17) 



the two 
and 



, Bin A , ,, , 
a, cos ^, . J" e= (a -a )co8 ^ ; 



which give 



8in^coB'^j-cos^sin^ _ 
sin ^ COB ^ + cos «^ sin "^i 



^ •= (d - a')coa ^ sin ^, 
in(^-^,) 



ain(* + <^) 



and hence, by (17), 



^ j- _am(^-^-l_ 2co8_*Bin^ 
L sin(</. + <.OJ ain(« + .^i)-- 



,.(19) 

The Reflected and Refracted Electric Waves. — By formulae (16), 
(18X and (19) the reflected and refracted electric waves, to which the 
given incident electric waves give rise, will have the form 

2co.». inj,,^..(i- "" *';""*■ ) 



and 






■n( -'sint^l 



..(20) 



where 

The accompanying Hagnetic Wavea. — The component foicea acting 
in the magnetic wavea that accompany the electric wavee (30) will 
evidently be given by the expresaions 



f, ain* i.(.- i""»;"-» ) 
e.-iA coe* i>(''"'°*;""*) 
M V Bin (♦ + *,) 

o, «„ COSiJi Bin(<^-<t,) ■«(' ;; ) 






M r, 8in(.^ + ^) 
■^1 = arcsin ( -' sin ^ j 



....(21) 
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due U : The Electric Osdllationa In xy-Plane.— Here 

and our fundamental equations (2) evidently assume the form 

the first two of which give 

a = fi=^0, (22) 

that is, the accompanying magnetic oscillations are taking place at 
right angles to the zy-plane or to the electric oacillations. 
By formula (22) our fundamental equations (1) then aasume the form 
DdP dy D dQ dy ,, , 

F^ ~di'-Ty' ^ Tt'd^ ^^"' 

As above, we can now represent the electric force acting in the 
incident electric waves by the function 

where b denotes its resultant amplitude (in the zy-plane). Its com- 
ponent forces, P and Q parallel to the x and y-axee respectively, will 
then be 

^ = *«''*^^ ' H (23) 

Q = bcwt>e^ • n 

Similarly, the component forces acting in the reflected and refracted 
electric waves will have the form 

(cf. Fig. 32, where oscillatioiia of the incident and reflected waves 
corresponding to the given case are represented graphically by arrows) 



?- -i'cos^'e*"^''''"^*^™*) J 



and 

P-, " b, sin <^ 






Qi= 

where b' and b^ denote the resultant amplitudes in the reflected and 
refracted waves respectively ; as in cose I., b', b^, ift, ^j, ^ and v^ are to 
be regarded here as unknown and to be sought. 
To determine the magnetic forces acting in the incident^ reflected 
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and refracted waves, we replace the Fi and (^a by their values (23), 
(24) and (25) reapectiTcly in formulae (iB^ and we have 

D, ^. W'-' '^*:'"* ) dy 

aad similar equations for the reflected and refracted waves; these 
integrated give one and the same value for y, namely, 



similarly, we find the following expressions for 
y' and y^ : 

._j.,.-(- "^/r™o 



..(26) 



and 7i"~Mi* 

Lastly, replace the P'b, Q'a and y's by the above values in the last 
equation (2b), and we have 

with similar relations for the reflected and refracted waves, which gives 



similarly, we find 



henoe 



DM' 



the same relations (12) and (12a) as those found in case I. By theae 
relations, we can now write the magnetic forces (26) in the form 



and 



.i,»(- 



the form in which the magnetic foices appeared in case 1 (cf. for- 
muUe (11)). 
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The Snr&ce OonditionB and tha Laws of Beflectioii and Be&ac- 
tion. — For the given case our surface-conditions (3) assume the form 

a. = «o = A = ^, = 0. r, = yo ;■ ^'^^^ 



..(SB') 



orexplicitly D^P^ = DP + DF, Q^ = Q+Q^^ 

yi=y+y y '" 

Replace here the P'a, Q's and y'a by their values on the giveti 
dividing surface, x— 0, and we have 

iJi-t^*^^ iJt-t^^^ j.C.!:iEi'\\ 

i>i6,sinV ^ " ■'-■Ofrsin^e™ • Ul>b'em<i>'e ^ * ', 

ftiCOB^e" " •'=6co3^e *■ • -'-ft'cos^'e '^ • ' },..(28) 

where we have put t/ = »{cf. above and formula (12a)). 

As in case I., the following relation must now evidently hold, if 
these surface-conditions (28) are to be satisfied : 
sin j- _ sin '^' _ sin <^, 

the same relation between the v'a and the 0's as that (14) found in the 
preceding case. The same considerations as those above, and hence 
the same familiar laws will, therefore, also hold here. 

DetermiiiatiOB of AmpUtndas of Beflected and Beftacted Waves. — 
As above, to determine the further relations that must hold between 
the different quantities, in order that the surface-conditions (28) may 
be satisfied, we write the same by relation (14) in the simpler form 
D^by sin 1^1 - {Dh + Db') sin <^ 
by COB ^1 — (6 - &')cos ^ 
and -J =» 

By fonnulae (12) and (14) (cf. above), it is evident that the first and 
last of these conditions are identical and can be written in the form 

'sin^ 
Upon the assumption of the validity of the given surface-conditions, 
which may be replaced by the two simpler ones 
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we can now determine the unknown quantities 6' and b^, the amplitudes 
of the resultant electric forces acting in the reflected and refracted 
waves respectively, as functions of known or given quantities. On 
the elimination first of £, and then of b' from these two conditional 
equations, we find the following values for b' and ft, respectively : 



fi' = 6l 



'sin <^ cos ^- sin -^ 



and 



b,=b-^ 



>s^\ ^ tan(^-.^i) 
■"-' ' "'anC^ + ^r- 
2 cos <^ sin ^ 



.,(29) 
..(30) 



"sin -^ cos -^ + sin <^i cos i^t, sin {4> + i^)cos(0 - <^,) 
The Reflected and Keftacted Wavei and the accompanying Magnetic 
ones.— By formulae (29) and (30), the reflected and refracted electric 
waves, to which the incident waves (23) give rise, will be represented 
by the component forces 



Qf<a -booeil> 



tan (* + *,) 



f,-* 



2co.».in'.», ..(.- '•^'■;"-»' ) 

.,_»l*™2i_...(.-'-''=*^^) 
' sin(^ + ^,)coe{^ - ^i) 
rfiBpectively, and the accompanying magnetic waves by the component 



..(31) 



Mv ten(^ + ,^) 



and yi-if-^— 



2 cos ^ sin 






*) 



,.(32) 



~ Mv^ sin(^ + ^,)coe(<^-^,) 

where i^, =- arcsin I -' sin <}> 1- 

The Oeneral Oaae : The Oscillatione make an Arbitrary Angle 
with Plane of Incidence. — It is easy to derive from the two par- 
ticular cases I. and II. just examined the formulae that will hold for 
the general case, where the electric oscillations (in the incident waves) 
make an arbitrary angle with the plane of incidence (the ay-plane) ; 
if we denote this angle by $ and the (resultant) amplitude of the 
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electric force acting in the incident waves by A, we can then resolTe 
that force into two, one at right angles to the plane of incidence, 
and the other in that plane; the component oscillation at right angles 
to the plane of incidence will then evidently be reflected and refracted 
according to fomiulae (14), (18) and (19) of case I., and that in the 
plane of incidence according to formulae (14), (29) and (30) of case II. 
The forces acting in these component oscillations will evidently be re- 
presented by formulae (20), (21), (31) and (32), after we have put there 

a='Awa6, 6-yioosff (33) 

(cf. Ex. 1 at end of chapter). 

Bellection and Befractaon of Ellipticall; Polarized Waves. — ^If the 
incident waves are elliptically polarized, we resolve the given elliptic 
oscillation (force) into two, one at right angles to the plane of in- 
cidence and the other in that plane, and treat each separately, aa in 
the above general case ; the same formulae will then hold as in the 
general case, only the phases of the oscillations taking place in the 
plane of incidence and those at right angles to it will differ from 
one another according to the degree of elliptic polarization of the 
incident waves. It is evident that the reflected and refracted waves 
will also be elliptically polarized. 

Beflection and Befractios : Formulae for the Uomenta. — Formulae 
(18), (19), (29) and (30) are known as " Fresnel's reflection formulae " ; 
they enable us to determine the amplitudes of the forces acting in the 
reflected and refracted waves from the form— amplitude, angle of 
incidence, etc. — of the incident waves. To obtain the amplitudes of the 
momenta or oscillations themselves, we recall the relations that hold 
between the forces and the moments to which they give rise ; namely 
the latter are proportional to the product of the former and the 
constant of electric induction D of the medium (cf. formulae (3) 
and (7), I.). In one and the same medium, the same formulae will, 
therefore, hold for the momenta as for the forces ; of the above formulae, 
(18) and (29) will, therefore, remain unaltered for the moments, provided 
the d's and 6's denote there the amplitudes of the respective component 
momenta, whereas the other two formulae, (19) and (30), will evidently 
assume the form 

At 4ir 2 cos ^ sin <^, \ 

b;"-":b"- «(*+*,) I 

and *'K *'. 2«»».m.», f <"* 

where the index m denotes that the amplitude to be taken is that of 
the moment or oaciliation iteelf. 
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By formulae (12) these fonnake (34) can now be written 
»,* »* 2 COS ^ Bin ^, 

^a.»=^a- «n(^ + *,) 



and ^J, _^& 2cos^8in^, 

V " V ■'8in(^ + ^)eo8('^-^i) 
or, by the relation (14), 

sin*'^ 2coa^ain^j sin^einS^ 

'^"'° "aiu'f/ij 8in(^4-'^i) " "8iiii^,Bin('^ + ^) 
sin^i^ 3cos<^8in' 



and 



"~BinS^ain(^ + </.,)coe(*- 
, 8in(^sin2^ 



'.) 



- sin *j sin (^ + ^) cob(* - .^i) 
peipendicnlar Inddance. — Let ub, next^ examine the particular case, 
where die incident wares strike the reflecting surface at right angles, 
that is, where 

* = *' = *i-'0 (35) 

(of. formula (U)). 

Here formulae (18), (19), (29) and (30) assume the indeterminate 
- a' a, &' 6, 

and cannot, therefore, be employed in the above form. To determine 
the real values of these four quotients for this limiting case, we write 
the given formulae in the form 



2coa<^ 



sin^ 



C08^ + C0S<^ 

COBi^ 



and 

replace here 



?= 



sm^ 
sin<^ 



<^ = <^j = 0, and we find 



-,— V- by ite value — from relation (14), then put 
sm^ ■' p, \ " r 
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o^ v-v^ Oj 2v 

a "^ »+»,' a ~v+ 

It follows from Uiese formulae that for v>v^ not only a", the amplitude 
of the reflected waves at right aogles to the plane of incidence, but also 
b'( - b'), their amplitude in that plane, will be oppositely directed to the 
respective component amplitudes a and b of the incident waves; that 
5' {-6') is here oppositely directed to S ia evident from the general 
ezpFesaions (24) for F and Q', which for perpendicular incidence 
reduce to r = Q, Q - -6'«'"(''5) (cf. also Fig. 32). It thus follows 
that the reflected waves will interfere (partially) with the incident 
ones, the resultant waves approaching in form stationary waves 
(cf. pp. 13 and 14), as the ezpressions for the component amplitudes 
a' and V of the reflected waves approach in value those a and b of the 
incident waves ; this limiting case coiild not well be realized, since then 
— would have to be ii>6nitely large, that is, the incident waves would 
have to be totally reflected, undergoing no change in amplitude upon 
reflection. The resultant waves will, therefore, be (only partially) 
stationary, their first (partial) node lying on the reflecting surface. 

The Asfle of Polarisation and Conunon Light. — It is evident from 
formulae (36) and the general ones (18) and (19) that, when the os- 
cillations in the incident electric waves are taking place at right angles 
to the plane of incidence, the reflected waves can never be entirely 
extinguished, even when the incident waves strike the reflecting 
surface at right angles. Od the other hand, it follows from formula 
(29) that, when the oscillations in the incident waves are taking place 
in the plane of incidence, the reflected waves will be entirely extin- 
guished, when the angle of incidence ^ is so chosen that 

* + *i = 'r/2 (37) 

for then tan(^+<^) becomes infinite and b' vanishes. When ordinary 
(non-polarized) light strikes a reflecting suriace at this particular 
angle of incidence, the reflected waves will, therefore, contain os- 
cillations that are taking place only at right angles to the plane of 
incidence, the component oscillations tn the plane of incidence being 
entirely extinguished, that is, the reflected waves will be lineariy 
polarized ; the particular angle of incidence, for which incident waves 
become linearly polarized upon reflection, is thus known as the 
"angle of polarization." A glance at Fig. 32 shows that the angle of 
polarization is thereby determined that the directions of propagation 
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of the reflected and the refracted waves make a right angle with one 
another (cf. formula (37)). For the angle of polarization formula (16) 
evidently aeaumes the form tan ^ - - = »|,i (cf. formula (37)), which is 
known as Brewster's Law and states that the angle of polarization is 
that angle of incidence whose tangent is given by the index of 
refraction n^ of the two media. Since the index of refraction fl^ 
depends on the relative constitution of the two media in question, the 
angle of polarization will vary for different media. 

Tlie Oenenl Oau ; Determination of the Planes of Oscillation of 
the Beftected and BeCracted Waves. — According to Fresnel's theory, 
the plane of polarization makes an angle of 90° with the plane of 
oscillation; if the plane of oscillation of the incident electric waves 
makes an arbitrary angle S with the plane of incidence, then their plane 
of polarization will make the angle 90° + 9 with that plane. Let ue 
first determine the planes of oscillation of the reflected and refracted 
waves, to which plane waves incident at the angle ^ sjid whose 
oscillations make an arbitrary angle B with the plane of incidence, the 
xy-plane, give rise. For this purpose, we resolve the given incident 
oscillations (forces) * into the two component ones 

at right angles to the plane of incidence and 

^cosfe ^ • ' 

along that plane. By formulae (18), (19), (29) and (30), these com- 
ponent oscillations (forces), upon striking the reflecting surface, will 
now ^ve rise to the following reflected and refracted ones : 

-Wsing "''g"j^l^ '"^ ■ ^ 

sin(^ + ^) 

"(y-^i) g*"!' ; ) 

in(* + *i) ■' 

the oomponenbB of the reflected waves, and 

^ ^^ ^ 2 cos ^ sin ^ ^iH(i -*"' " - *''"? 

sin(<^ + ^i)coa('^-<^) 
the components of the refracted waves. 
•By " OBoilUtion " we ■hftll often refer to the force Mting »nd not to tb« 



..<38) 
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On the other hand, we can now write the resultant reflected and 
the resultant refracted waves in the form 

A'"^ ' ' and Ajt" i ' 

reapectirely, where A' and A-, shall denote their resultant amplitudes. 
If we denote the angles these (resultant) OBcillationa make with the 
plane of incidence, the zy-plane, by d" and 6^ respectively, we can then 
replace them by their component oadllations at right angles to and 
along that plane, namely 

A'Bmffe V . / 

and A'coaB'e ^ ' ' respectively, 

the components of the reflected oscillations, and 

A, sin e,e 



),/; r*!"*!-' 



and AiOOaSje ^ •> 'respectively, 

the components of the refracted oscillations ; here A', A^, ff, B^ are to 

be regarded as unknown and to be sought. 

On comparing these last expressions with the given ones (38) and 
(39) for the component-oacillations in question, we must evidently put 

^-siny=-^sine ""i*-^i) 

am(<^ + ^i) 

^'eo8^ = ^COstf55Hl*zA) 
t«n(.^ + *,) 

J i ^„a ^.a2c0B<ABini^, 

and ^,sinC,=.^smt' . ,; , , ' 

' ' ein(^ + <^i) 

J a J n 2 COB <^ Bin 4>, 

A,iMad, =A COS e -,— — — ^-f — ,p - . 
Bin (0 + ^)cos(^ - 1^,) 

which give the following values for the angles or planes of oscillation 

ff and ^j of the reflected and refracted waves respectively : 

tani9'=-tanfl?55<iriL)) 

"*" "° C08(* + *l) (41) 

tan9j«tan{'cos(^-<^,) J 
Botatiim of nane of PolarizatioiL — By formulae (41) the plane of 
oscillation of the above incident waves is rotated through given angles 
both upon reflection and upon refraction. Since now the plane of 
polarization, according to Fresnel, makes a right angle with the plane 
of oscillation, the planes of polarization of the reflected and refracted 
waves will make the angles 90 + ^ and 90 + ^i respectively with the 
plane of incidence, where ff and 6^, the planes of oscillatioii, are 
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detennined by the formalae (41). If we denote the angles which 
the pl&nes of polarization of the incideot reflected and refracted waves 
make with the plane of incidence by 6, 6* and 6, reapectively, we 
And the following formulae for the detennioatlon of the two latter : 



^ ' tJin ff tan ff coa(^ - V^) 



(41 A) 



1 coflf.^ + .^) . Q Coa(.^ + ^) \ 

tan(e-90°)co8{.^-^) co8(^~^) 

and similarly tan6j = tan68ec(^-^) j 

These two formulae give the following relation between 9" and dj : 

tane'= -tane,oos(^ + *i) (42) 

Bxaamtaj. — It follows from the above formulae : 

1. If <^ + ^j = 90*, then O' = 0, that is, if the incident waves strike 
the reflecting surface at the angle of polarization (cf. formula (37)), 
the reflected waves will be polarized in the plane of incidence (cf. also 
Ess. 3 and & at end of chapter). 

2. For(^+^,)<90°,eos(*+^])<cos(^-^,),and hence tane'<-tane, 
that ia, as <t> incTBases from zero, & will decrease in absolute value 
until (^ + .i^)-90°, where it will vanish (cf. 1); for (* + .^)>90*, 
,COs(^ + i^) will, in general, assume small negative values in com- 
parison to large positive ones assumed by cos(<^-^,), and hence 
t«nO'<tanO. 0* will, therefore, be smaller than 6, or the effect of 
reflection will be to bring the plane of polarization of the reflected waves 
nearer to the plane of incidence, the two coinciding, when the angle of 
incidence becomes that of polarization (cf, also Ex. 6 at end of chapter). 

3. 8ec(^-<^j)>l for all values of <^, and hence tan6]>tan6, that 
is, the effect of refraction is to remove the plane of polarization 
further from the plane of incidence (cf. also Ex. 7 at end of chapter). 

Tba AmpUtodes of th« BeSected and B«&acted Vaves. — Formulae 
(40) give the following expreasiona for the resultant amplitudes of the 
reflected and refracted waves (38) and (39) respectively : 

L Bm^(* + <^i) tani'(*4-^)J 

sin^(0 + ^,) I cos'(* - ^)J 

-^'""i!t'!'!r'-'»"»°°yr'!t'i 

smH^ + .^)L oos«{.^-<^i) J 

, ., 4W»cos«<^sin*^,r. ,. co9«tf "I 

> sin*(^ + *,) L cotf'(^-^)J 
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(cf. Ex. 1 at end of chapter), or, in terms of 6 : 

Total BeflectloiL — If the velocity of propagation in the first medium 
or that of the incident waves is smaller than that of {the refracted) 
vaves transmitted through the second medium 1 (cf. Fig. 32), and, if 
the angle of incidence is taken sufficiently large, nearly equal to 90°, 
no vaves will enter the second medium, but all will be rejected back 
into the first; this familiar phenomenon is thus known as "total 



For iXVi formula (14) then gives 

. , p, . , ain^ 
sin ^1 = -1 ain ^ = — jrp 

where N= — < 1 

*i 

if now sin<^>iV, sim^^ will be larger than unity, which is evidently 
only possible when i^^ is a complex quantity (cf. below), that is, no 
waves will enter the second medium, but all will be reflected back 
into the first, as confirmed by observation. Let us now examine the 
form assumed by the formulae of partial reflection for the particular 
case of total reflection; for this purpose we shall first consider 
here as above the two particular cases where the incident electric 
OBcillations take place at right angles to and in the plane of incidence. 

Oase L : The Incident (Electric) Oscillations at J. to Plane of 
Incideoca. — Here the amphtudes of the reflected and refracted waves 
were given by formulae (18) and (19); these formulae must now 
hold, when we replace there sin <^ and cos <^j by their values for total 
reflection, namely 

«^'f'i = -jf^ (*5) 

We can regard sin^, as replaced by the real quantity .. >1 ; 
cos^ is imaginary, since -r f ^ is here larger than unity; we shall, 
therefore, write it in the form 

»»*.-'V=P^i m 
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wliere t—s/-l is the imaginary unit; the quantity under the square 
root-sign then becomea positive. 

Bopla^e sin ^ and cos ^ by their v^ues (45) and (46) in formulae 
(18) and (19), and we have 

.___ ty/sin''.^- jV^-cos.^ /itf^+coa2* .2 cos ^VsmV^TT*^ 
°" "tVsin^^-JV^ + coa*"^ 1-JV' ~* TTlfi 

and k(47) 



^1 






^ 



that is, the amplitudes of the reflected and refracted waves are here com- 
plex quantities, whereas that of the incident waves is real. Complex 
quantities as amplUudes can now have no physical meaning, but as 
expressions for the quanlitUs a' and Oj we should be able to interpret 
them physically. We have now obtained the expressions (47) on the 
assumption that the incident waves underwent no change in phase 
either upon reflection or upon refraction ; the fact that the resulting 
expressions for a' and a, are here complex would now suggest the 
inoorrectnesB of that assumption or, on the other hand, that these 
expressions contain, in fact, changes in phase at the reflecting surface, 
for the formulae themselves must be valid as such, since they 
follow directly from our surface conditions ; in which case we should 
be able to write the expressions (47) for d and a, in some such form as 

and a^ = \e-i'^i] ' 

(cf. formulae (10)), where d', d, and S, £j are real quantities, the former 
denoting the amplitudes and the latter the changes in phase sought. 
The component electric forces R and R^ acting in the reflected and 
refracted waves would then evidently be given by the expressions 

and R^=llJ^ -^ ^> 

(cf. formulae (10)). 

Formulae (47) and (48) give now the two following equations for 
the determination of the quantities d*, d^ and S", S^ sought : 



/A'» + co82.^ .2cos^sin**-J^"\ _,, .^ .,, „ , . j,, 
\ l^A-^ ' irjvr j = de-"* = a'(co8«S^-iBinaS') 

n^-isinnfii 

ecy Google 



■2008*4 . 2 COB As/sin** - N\ , ., .. . . . .. 

\-^^~* l-A^T j = di«-"'. = o,(coenii-.ein«fi,), 
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or, since the real and imaginary partB respectlTely of each equation 
muBt be equal, the four following equations : 

-= a COB Bff, 



a^ COB n£j, 





" 1-Jf' ■ 


u, 


tcWm'*- 


-JV 






'^.- 


•Aa 


co.+^m'.f. 


-A". 



which evidently give 



JV« + ooa2i 
2a COB ^ . s^ain V - N^ 



..(49) 



and o, = -rr — n^ tan rB, = -— 

' ^1 - iV * ' cos ^ ; 

The Lav of Refraction for Total Befiection. — The first two fonnulae 
(49) state that the incident waves undergo a change in phase but none 
in amplitude and hence in intensity upon reflection. To determine 
the behaviour of the refracted waves in the dividing surface or film — 
they cannot enter the second medium, since <^j is never less than 90° — 
we first examine the form assumed here by the law of refraction (14), 

namely «£*_in*,. 

That this law may be satisfied for total reflection, sin i^j must be larger 
than unity ; this is now only possible, when the angle ^j is complex ; 
let us, therefore, imagine it as replaced by the complei angle s + *^n 
and we have 

»nQ + *♦■)- •!» i «» '■*i + '»» i «»•■*,-»» '*,. 
which can also be written in the exponential form 



•Ki^'*')"'^' w 

an expression that evidently assumes all values between 1 and os for 
real values of <^,. For any given case of total reflection, that is, 
for given v, w, and ^, we can thus imagine the angle of refraction as 

*Strictly ipe&king, ^ &ad Cj denote the angle of inculence uid tlie velooitjr of 
prnpagation reepectively vntkin the dividing ^Im. 
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replaced by the complex angle s + ti^, where ^, is to be detennined 
as a function of p, Bi and ^ by the formula 

(♦i + e-*i - — 1 sin ^ ; (51) 

in which case the above law of refractioa will be satisfied. 

Direct Uetbod of Treatment of Oiven Problem on Total Reflection. — 

On writing the angle of reflection for total reflection in the form 
^ + t^, where <^ is to be determined by formula (50), we could 
evidently treat the above case of total reflection similarly to that of 
partial reflection (cf. pp. 268-272), and we should obtain the same 
formulae as those deduced by the above indirect method of treatment 
{cf. pp. 283-285) ; as this method is instructive, throwing light on the 
behaviour of the refracted waves iu the dividing film, we shall examine 
it briefly here. 

For the given case of total reflection we evidently have 

iJt *»^*-"«** \ 
R = a'e\ " / 

^of. formulae (9) and (10)), whereas £,, according to the above, is to 
be written in the form 

r i»ritif.r;j+i»i)-iG«(TB+i»j -i 

jj,-a,."L' „ J. 

Since now 

C0a()r/2 + t^)- +^/l~Bin»(1^/2-^i^)= ±**/Bin'(ff/2+t^i)-l, 
where the expression under the last square-root sign is evidently 
a real quantity, we can write the expression for B^ in the form 

iJ, = fl,« L ■ ^ V ^ (52) 

The positive sign must evidently be chosen before the square-root 
«ign in the last factor of this expression, for, otherwise, the further 
we receded from the first medium into the dividing film, where z is to 
1>e taken negative, the greater would be the force acting Jt^. S^ must, 
therefore, be written 

M^=^a^e L" >, J( i (52a) 

Ba^ Disappesiaace of Refracted Waves within Film.— Within Uie 
dividing film at the distance A,, the wave-length of the given waves. 
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from the boundary of the first medium, that is, for x = - X,, the last 
factor of the expression (52a) for R^ would assume the value 

nAi'/.lD'C./g+i^i)-! 



■, by formulae (5), (60) and (Bl), 

e-Srv'iJnS(»/H-*«,)-l 



,-iw^/^iv?^?^ 



which is evidently small. As we receded further into the dividing film, 
this factor would now decrease rapidly in value, that is, the force £, 
would vanish and the refracted waves thus be extinguished almost 
immediately. 

Datmninatioii of tiie Amplitudes and Ohanges in Phase of the 
Beflect«d and Bebacted WaTes.— To obtain the formulae for total 
reflection by the given method, wa make use, eis above in the case of 
partial reflection, of our surface-conditions ; these are given by formulae 
(3a'), where R^, Oj and j8, are to be replaced by their values for the 
given case of total reflection. We obtain the values for a, and j8j, on 
replacing, as above in the expression for R^ for partial reflection, the 
angle ^ by the complex angle B-/3 + ti^, in the former expressions 
(cf. formulae (11)) for those component-forces. Replace the Ks, a'e 
and ^s by their values in the surface-conditions (3a'), and we have on 
the dividing surface (z — 0) 

?-[-'-=!=*f±*'].„"(-'-=?*)^...'-(-^), ■ 



V I 



,,.(53) 



.'lw.-(-'^)_„.5?;i:,-(-'^) 



These conditions can now evidently be satisfied only when 
sini^ ^ sin-^' ^ sin(ir/2 _ +i<^,) . 

hence, by formulae (12), which also hold here, 
*' = *. (t'""). 
The conditions themselves then reduce to the following: the first 
two both to a, = a+a' 

..oos^ 



and the third to fl,^2?M±i*l>-(«-( 
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That these two conditional equations may be satisfied, the quantities 
a' and a^ must be determined by the same ; they evidently give 
^,r cofl^ ^ eoa(ir/2 + i^i) l ^rco6^ eoa(»r/2 + t^i) 1 

and a,[2^ + ^i(![^±**L)] = 2a^ 

which can be written in the form 

^r oos^ . s/ain'(W2+i^)-i n ^rcoa.^ ^ ■ VBin'(^/2 + i.^i)-l -]1 

and L (55) 

r cos0 VHin*(jr/2 + i.^,)-l "[ ^ cos^ 

where the expression under the square-root signs is positive. 

Of the equations (55) the former for the determination of the quantity 
a' has now the form 

a' (coa tti' - i sin w) = n (coa to' + 1 sin «'). 

Since the real and the imaginary Mrms i-espectively of this equation 
must be equal to the respective ones of the above conditional 
equation for a', we have 

— - = COB oi and ^-^ ^-^ = sm w : 

V t>, 

from which u>' is determined by the formula 

._W.i-W2t.»l)-l 

IT, COS ^ ^ ' 

We can, therefore, write the former equation (55) for a' in the form 
a'e""' = 09"', 

or a' = o<r^', (57) 

where lu' is determined by formula (56). 
By formula (57) and the conditional equation 
fflj = a + fl', 
we can write the quantity a, in the form 

o, = a(l+«'^') = (I«*^, (58) 

where i and Wj denote the amplitude and change in phase respectively 
of the refracted force. To determine d and (Uj in terms of a and u', 
we write this equation between the same explicitly 

a(l+C08 3<u' + »sin2(u') = d(eoB2uij + i8in2wi), 
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and we thus have the two equations 

a{\ +cos2<u') = aGos2<Oi 



and 
which give 
and 



t«n2<0j = 



1 + cos :iu' 



or, if we replace here <u' by its valne (56), 



coa^ 
2acoa'^ 



^eoa'^ + ^^[8in»(n-/2 + 1^) - 1]J 

We observe that these formulae for the refracted waves and the above 
(56) and (57) for the reflected ones are identical to those (49) found 
by the former indirect method ; to obtain the latter we replace here 
»/»j and ain(3r/2 + ii^j) by their values, the quantities JV and — ^-- 

reepectively employed in the previous method ; the changes in phaae 
2u and 2(», here are the n^ and n^, of formulae (49). 

Oasell.: The Inddent (Electric) Oicillations in Plane of Incidence. — 
The treatment of this case is similar to that of case I. 

By formulae (45) and (46), formulae (29) and (30), which hold for 
partial reflection, will assume here the form 



., _ , sin ^ COB ^ - sin ^ cos ^ 

sin ^ COB ^ + ein 0] 




Since these expressions for the amplitudes are complex ones, we 
must abandon here, as in case I., the assumption of no change in phase 
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OD the dividJDg surface, and thus write the ezpresaions for the 
quantities b' and i, in 'le form 

::£::} - 

where b', i, and nf, "fj shall denote the amplitudes and changes iu 
phase respectively sought. 

By formulae (60) and (61) we have then the two following equations 
for the determination of the quantities b', \, n^, n{, : 

l) + sin»^J 



iN^m coB^'if, - 1) + ain^^ N^N^ cos^ 

= b' (cob nf - J sin n^') 



and b. 



.2*[ 



N^ cos^^ JVcoa 1^ s/sin V - 

.^^^{iV^cMV - i) + ain*^ " *N^N* cosV -T) + 



= 6, (cos ?i{i - 1 sin fif,), 
or, on aeparating the real and the imaginary terms, the four equations : 

. A^(jycoBV + l)-Bin'^ 
''jV»(iV»co8V-l) + 8iii^*' 



««r. 



26JVacos^VBin''.^-A^ _y . „ * 
26A™cos»4 X » 



which give ■ i' — 6, tannf 



JVa(^-=co8V-l) + siuV 

2bNcoB<t'-Jam^-N^ 5- . . 
A-H^V^cos^^-lKiSi^ = *' ^" '^" 
2JV*coB'^\/f 



A'2(A^C08^ + l)-ain**[ 



..(62) 

" s/S^(A"' TOB^|^+ BiiiV """^'^ Ar»cos* J 
The first two formulae state that the incident waves undergo a. 
change in phase n^' but none in amplitude upon reflection. 

Direct Hothod of Treatment of OiTen Oaae. — Lastly, let us treat 
the given problem by the direct method applied above to case I. 
Here the component electric forces P, Q, P, Q will be given by for- 
mulae (23) and (24) (^ = ^ = 0), whereas, according to the given 
method, the expressions for the component forces P^, Q, (Aj " 0) will 
have to be written in the form 

P,=6iHin(ff/2 + (^,)e L ' 1 -I, 

Q, = 6jCos(T/2 + i^)«"L- ., J, 
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r »rtn^^+i*,n _ ____ 
or Pj=.SiSm{)r/2 + i'^i)< L n J^v'.inJ(.^+i+,)-i_ 

, r ir«in(w/a+i»n 

0,«6,eos(ff/2 + (^,)e L -^ Jg^v'aSofJs+iSFi 

(c£. p. 286} ; from which it is evident that twth P, and Q^ will vanish 
at a very short distance within the dividing film, that is, the refracted 
waves will be extinguished here, as in case I., almost immediately 
(cf. p. 287). 

Detwmisation of tha Amplitades and Ohangea is Phase of the 
BeSected and Se&acted Waves. — To obtain the formulae for the 
amplitudes and the changes in phase after incidence, we replace 
the Pb, Q'b, and y'e by their values in the aurface-conditions (SB*), 
and we have on the dividing surface {x = 0) 

i>,6iSin{)r/2 + t.^}e L n J 

= iJ6sin^ ^ " '+i»'8in^'< ^ ■' ', 

. r irsln(5«+i*i)-j 

6,co8(x/2 + f^i)e L" -^ -I 

■ /, *'^* \ .1, t^£*;\ 

= 6coB<^" " ''-fe'cos^'e ^ -^ ' 
and ^e'"L' ^ J 

(cf. formulae (37) for the values of the y's, where ^, is to be replaced 
by jr/2 + t^i in the expression for ^i). 
These conditions can evidently be satisfied only when 

sin j. _ sin 4>' _ sin (ir/2 + i4\) .^^ 

^ "' "i 

hence, by formulae (12), ^' — <^ («/ = o) ; 
the conditions themselves then reduce to 

i>ift,8in(5r/2 + t^) = (6 + 6')i>8in^1 
6i coe(r/3 + t^i) = (6-- 6')coa ^ \ 

K 6+y r ■■ 



..(64) 



and 

By formulae (12)and(63) the first and last of these conditional equa- 
tions will be found to be identical. That they may be satisfied, the 
quantities h' and \ must be determined by the same ; they evidently give 

ft'(pcos 1^ + tijC08(B-/2 + i^)] - 6[vcos ^ - w, coa(ir/2 + 1^)] 
and 6,[jico8^ + p,0O8(ir/2 + t^)] = 2Ji',co8^ 
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or 

b'[vcoB <l> - ii;^VBin*{jr/2+t^)-lJ-6[oco8^+tP,>/8in*(ir/2 + t^)-l] 

and 

6, [f cos ^ - H'n^n'(«72+t^JM] - 2 Jci COB (^ 

where the expression under the square-root signs is poeitive (cf. p. 264). 

The equation for b' has now the form 

b'{cos)i -iainx')'=b{coBx' + ianx') 

or 6' = Se«K'. (66) 

where x' ia to be determined from the two equations 

iicoB^ = cosx' and v^iJmo?{r/-2 + i<f>- l) = sinx'; 

L- L ■ ■. . p, Vsin*{)r/2 + lA, ) - 1 ,-„, 

which inve t«nY=-i i-i — r-!-^ (66) 

To obtain b^ in the form b^ = i|e^'Ki, 

we replace b' by iU value (65) in the last conditional equation (64), 
and we have 

or explicitly 

fei(l +co8 2x' + »8in2x')''6it'(cos2xi + <8in2xi)) 

hence Jp,(l +C082x') = V«>s2xi 

and &VjSin 2x' = 6ii'sin3x] ; 

which latter give 

^ „ sin2x' , , 
tan 2x] = -. ^— , = tan x 



and 6,''=26^(l+eos2x')-4i!'^coB"x'; 

lastly, replace here x' by its value (66), and we have 






..(67) 



*/p«co3^.^ + p,2[siri«(a-/2 + »*,)-!] J 
We observe that these and formulae (66) and (66) are identical to 
those (62) found by the previous method; e/Pi and Bin()r/2 + t^) are 
the quaotities N and ''' respectively of formulae (62), whereas the 
changes in phase, the 2x's, were denoted there by the n^a. 

The Oenanl Oau ; t^ BeSected VavH EUiptdcally Polaiixed. — 
It follows &om formulae (49), or (66) and (57), and (62), or (65) and (66), 
that incident waves undergo a change in phase but none in amplitude 
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upon total reflection and in both cases Land IL; but this change in phase 
is not the same in the two cases. If now the oscillations of the incident 
waves make an arbitrary angle 6 with the plane of incidence, their two 
components at right angles to and in the plane of incidence will, there- 
fore, undergo different changes in phase upon total reflection, and 
heuce the reflected waves will, according to Chapter III., be elliptically 
polarized. The ellipses described by these oscillations will evidently 
be detennined here alone — aside from the angle & — by the difference 
between the changes in phase suffered by the two component oscilla- 
tions at the reflecting surface, since the amplitudes of those components 
undergo no change upon total reflection (cf. formulae (49) and (62)). 
Let ufl next derive the expression for this difference between the 
changes in phase and then examine the paths or ellipses described by 
the OBcillationa of the reflected waves. 

Deteimination of the Diffsranca in I'bMM between the Component 
Badected OsdUstioiis. — By formulae (49) and (62), the difTerence nA' 
between the changes in phase of the two components of any linearly 
polarized oscillation upon total reflection will be given by the expression 

«a' -»((■-«■) 

-"°'"jV.-(i VW»+l)-.m-j. -°""^ N' + Jii. • 
or, by the trigonometric formula 



arctan u - arotan c — arctan 



f 2(jy»-l )"sinV C08 W8in^<^ - N^ 

nJ|7~ — 



mA' = arctan J [}^ ( JV"*cos'0 + 1 ) - sin*^] 

[ y[JV^ + cos2<^]-l-4if'cosV(Bin»*-Ar')J 

_ r 2(jy-l)BinVcos^ainV-A^ H 

LArs(JV»cos».^-l) + sin2<^ + 2(^~l)sinVj 

/2 sinV cos iK/sin*<i - N^\ ,._. 

^arctan .,„. - ,. ■ ,. „, | (68) 

\ Jv'coaV - sm*i^ COS 2^ / ^ ' 

ly the trigonometric formula 



this difference in phase rA' can also be expressed as an arcsine or arc- 
cosine, namely 

«A■-arc8in|'^;t^^*^^?5EZ^ 
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Analytic Egressions for the Incidrat and Reflected OsclllationB. — 
Let us represent tbe force acting in any incident electric wave by 
the function 

A.m/l-""-''-"^* 



sin (l- 



...(69) 



where the OBcillationa are supposed to be taking place in any plane 6, 
referred to the plane of incidence ; we are choosing tbe real part of the 
complex function employed above (cf. p. 280) in the ensuing investigt^ 
tions for aimpUcity. Since now tbe two components of oscillataon, 
that at right angles to the plane of incidence and that in that plane, 
undergo only changes in phase upon total reflection, tbe respective 
component forces acting in the reflected wave will, therefore, be given 
by tbe expressions 

1 (70) 



where the changes in phase n^ and nf are to 1 
values from formulae (49) and (62). 



: replaced by their 




If we refer the component forces (70) to a system of rectangular co- 
ordinates 3f, y", /, in which / shall lie in the plane of incidence, the 
x^-plane, and at right angles to the direction of propagation of 
the reflected wave, ^ be normal to that plane and / coincide with 
the direction of propagation of tbe reflected wave, as indicated in 
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the annexed figure, we can then write the component forces P, Q, R 
referred to this new system of coordinates in the form 

P' = ^cose3inn((-^-ry 

^ = ^Binfl8inn((-^-S') 

R = 0. 

In Figure 33 the y (s)-axia is normal to the /z* (xy)-plane, the plane 
of the paper, and is directed towards the reader ; AB is the projection 
of the plane of oscillation at any point P of the reflected wave upon 
the ai'2' (ay)-plane. 

Determination of Path of Oscillation in Reflected Wave. —To deter- 
mine the path of oscillation at any point P of the reflected wave (70a), 
we must now eliminate the time t from the equations (70a) ; for this 
purpose we write the same explicitly, namely 

^ = ^008^ cosnf- + f'}8inn<-sinn(- + f jC08»( , 

(/ = ^sin£' cos)i(- + 8'lBiDn(-sinM(- + S'jcos»( , 

or i*' = ^jSinw/ + ^jeo8Mi 1 

^ = £iSinn(+£,coBJi//' *' ' 

whoe ^i = -4coatfcosn(- + f J 

^2= -^cosffsinn(-+^] 

^*' -^l (72) 

5i=^9inflcoan(^ + 5') 

B^= -^sinflsinn(- + S'^ 
On eliminating i from equations (Tl), we have 

{B^P - A^Qf + {B^P - A^Qf = (^2^1 - A^B^Y 
or {B-^i + Bj^)P^ + {Ay^ + A^^)Qi-1{A^B, + A^B^)Pg 

= {AiB^~A^B.J, (73) 

the equation of an ellipse (cf. p. 83). 
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On evalnatiiig the coefficiente of this equatioD, we find 



-2{A 


B, + A^,)- 


-2A' 


sin 9 COB » [cm » ( J + (■) 008 » ( J + «■) 












--»(;-0-(^^)] 


and 


- 


-2^' .in 


CO. 9 


».n(f-S-).-^< 


sin 25 COS ni' 


(^A 


A,s,y 


= {- 


A'ti 


»co. 







(74) 



= [^' Bin e COB e sin n (C - fi*)]* = ^* sin*fl cos^tf 8in»nA' 
The equation (73) of the path (ellipse) of oscillation at any point of 
the I'eflected wave (70a) will, therefore, asBume the definite form 

sinSflF* + cosW - sin 25 cos nA'FC - ^» sin»tf coa'tf sin^nA', ...(76) 
where cosni' and sinni' are to be replaced by their values from 
formula (68a). We observe that the coefficients of f^ and Q^ are 
functions only of the angle 9 and not of the difference in phase nA'. 

TransfbimatlOB of EUipae of Oacillfttion to its Principal Axes. — 
Let us, next, transform the equation (75) of the ellipee of oscillation 
at any point of the reflected wave (70a) to its normal form 

p"3 Q't 



= 1, 



...(76) 



where P" and Q" shall denote the component forces acting along its 
principal axes a and 6 respectively. For this purpose we m^e use of the 
same transformations as those employed in Chapter III., Exs. 20 and 21 : 
We denote the new coordinate axes, the principal axes of the ellipse 
sought, in the zY plane, by u and v respectively, and the common angle 
these axes make with the a/ and ^ axes respectively by w ; the follow- 
ing relations then hold between the component forces F, Q and i*", Q': 

©■ = F'Binw+^'eoB<-[ ^ ' 

(cf. Fig. 33), where oi is to be determined thereby, that the term (ite 
coefficient) P'Q' in the equation of the ellipse of oscillation sought 
vanish (cf. formula (76)). Replace F and Q! by these values (77) in 
the equation (75) of the ellipse of oscillation, and we have 
sin'^ (?"« eos»<j - 2F'Q- sin o cos a. + Q'^am^w) 

+ coe^e(F'^ sin^o. + 2F'Q' sin u cos <o + C' co8=<u) 
- Bin 28 cos nA' [P"= sin (u cos m + F'Q' (ooH*ai - ain*u)) - Q" sin u cos w] 
= ^»sin''flca8»flsin%ii'. 
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or 

^'^(ain'fl cos*w + eoe' B sin^u - sin 2$ cos nA' sin ai coa (u) '\ 

+ ^ (ain* 6 ax^ o> + cob^ 6 coh' to + ain 2fl cos jiA' ain « cos id) I 
- P"Q'\2 flin* fl sin tif COS to - 2 coe' S aiii m cos tu [■ {'8) 

+ Bin2flco8JiA'(cos*(u-siii'ai)] I 

= ^'sin'flcos* Ssin'nA' ] 

That the term P'Q* of this equation maj vanish (cf. formula (76)), 
its coefBcient must evidently vaniah, that ia, 

2 sin^ 9 Bin u coa 0) - 2 cos^ 9 sin (1) cos (u 

+ sin2ffco8nA'(cos*a(-Bin*u»)™0, (79) 

or cos 2ff sin 2(0 - ain 2fl COS nA' coa 2w = 0, 

the equation for the determination of the angle u ; 

which gives tan 2(u = tan 20 cos n A', (79a) 

11 COB 2* 



and hence 



and 



2 2 Vcoa- -19 + ain'2fl cos^nA' 



Vco?2fl + sin^2#coB"wA' 



1 



2 s/co8^2S -t- ain'' 10 coa'nA' 
where the aigna before the square-root eigne have been so choaen, 
that the conditional equation (79) is satisfied. 

By formulae (80), we can now write the equation (78) of the ellipse 
of oscillation sought in the form 

f\ 1 coe»2^ 1 8in»2flcoB3nA' \ 



F^i- 



.<rl^. 



2 ^^Mi'2^+sin^2t^coe*llA' 2 ^coa^^a 



sin^2&coa*nA7 
flcos^nA' \ 



.2 2 s/coa=26' + 8in^2tfcoa^nA- 2 ^/coa^2i; + sin^2tf cos^nAV 
^^ - A^ma^ 6 coa» $ ain»nA' 

/^{l-s/cos«2^+ain»2A!os*nA') + Q^(l+Vc6^P-(-ain=2ft:os»nA')l 

= 2^=sinSflcos»flsin*nA' /'' 

hence in the form (76) sought 

P^ 

2^8in»ffco8»esiD«nA' 



\^^ 



'2tf + ai 



2^'=Bin' flcos^'g si n'nA'^ ' 
coa^nA' 1 +M'coa*2^ + ain*2flcoB'nA' 



(P 



A'jX Wco8^2g+sin*2flcoB'nA'j ^'(l-s/cos'2tf+sin^2ttoQs'nA') 



.1. (81 A) 
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Ths Eefracted Waves for Total Eeflectlon.— We have aeen above 
that for total reflection the refracted n-avea were extinguished almost 
immediately upKin their passage into the transition film, uid in both 
cases I. and 11. ; in the general case, where the oscillations of the 
incident waves make an arbitrary angle 6 with the plane of incidence, 
the refracted waves will, therefore, also vanish within the film, so that 
their further examination becomes superfluous. 

Apptoximate Validity of Beflection Formulae; tlie Beflected Waves 
Elliptically Folarized for Angle of FolariEatloii. — The formulae for 
partial reflection, (18)-(43a), are confirmed moat approximatively by 
experiment, oxcept when the incident waves strike the reflecting surface 
at an angle equal or nearly equal to the angle of polarization, when the 
reflected waves are found to be more or lees elliptically polarized. 
Brewster* first observed this phenomenon ; subsequently his observa- 
tions were confirmed and stated in definite form by Airyt and then 
by Jamin,! the latter examining a great number of solids (metals) and 
fluids. The deviation from the linear polarization was found to depend 
not only on the reflecting surface employed but also on the condition 
of that surface, a polished or dirty surface exhibiting a greater devia- 
tion from the linear polarization than a perfectly clean one. The 
explanation of this elliptic polarization is, therefore, evidently to be 
sought in the constitution of the reflecting surface or, as might be 
supposed, in the fact that the thickness of the transition fllm at the 
reflecting surface has an efi'ect on (the form of) the waves emitted from 
the same (cf. p. 301). On deducing the surface conditions employed 
above, we have now neglected this very thickness of the film and 
retained only terms of the null order of magnitude in that quajitity.g 

Snr&ce CondittonB of Second Order of Approximation. — Let us now 
examine the problem of partial reflection and refraction on the 
assumption that the thickness of the transition film has an effect 
on (the form of) the waves emitted from it. For this purpose 
we must first establish the surface conditions that will then hold. 
To obtain these conditions of the second order of" approximation, 
we integrate our fundamental difl'erential equations (1) and (2) through 
the given transition film in the direction of normal to same, here the 
X-axis, and we have, on the assumption that M remain constant 
throughout the film (cf. p. 6 and foot-note p. 299), 

* Philoaopkical Tramaeliom, 1815, p. 125. 

+ „ „ vol. i., p. 25; and Poggendorfs Anvailat, Bd. 

{ Amtalts der chimU tt dt jAyaique, iii. serie, torn, ixlx, aod xxxi. 
g Cf . also Curry, Theory of Eleclrkity and Magnttian, g v. , pp. 37-39. 
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where the index or 1 denotes that the component force in question 
ia to be taken on the right or left hand side respectively of the film, 
that is, in the medium or 1 respectively (cf. Fig. 32). 

According to the surface-conditions of the firat order of approxi- 
mation (3a), the quantities DP, Q, R, a, p, y remain approximately 
constant throughout the film, that is, they difTer by quantities of 
the order of magnitude of the thicknesa I of the film in the two 
adjacent media. We can, therefore, put these quantitiea before the 
sign of integration in the integrals of the surface-conditions (82) 
sought, assigning them the values assumed in either medium, and the 
values of the given terms, which are themselves of the first order of 
magnitude in I, will difi'er from the actual values by quantities of the 
second order, which we are rejecting here. The first and fourth con- 
ditions then lead to identities, two of the differential equations (1) 
and (3) themselves, whereas the other four assume the form 

I'Wifn^, ^f 



nfe. 



ri- 



■^-^j-- 



Sj-. 



"til I A n n n^^iC' 



To obtain the two remaining surface-conditions, wo treat the two 
conditional equations 



Xi.P)+j-(C8)+£(7)ji)-o „d I- + 



^d,'-' 






.0.. 



..(83) 



* Here, as in the above aod the following inTeatigationt, the coiutant of niag- 
uetia indDction M is auumed to remaia conBtant throaghont the Cranulion film, 
that [a, it ii aaaumed to have approxiniatelj' one and the wune vijae in all 
(tranaparent) inaalaton (crystala], aa conSrmed by empirical facts. ^oli' 
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a similar manner to the difTerential equations (1) and (3), and we find 



\Ddx- 






We obtain the conditional equations {83) on differentiating our 
fundamental equations (1) and (2) respectively, the first with respect 
to X, the second to y and the third to z, and adding. 

Snr&ce Conditions for a^Flaae as Fluu of Incidence. — For plane 
waves propagated in the ay-phme (of. p. 267) the above surface con- 
ditions will evidently assume the particular form 



".="-'^-^§-'1 



JMdg^ 



=«-«-?^--V| 



-D,P,.i)(P + i')-y 



./ft 
dy 



a. 



where the component forces are to be replaced by their values on 
the dividing surface a; == and 

i.[dz, p.[Ddz, ,M (84A) 



I denoting the thickness of the film; the component forces without 
dash or index (1) are those acting in the incident waves and those with 
dash or index (1) the forces acting in the reflected or refracted waves 
respectively. 

Problem on Reflection and Refraction. — As above, let us examine 
here the two particular cases, where the (incident) oscillations are 
taking place either at right angles to or in the plane of incidence. 

Case L : Electric Oscillations at ± to Plane of Incidence. — Here 

{cf. p. 268). If we represent the electric force acting in the incident 
waves in the form 
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R-ae " 

those acting in the reflected and refracted waves will 
evidently be given by the functions of the form 



-,) 



and 



fi, = V 



,ff = v). 



..(85) 



(cf. formulae (10) and p. 284), where nS and nB^ denote the changes in 
phase of the reflected and refracted waves respectively, as they leave the 
film. Such changes in phase must evidently be introduced here, where 
we are employing surface conditions, in which the thickness of the transi- 
tion film cannot be neglected. On the other hand, it is easy to show 
that the given surface conditions can be satisfied only when such 
changes in phase are assumed <cf. below), a', a^, nS and nS^ are to be 
regarded here as uninown ; they are determined later from the surface 
conditions. 

Replace the Ea by their values (85) in formulae (2a), the 
particular form assumed here by our fundamental equations (2), 
and we find, on integrating the same with respect to (, the following 
expressions for the component magnetic forces acting in the incident, 
reflected and refracted waves respectively : 




(r-T=ri = o) 

For the given system of oscillations, namely electric ones at right 
angles to the plane of incidence and magnetic ones in that plane, our 
surface conditions (84) will evidently reduce to the following three : 
*Cf. toot'iioM, p. 299. 
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'^' "^ '^ Vf, dl ay 



..(87) 



Replace here the component forces by their values on the given 
dividing surface, ^=0 (cf. formulae (85) and (86)), and we have 



— ■!* 



'iAt('-'T-"). 



s*.-('-'-^*) 



„,ac^,..(.-*^-.)_,^£»(.-'-^-.,) 

H..'™*:,»('-'-^-')+i„,,o2»i™*„»(-'-^-'.) 



That these conditions may be satisfied for all values of y and t, the 
familiar relation 

sm<i'i _ sin ^' _ siu^ 



{of. p. 271) must evidently hold. By this relation the conditions 
themselves will evidently reduce to the following two : 



, Vn COS 4> i I • - II • Pi . - > 

+ a -j^ i- (cos 0) + 1 ain <u ) - tna^ l- (cos lut + 1 sm (u,) 

+ itiaJ, % — ^ (cos lu, + i sin <o,) 
id fl, (cos tu, + 1 ain Wj) = tt (cos <u + i sin w) + a' (cos u' + 1 sin oi') 
+ tnoi/SS?-^ (cos u)i + i sin w,) 
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where (u = « ( ( - y "" * j 1 

»'.»(,-,""i'.ir).»(,-,!5*-8-)..-rf' ....(90) 

Separate the real and imaginary parts in these two conditional 
equations (89), and we have the following four in tbcir place ; 

V„ COB 6, Va cos <b , «„ COS *' , ' 

M V, ' M V M V 



=aeosun-o cos 111 - 



, COB ^, 



, . , ,Goai, 

Oj sin (111 = a sin <u + a ainta +va^l — ^ cos toj 

Expand here to' and tu, as functions of <u and nS^ and nS, respectively 

(cf. formulae (90)), and we have 

Vn cos 4tt f CH ■ ■ ? \ ^n cofi fi> 
~ *• w " • ('''** m COB n6i + sin tu ein na,) = - (^ -i> ^ co 






[cos ID COS mS' + sin <u sin nfi') 

!— -Vein w cos n8, - cos id sin nS,), 

'sin tu cos JiS, - COS 0) sin nS.) = -a-Ji- 
' " M 

[tan (u cos nS* - cos (D sin nSj) 

w, (~--Al — s^ 1 (cos 10 cos «S, + sin HI sin nfi, ), 
a, (cos u cos mS, + sin u sin ni,) 



>. (92) 



ii'(co«.co.i;S' + «iii««iiin«') 

I COB <t>i r ■ - • !> . 

-JWji iii(sin(DCOB?»j-cosuisinnSj) 

and a,(sln(uco8nSj-cos(usin»S^) 

= a sin lu + a' (sin w cos nS" - cob <u sin n£' ) 



+ naji ^(cosfucoanfij + einbisinnS,) 
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which we can write in the form 

Acosio^ £ sin 111 

£cOH<ii= -Asinut 

C COB 10= Dainia 

KC08U1= - CsiiKu 
, . pfl coa A, „ c„ COS <6 , b„ cos ^' „ ' 

where A — -a^^ ■ -' cob no, + a 7I ~ " <* ir ~i — ■'o* "* 



..(92i) 



*"'(^J'^*)"'^' 



, Co COS 



BinnS' 
"1 



. <93) 



C="a,cosn8j-a-o'coBn8'-jia,i ^dnnS,, 

D= -aiainnBi+a'8innff-na,/?2iAooan8i 

On eliminating u from the four conditional equations (92a), we 

cvidentiyfind A = 0, -8 = 0, (7=0, i) = 0; (94) 

that the four conditional equations (92a) may be satisfied, the four 
coefficients or expressions A, B, and D must, therefore, all vanish, 
that is, the conditional equations (92a) may be replaced by the simpler 
ones (94). 

The conditional equations (94) evidently suffice for the determina- 
tion of the four quantities a', a^, f^ and n£, sought ; observe that these 
quantities are functions of the medium constants, the t/s, the angle 
of incidence i^, the integrals I and p taken through the given film 
and n, the period of oscillation of the waves employed. 

AsBumption of Changes in Phase at Snrfiice demaaded br Snifoce 
Conditions. — It is evident from formulae (93) and (94) that, if we 
assume no changes in phase at the dividing surface, the surface con- 
ditions (87), etc., cannot he satisfied; for put nS' = nS] = in the 
conditional equations (94), and we have 

. Cn cos ji, Pfl COS <ii . I'a COS ■^' _ 



0, 






which evidently give a, = 0, o' = - o, 
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that is, the given waves would not enter the second medium, but would 
be totally reflected at the dividing surface and for all angles of 
incidence <^, a result that is not confirmed by observation. 

Case n. : Electric Oscillations in Plane of Incidence. — If we repre- 
sent the electric force acting in the incident waves by the function 

be'y " \ 

its componente F, Q, B will be here 

/ )""'*-'™*\ 
P = bsm<l>e "> <■ f, 

Q~b COS it^ ' ', 

(cf. formulae (23)}. As in case I., the component forces acting in the 
reflected and refracted electric waves will have Co be written here, 
where the thickness of the transition film cannot be neglected, in 
the form / y.iD^'+ica«»' \ 

F = b-am<fy-e'^ ' ^', 

e=-&'cosfe^" ' ~^', 

R = 0, (v- = v) 
(cf. formulae (24)) and 

Pi = 6,8inV"v n W 

Q^ = b^ooe^f>^e^ i "A 

respectively, where »f and mf, denote the changes in phase of the 
reflected and refracted waves respectively, as they leave the filnL 
As in case I., such changes in phase must be assumed here in order 
that the given surface conditions may be satisfied (cf. below). 6', 6„ Tif 
and nfi are to be regarded here as unknown and to be determined from 
the surface conditions. 

Replace the Pa and Q's by their above expressions in formulae (1b), 
the particular form assumed here by our fundamental equations (1), 
and we find j i„/,_ 

y = — bve ' 



-•"">♦ -'«•*) 


. ,.iE*-+ICO.#' 



(.- '-'•f"*' -!-) 
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(cf. p. 274). The fundanieDtat equatiooa (2b), vhich hold here, give 

n = /J = a'-(8' = Oi-/3, = 
and the familiar relatione (12) between the velocities of propagation 
and the medium constants. 

By the relations (12) we can also write the magnetic forces (y, y' 
and yj) in the form 

V 1.1, r'"'*- ^'™» \ 



,, v^ i»(< 
Mv 



ydn^'+ioM^ 



(cf. formulae (27)). 

For the given system of oscillations, namely electric ones in the 
plane of incidence and magnetic ones at right angles to that plane, 
our surface conditions (84) will evidently reduce to the following three : 



7i=r+r 



pdQ^ 

p. dt' 



' Po a( ^ ' fly 

i),p,-fl(p+j-)-,'|'. 

Replace here the component forces by their values on the given 
dividing surface, and we have 

Mv^ Mv 

Mv "o . 

i, cos"^!* ^ 1 '=6eo8<^\ "' 

ln(t ""'*' -\ iJi-l^if-iA 

-6'cosfe ^ " ^'-inb^ljv^e ^ i *' 

and /),6iBin*ie ^ i 'V-i>6ain<^ *> ■ ' 

* Cf. footnote, p. 299. 
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That these conditions may be satisfied for all values of y and f, the 
familiar relation 

sin^ sin<^' sis 

v^ ° V "~^ 

must hold. By this and the relations (12) the conditions themselTes 
will evidently reduce to the following two : 

6,-j^(cos(ii,+i6iniu,) = i .i (coson-teinifl) 

+ 6' ^ (cos ca' + i sin la) + irtb, H cob i, (cos tii, + i dn ai. ) 

and h■^ cos <^,(coa to, + 1 Bin «>,) = 6 cos <^(cob w + i sin w) 

- 6' COS 0'{cos oi' + i sin «') - inb^jVy (oos Uj -)■ t sin ui,) 
+ tnA,gi>|V| —^ (cos bi, 4- 1 sin <»,), 



/, y sin *, , \ , 



On separating the real and imaginary parte in these two condi^onal 
equations, we have the following four in their place : 

b-. -rJ!-co8ot, = 6— 0-co8iiH-5'-J-oos(D'-nft. — cos<t,8in»„ 

h, iP- sin (■>, = 6-J. sin w + J'w- sin w' + nJ, £ cob d, cos «, 
Af», ' jHp Jzii '»a ' ' 

and fiiCOs^cosu^^Acos^coetu-d'cos^'oosai' 

"*■"*' (7 " ^^i*" ^^) "° '^' 
(|COfl^sin<Bj = icos0 sin 111-6' cos <^' sin oi' 

These conditional equations are similar in form to those (91) for case 
I. ; on expanding oi' and tu, as functions of <u and the ^'s and eliminating 
», we find, therefore, similar conditional equations to those (94) for 
the preceding case, namely 
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^i'*^^- 



- nil — cos ^ sin nfj = 0, 



(95) 



- 61 -i^ sin ''^1 + 6' -^ flin ^if - "6,— "ob *. coa n^, = 0, 

' JHc, ' M« ' r, ' ' 

ftjcosi^coanf, -icoa^ + 6'co8^'co8«f 

+ «5,(i-?A'',^)«n«{,-0, 

- 6, eo8 1^, sin »f j - 6' coa <^' sin nf 

+»J,(^-,i)rtS5y) 00.^,-0. 

These conditional equations evidently suffice for the determination 
of the four quantities b', b^, n^' and nf, Hought; observe that these 
quantities are functions of the medium conetante, the v\ the angle of 
incidence ^ the integrals I and q, and n, the period of oscillation of the 
waves employed. On the assumption of no changes in phase at the 
dividing surface, the conditional equations (95) would assume the form 



6^ = 0, hence J' » -h, 

61 COB 1^1 - ft cos 1^ + fi' cos 1/1 = 0, 

61 = 0, hence b'^b; 

that is, on the given assumption the above conditions could not be 



OflEsral Problem : Changes In Phase of Component OBclUatlous ; 
BeAected and Befractod Waves Ellipticallr Polarized. — A comparison 
of the conditional equations (96) for the changes in amplitude and 
phase for electric oscillations taking place in the plane of incidence 
with those (94) for the changes in amplitude and phase for electric 
oscillations taking place at right angles to that plane shows that 
incident osoillationa will undergo different changes both in ampUtude 
and phase, according as they are taking place in or at right angles to 
the plane of incidence. If the incident oaciltations make an arbitrary 
angle 6 with the plane of incidence, the general case (cf. pp. 276-277), 
their component oscillations in and at right angles to that plane will, 
therefore, undergo different changes in amplitude and phase both upon 
reflection and upon refraction, and the resultant reflected and refracted 
oscillations will thus he both elliptically polarized, as confirmed by 
exacter observatiou (cf. p. 298). For the actual determination of the 
changes in phase n?, nS,, n^' and nC]< see £xs. 8-11 at end of chapter. 

Beflsction and Be&sctioE of Purely Spherical Waves.— Before we 
proceed to the examination of the primary and secondary waves upon 
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reflection and refraction, let us briefly consider the behaviour of purely 
spherical (electronugnetic) waves on the dividing surface of two 
insulators. For this purpose we choose the same system of coordinates 
with respect to the reflecting surface and any incident wave as that 
employed on pp. 266-267 (of. also Fig. 32) and examine the two 
particular cases treated there. If we denote the distance of the source 
of disturbance P (in the zy-plane) from the origin of our system of 
coordinates, the point, where any incident wave strikes the reflecting 
surface, by r, as indicated in the annexed figure, we can then evidently 




represent the incident, reflected and refracted (electric) waves referred 
to the given system of coordinates by the three functions 



r + rj 
respectively (cf. formulae (6)), where r, / and r^ denote the distances 
from the origin of our coordinates of the incident, reflected and 
refracted waves respectively (cf. figure). On replacing here the r'a by 
their values (7) in terms of the x'a, y's and ^'s, we can write these 
functions for the three waves in the form 



r + ysin^-«coa<f 



..■■(-^ 



■H>rin»-j 



=*) 



T +g airt <ti' + xcoa •!>' 
r + ysiii^-xcoe^i 



..(96) 



(cf. Fig. 34). 
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We examine here, aa above, the two particular caaea, where the 
electric oscillations are taking place at right angles to and in the plane 
of incidence. 

Que I. : Electric Oscillatioiu at J. to Plane of Incidence.— Here 
P=Q = Q, 
and hence p-^Q- = P^ = Q^ = (i, 

whereas the components £, ff and A, parallel to the ?-axis of the 
electric forces acting in the incident, reflected and refracted waves may 
be represented by the three functions (96). 

To detennine the magnetic forces that accompany the electric ones 
(96), we employ fonnulae (2A), which evidently hold here ; we replace 
there the H'a by their values (96), and we have 



Mda 



nj^«,[.- '-^<'"'°»-"™^ >] 



or integrated 

Jtf'r + (ysin^-icos^) r 
similarly 

.■._'. dn.»'_.,.r.-&' -"*r"* )i 

S f + (y sm ^' + a COB 1^') p* ' 

^. _4 a 514 »[-(-> ""*';""* )] 

^ A( r + (yBin^-a:co8i^,) p, 
and 

Mdp ain eosj. i,[t-5±a^£t£^ 

», '^^ r+(ysiDi^-jco«^) v * 
or integrated 

«._!. « coi*^,.[.-'±<'-""-t-'"*'] 

ifr + (ysin^-a:eofl^)e ' 

similarly 



/i-'+Sp 



*:,-[.•■ ^ y^**/"' )] 



>(") 



Jf r + {y Bin ^' + 1008 <^') 1/ 

ft . - § _ , ■ -I ,52!*. .'-[-G+'-'i^*?^)] 

' Af +(y8m'^-a:cos^,) Cj 

We observe that by the differentiations with regard to x and y («) 
the amplitudes = — -, = — . and _^ can evidently be regarded as 
constant 

On replacing the R'a, a'a and jS's by the above values, we find that 
formulae (lA), which must evidently hold here, will be fulfilled, 
•Of. foot-note, -p. 299. 
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provided the familiar relations (12) remain valid; these relations give 
i/=p (cf. formula (I2a). 

We, next, replace the ^s, a'e and yS's by tiieir values on the dividing 
surface z = in the surface conditions (of the first order of approxi- 
mation) (3a'), and we have 



■m 



where we have put if = v (of. above). These conditions must now 
hold at all points on the given dividing surface and for all values 
off; different points on the dividing surface correspond to difTerent 
origins of systems of coordinates y, z in that surface ; for this reason we 
cannot put ^ = 0, except in the expressions for the amplitudes (cf. also 
p. 317), on the given surface. That the conditions (98) may be 
satisfied for all values of y, z and t, we must evidently put 




.,(99) 



hence ^' = </<. 

It follows from these relations that purely spherical (electromagnetic) 
waves will obey the same laws of reflection and refraction as plane 
waves do. 

By the relations (99) the surface conditions (98) will reduce to those 
that hold for plane waves (cf. p. 272); the <iaantitieB a' and a, will, 
therefore, be determined by the same formulae as those (IS) and (19) 
that hold for the reflected and refracted amplitudes of plane-waves, 
whereas the amplitndes of the given reflected and refracted (spherical) 
waves will evidently be given by the expressions 

r+7 ~ r+yMnV+lccos^' 
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There a' and O] are to be replaced b; their values from formulae (18) 
and (19). 

Case IL: Electric Oscillations in Plane of Incidence. — The treat- 
ment of thiB case ia Bimilaj on the one hand to the preceding one 
and on the other to caae II. of plane waves. We find the same 
familiar relations (99) for the angles of reflection and refraction as 
in the above case, whereas the amplitudes of the reflected and refracted 
waves are given by the expressions 

_U_ 6' 

t+j' F + ysin.^' + zcos.^'' 



r + fj r + yam^,-zco8<^^ 
where h' and A, are to be replaced by their values from formulae (29) 
and (30). 

Beflaction and Befkaeticm of the Frimaiy and Secondary Wares.— 
Lastly, let us examine the behaviour of the primary and secondary waves 
on the dividing surface of two media (insulators); for this purpose 
we shall choose the most general type of such waves, those namely of 
Problem 3, Chapter II. These waves or, more strictly, the component 
forces acting in the same, which we shall consider here instead of the 
component moments (cf. p. 266), are evidently represented by the 
expressions 

''-^'h(^+»')— M+W)l»n»('-;) 
+^P»i-3<h(i3'-^y")+3.(«js+,^r)]<»««('-3 

+ '^[2«i - 3a,0+r') +3a(«^ + »,7)]si„,(l-^), 
with analogous expressions for Q and B, and 

J(ttj7-a^)(^-am»-^cost.j, 






with analogous expreasions for /3* and y' (cf. formulae (3) and (4), I. 
and (43) and (44), II.), where, however, 

« = ^ = Y (100) 

(cf. p. 267). 

Let us denote the distance of the source of disturbance of the given 
waves from the point on the dividing surface, where any wave from 

'* These componeDt magnetic force* a, fi, y nre ant to be ooDfounded with the 
dirrction-cosineB a, p, y (a, p, y). 



,, Google 



REFLECTION AND REFRACTION. 



313 



that source strikes the same, by f , as indicated in t^e annexed figure ; 
let z, y, z denote the rectangular coordinates, to which the given system 
of waves is referred, their source being taken as origin of those 
coordinates; the wave advancing along any vector r will then be 
oharacterized by the direction-cosines a, 0, y ot that vector with 
respect to those axes. For simplicity, let the dividing surface 
be taken parallel to the yz plane. We choose the point on this 
surface, where any wave from the source strikes the same, as origin 
of a second system of rectangular coordinates x, y, z; let its l^axis 
coincide with the normal to the given surface and be directed towards 
the source and ite y and z axes be so chosen in that surface that its 
x^-plane coincide with the plane of incidence of the given wave. 




Any incident wave of the given system, referred to the system of 
coordinates x, y, z, will then he represented by the component forces 

+ ,7^.P«.-^<^ + ?') + 3i(ai8+<.,7)]nn«(l-I^'') 
with analogous expreasioDB for Q and S, and 
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with analogoue expressions for j8 and y, where r denotes the distance 
of the incident wave from the point on the given dividing surface, 
where that wave strikes the same. It is easy to show that these 
expressions satisfy our fundamental differential equations (1) and (2) 
(cf. Ex. 12 at end of chapter). 

The expresaions in a, j8, 7 in the coefficients of the different ternu 
of the above expressions for the component forces will evidently 
assume given values along any given vector r. In formulae (101) and 
(102) these expressions are now referred to the coordinates i, y, H; 
if we refer them to the coordinates x, y, z with origin at on 
the given dividing surface, then 

cos(r, a!)=cos{^ + a-)- -cofl^ \ 

cos(?,y) = C0H{ff/2-*) = sin^, I (103) 

cos(n.) = 0. i 

where 4> denotes the angle of incidence of the given wave (cf. Fig. 35), 
and the expressions themselves can evidently be written 

a, (^^ + y') - u(a^ + ftjy) = (6, sin ^ + ijcos *) sin ^ = ^J 

o^(y + ^)_^(o^5 + a,y)-(5i8in<^ + 6,cos</.)co8.^ = ^i,J-.(l'M) 

fl,(5» + ^)-y(ttja+aj^) = 6, = ^^ J 

2a,-30i(^ + f) + 3a(a/+agy) | 

- 261 - 3 (6, sin ^ + ftj cos .^) sin ^ = Bj, 
2a,-3oj(53 + f!) + 33(a,d + agy) l...(105> 

= 2Jj - 3(^1 sin <^ +i, cos <^) cosi^ =B^ I 

2a,-3ai,(a^ + ;8«) + 3y{ffli£ + (i^)= -63-^3 I 

and 

ajr-ag^=-6gsin^, 1 

OgO-Ajy « -SgCOS^, V (Itl^) 

a,^ - Ojo = ^j sin <^ + Aj COS ^ J 

where 6,, b^ h^ denote the components of the resultant amplitude 
coefficient a = Ja,^+a^ + a^ along the x, y, z axes respectively; for 
the values of by bp 6, in terms of a„ a^ a^ and i, ^, y see Ex. 13 
at end of chapter. For a confirmation of formulae (104) to (106) see 
Ex. 14. 

ExpreesioiiB fear Incident Waves. — Keferred to the system of co- 
ordinates X, y, z, we can, therefore, write the above formulae (101) and 
(102) for tJie component forces acting in the incident waves in the fonn 
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°"+»(ir 



4jrB. 



(&, ain •^ 



' (j cos 1^) sin <u 



- j^^^" 1 (^ sin * + 6a <!08 *) COS <^ I 



..(109) 



where u — 

(cf. formulae (7)). 

SxpnatAmoB fox Befl^cted Waves. — It is evident that for any given 
incident wave, characterized by given a, Jt, y, onlj the quantities 
fi,, 6^, 6j (oj, Oj, Oj) in the expresaionB (104)-(106) will undergo changes 
upon reflection and refraction (cf. Ex. 1 3 at end of chapter) ; if b^', b^, b^' 
denote the values assumed by the componentB b^, b^ b^ of the resultant 
amplitude coefficient 6 = .Jb^' + b^^ + b^ after reflection, the component 
forces acting in the reflected wave, to which any incident wave (107) 
and (108) gives rise, will evidently be given by the expressions 



r — -^,= — i-. sin (u 



4irnB,' , 4ir£,' . , 

;(^,co8<.+;rT^,s.n., 




"jl/«»(r + r,)> 



} (Ill) 
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where we have put v'— v, and where, by formulae similar to (103), 
jij' = (6,' sin <t> - frj'cos <t>) sin ^ 
Aj' = (6,' sin 4>-h^ooai>)em^ 



i(i'-> 26j' - 3{6|'8iin^- Jj'cos ^)sin <t 
ifj' = 2V - 3(6,'™ ^ - VeoB ^)C08 4 

„d .•.„[,-(^)].„[,-(r+f»l*:±£521*')].. 



..(US) 



(cf. formulae (7)), r' denoting the distance of the given (reflected) wave 
from the origin and ^' the angle of reflection, 

Sbqnassioiu for Boftacted Waves, — Similarly, the component forces 
acting in the refracted wave, to which any incident wave (107) and 
(108) gives rise, will evidently be ^ven by the expressions 

'k sin n>i, 



A- 






"(?+'■)' 



«'-V(T+75""".+.-:(FT^<'"-' + (fT;S"'"" 



..(lU) 



«,('+••,)' 



'FfT5«" 



4imV„ 



- jfp ijj^r )a <*nS'>i -^ + Sj, COB ^) COS i^i, 
where, by formulae similar to (103), 

-4,j = (J,j sin <^ + ij, cos ^) sin ^ 
.,^,1 = (6n Bin ,^ + 6jj cos ^) cos i^, 

-<.,-».„ 

^ii = 26i|-3(6i,Bin<^ + i„c08^)sin^ 

«„.21„-3(i„8in.* + i„cos*)eOB*, 



»Cf. foot.not«, p. 299. 



..(117) 
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(cf. formulae (7>), r, denoting the distance of the given (refracted) wav© 
from the origin 0, ^, the angle of refraction and ij,, h^, 6,] the values 
assumed by the components b^, 6j, 6^ of the reauttant amplitude co- 
efficient 6 = Jb^ + 6j* + 6^^ after refraction. 

The Snr&ca Conditions of First Ord«r of Approxiaiation. — Let us 
now examine the surface conditions for the above system of waves. 
Since the expreaaions for the component forces acting in these waves 
satisfy our differential equations (1) and (2) (cf. Ex. 12), the surface 
conditions will be those already established; if we employ here the 
surface conditions of the first order of approximation, where the thick- 
ness of the dividing film may be neglected, the conditions in question 
are the familiar ones 

R^^R+S \ (118) 

and aj = B + aj, p^ = p + ^, 71-7 + /, J 

where we have put Afj = M (cf. foot-note, p. 299). 

Replace the component forces by their values on the given 
dividing surface, x^O, in the surface conditions (IIS) and we have, on 
rejecting terms of the order of magnitude of the thickness of the film 
(cf. above and p. 320), 

fill ■ r, /r ysinA,\"ll r,(n^A, . /, r+ysin-AN 
+ ^sin«[(-(- + L^)J} = i>{-^sin«(( ^) 

+ !^eosn6-t+y-^'l*) + ^sin«0-^-±i^) 

nM,' , /, r+ysini'N nfl,' /. r+ysin^^'X 
^^^nn{t y^-^j+^cosn^/ ?— -_) 

B,' . /, r + vsinAl 
+ -J-sin»(( -T^)j' 
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with an analogous condition for the ifs, and 

-=^,.in«[,-(I^.U|4.)].Al,»..[,-(J+»'|*l)] 

"*«' ■ /j r + «Bin<^'\ b,' /, ? + Hein*\ 

with an aniilogous condition for the jl'a, and 
»(t„rin» + i„co.j.) ^.^ r, /r , »»inj.,\-| 

- ''■'" tt>"'* °°-l['-(^'"y')] 
^ w(fc]ain j' + ftgCoe<^) . / r + yaini^ \ 

6iain ^ + ftgcos j> / r + ysin^X 

^s cosni^i— ^^— j 

n(6^'ain -^ -6g'coBi^) . / r + ysin^'\ 

VBin.^-VcoB^ ^^^^/-j r+yainA 

Laws of Beflsction and Befraction and Dotennination of Component 
AmplitodeB and OhanKes in Vbaaa from Snrfoce Oonditiona: Total 
Beltection of Incident Waves. ^The above six surface conditions must 
now hold for all values of ( and at all points on the given dividing surface; 
this is evidently only possible, when the familiar relation (13), namely 

'Jii-sai'-Si*, -. (119) 

holds between the ^^'s and the v's, and also when the coefficients of 
the terms with one and the aame factor sin cuj = sin tu' = sin to or 
cos &>! = COB oi' = cos <u — by the relation (119) the three <a'a then assume 
one and the same form— all vanish. The vanishing of these coefficients 
leads now to the following ten conditional equations in place of the 
above six surface conditions ; 
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^ = 1^4.:^ 

Pi' p8^C«' 
*!1 = ^ + V 

6 ,) sin -^ + &„co3 <^ _ &isin ^ + i,oos i^ 6,'sin ^ - ig'coB <^ 

Pl« "^ c^ "•" (^ ■ 

The 5th, 6th, 7th and 8th of these conditional equations can evidently 
be satisfied only when 

Sji = and b^ = - 6j, 
and the last two only when 

6„Biii'^ + 6„<''w^ = 

and - fej flio ^ + ij cos ^ = -h^ sin <^ + 6^' coa ^. 

Beplace the A's by these values in formulae (112) and (116), and we 
have 

A^ = - (6j sin ^ + 6j cos <t>) ain ^ 
Aj'= -(ijain^+6jC08i#i)co8<(i, 

" 26j' + 3(6, dn ^ + 6, cos ^) sin ^ 

= 2ij' + 3 (6, sin <^ + 6j cob ^) cos i^, 

and ^„ = ^sn==^si=0. 

ii„ = 2Ji„ .Bj, = 26j„ £gi = 0. 
Lastly, replace the ^'s and ffa by these values in the first four 
of the above conditional equations, and we have 

— *ii--(6i+V). 

*.l = tj + V. 
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that these four equations may be eatiafied, we must now evidently put 
6ii = fti + V = 0. 
*„ = 6ij + 6s' = 0. 

It follows from these and the above relatione that the given incident 
waves (both electric and magnetic) would be totally reflected on the 
surface of a second inBulator, no disturbance whatever entering the 
second medium, a result which we could hardly expect to be confirmed 
by experiment. 

Necessity of ABsnmption of Sniface Oonditions of Higher Order of 
ApprozimAtion for Piimaiy and Secondary Waves. — In the above 
development we have employed surface conditions of the first order of 
approximation, where namely the thickness of the dividing film has been 
neglected ; on the assumption of the validity of these simpler surface 
conditions we found now on pp. 268-282 that HataTl^polariztd plane 
waves remained linearly polarized upon reflection and refraction, a result 
that is also not confirmed by exactor experiment, whereas, on employing 
the suriace conditions of the second order of approximation, where the 
thickness of the film was not neglected, we obtained a marked elliptic 
polarization (ef. Exs. 8-1 1 at end of chapter), as demanded by empirical 
facts. Aside from the above analogy, there are other reasons why the 
simpler surface conditions could hardly be expected to lead to correct 
results for the reHection and refraction of the primary and secondary 
waves; among others the facts that any system of primary and secondary 
waves is represented by the derivatives of given functions with regard 
to X, y, z, whereas the existence (thickness) of the dividing film itself, 
within which these very derivatives play a most important part, is 
entirely overlooked, are hardly consistent with one another. 

Difficulties Encountered in Derivation of Sniface Conditions of higher 
Order of Approximation. Elliptic FoladsatiOD of the Primary and 
Secondary Waves according to Ordinary Laws of Beflection and 
Befraction. — To ascertain the behaviour of the primary and secondary 
waves on the surface of a second insulator, we should evidently have 
to employ surface conditions of at least the second order of approxima- 
tion. The actual derivation of these conditions and the detennination 
of the component amplitudes and changes in phase at the dividing sur- 
face from the same offer serious difficulties ; the former evidently 
demands the differentiation of the component forces with regard to 
the coordinates (cf. formulae (8*) and Ex. 12 at end of chapter), 
whereby the changes in phase sought must be regarded as functions 
of those coordinates, being different at difi'erent points on the dividing 
surface, that is, for different angles of incidence ^. This alone so 
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compUcatoB the problem, that all attempte to solve it must prove 
fniitleas. We observe only that the familiar relation 
ain ^ sin <ft' _ sin ^ 
»j n o 

must hold tor all surface conditions that are derived on the above 
principles from our differential equations (1) and (3) (cf. above), since 
this relation is embodied in the existence alone of auch surface con- 
ditions and does not depend on the explicit form of the same (cf. 
p. 271). The primary and secondary waves will, therefore, obey the 
same laws of reflection and refraction (cf. formulae (14)), as the plane 
and purely spherical waves do ; they will also evidently become 
elliptically polarized upon reflection and refraction, but the actual 
determination of the respective ellipses of oscillation (changes in 
amplitude and phase at the dividing surface) will have to be 
abandoned. 

EXAMPLES. 

1. Show, when the direction of the electric force Kctiug in the incident wave 

At ^~ • '=>JF' + Q> + B' 

makes aa arbitrary an^le ^ with the plane of incidence (the xy-plane), that the 
reaultMit forces noting in the reflected and refracted electrio v 
accompanying inddent, reflected and refracted magnetic ones are giren by 
the exf 



am(* + *i) ' 




revpectively, where ^'^arclanl^ain^j. 

icident ele 
le compoi 

refracted ' 



Z Show, when the incident electric wave of Ex. 1 itrikei the reflecting niTface 
at right angles, that the compoaent forces, eleotric and magnetic, acting in the 
incident, reflected and refracted waves are given by the eipreMiona 



P=0, = Jooaee 



K-3. ^.-A^.'-^;<'-^. 
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v + v, v + v, 

.=0. ^=-J.m«3^«*"H). y = A^0^/<"-^. 

3. Show, when the electric w&va of Ex. 1 U incident on the reflecting ■utfoce 
»t the ugle of poUriution, that formnUe (tS), (19), (2») and (SO) Mrame the 

a' = A Bin Scot2^ aj—2A iintfcoa*^, 

b'=0, b,-^ooa0cot^, 

or, if we expreM the angle of poUrization in tenus of the velodtiet of 

propagation v and c,, namely 

(cf. formulae (14) and (37)), 

a-=-ZAuna^-'^\, a,=2J«infl-Ji!-j, 

b'=0, b,=Ae(»eti. 

The component electric and magnetic forces acting in the incident, raflecled 
and refncted wavea are then given by the expreaiiona 

/•=^eo6»sinfe" ' ' = ^cob9- — ^e ^ v^^+.C' 

^V" + 11,' 

e=Jco«flcoa^'*' ' ^ = A<io»0-.J'^ ,«'"' 'W5+^', 



i+t,"/, 
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BXAldPLES. 



if Stp" +!!,■)* 

= - 2J am tf -^ — ^ e*"*' ';;^^, 

4. Show that fonaulae (11a) and (43a) sBBDme the followiDg form for perpan- 
dicnlar incidence (^ = ^'^^=0): 



thkt 18, the plane of poUrizBtion nndergoes a change only npon reflectioa (of. 
p. aS2), and 

^,. = d. ♦-^^ 

(0 + !!,)» 

(of. p. 279), that is, the amplitudes of the reflected and refracted waves are 
iadepeodent of the plane of polarization B of the Incident wavee. 

fi. Determine the form awamed by formnUe (41a) and (43a), when the given 
wavMare inddeot at the angle of polari^tion (^ + 0, = r/2). 

Formulae (41a) aMnme here the form 

taoe'=0 

(of.p.282). 



oae(2*-»/2) am 2*' 
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r, nnoe taTt#=v/i', her« (cf. p. 2S0), 



and formulae [43a) the form 



o terms of v ftod v 



,'=4J'eoBV(l +»in'*oot'2#) 

= ^*cotV ( 1 - co>i*e oo»^), 



A'^ = A*aM'e 



6. Show, when lioewly polarized plane waves are reflected m times at the 
same incidence uid in the same plane, that their plane of potariiatioD after the 
(nth reflection 6^' is given by 

tane '=-tanG2^^!*t*l* 

0O8-(*-«,)' 

where 6 denotes the plane of polarization of the incident wsvea (cf. formol&a 

(11 11). 

The effect of such repeated reflection will, therefore, be to bring the plane <A 
polarization nearer and nearer to the plane of iDcidsnce ; if comnon light is 
employed, the reflected waves will evidently become (partially) polarized in planefl 
that make small luigles with the plane of incidence. 

7. The phuie of polarization 3,,^ of linearly polarized plane wave* after their 
pMsage tbrongh nt plates (of glass) placed parallel to each other i* given by the 



taa 9i^ = tan e »b(^(0 - ft), 

where 6 denotes the plane of polarization of the incident waves. 

The plane of polarization of the refracted waves in the first plate will be 
given, by formulae (4Ia), by 

tao9„ = tanesec(0-ft), I«) 

in the first layer of air between that and the aecond plate by 

t*ne„ = tan9„sec(#,-rt 
or, by (a), and, since seo(ft-*) = 8eo(^-^), by 

tane„=tanesec'(*-ft), 
and similarly in the second plate by 

tan9^=t»ne,jsec(*-ft) = tanesec»(*-0i) 
and after refraction out of that plate by 

t*ne,^=:tanG^sec(*,-«) = taueBecV-ft), 

The efiect of repeated refraction will, therefore, be a rotation of the plane of 
polarization further and further from the plane of incidence (cf. p. 282) ; oommoa 
light would thus beoome (partially) polarized in pUnes that make approximately 
right antfles with the plane of incidence upon repeated refraction. 

8. Determine the changes in phase h^ and niy of the conditional equatirau 

my 
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Od ellmintiliiig first a' and then a, from the lut two eqiutions (94), wa Gad the 
foUowing valnes for a, and a! reepectively ; 

o»iD«y 

Bin B( J" - a,) - ni ^2i^ oo»»(J' - J.) 

and „•= i -A ^. 

Bmn(«' -a,) -n/i?^*! coBn(y - J,) 

BepUoe a, and a' by these value! in the dnt two eqiutions (M), and we have 

Vk COS *, - „ ■ f^n OOB * F . , „ , , , COB *, , w . .~I 

M V, M '■ \_ »i J 

- ^ ^5?^ I sin n), + ni ^??-^coB n8, J COS nf + «(/ gin iii' Bin ni] =0 

and ^^^,iu,a, + ^^^^(aanit+nl^^^coattSi) + HOeMtat=0, 
where we have put iP't^^ (cf. p. 302) and 

The UtMr of these equations gives 

^"'■- r,(«cos*, + «,cos*) • '"* 

the value for nS, songht. 
The fornwr equation can now be written 

^??^ri_2cotBi'Unn«,-«;5^^(2cot»!- + tanna,)1 



Replace here ton nS, by its valne (a), and we obtain the volne for nS" sought. 

9. Bbow that the changes in phase nf' and ii^, of the conditional equations (95) 
are determined by the expressions 

J. _ »(P,'l?]/f- WiJ/p C0 S»C<IS^|) 

" '" r|,'(»cos« + c,cos«,) 
and ,^,^ rHr„'iitH+vv,ifpam<t>v<»<l.t)Vknnf, + Vt'lr,eot4t,-voM^) 

^ 2c," Di(cos ^ tan ttfi - nH) ' 

where tannf, is to be replaceil in the latter expression by its value, the former 
Biprewion, and i ^j^'* 

H=--qD,Vt -^ . 

10. .<)bow for the angle of polarization that the changes in phase n3' and nj"' 
of forninloe (94) and (95) are determined by the expressions 

2ni-,vJfG'cos^ 



and cotnf : 
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It u evideot from theie oipressioiiB that for the angls of poIuiiaticHi the 
reflected OMtUktiona will be highly elliptic&lly poUiized (i^. p. 298). 

11. Determine the ohangM in phua nX, ni,, nf" and nf, of fonntdae (M) and 
<1)5) foT perpendicolar incidenoe. 

12. Show that the exprasuoDs (101) and (103) or (107) uid (108) for the 
oomponeDt electric and magnetic forces satisfy our fiindaQiental differentia] 
equations (1) and (2). 

On differentiating the component forces with respect to the coordinates, u 
demanded by our differential equations (I) and (2), we mnst evidently employ 
those coordinatee, whose origin is at the scarce of disturbance O (ct. Fig. :(.'>} ; 
that is, the component forces are to be differentiated with respect tasc-x, y-y, 
I-z, the component distances from that source referred to the system of 
coordinates x, y, % with origin at (cf. Fig, 35). We observe, mvreot-er, that 
we cannot regard the component amplitude .coefficiente, the A'k, B'i etc of 
forrnnlae (107) and (106), as constant by the«e djflerentiations ; they oui evidently 
be regarded as oonstont only along one and the same vector. In order to perform 
the differentiations indicated, we must, therefore, write the component forces 
in the explicit (variable] form 



-,l'^(lJ-«' + (7-7n-l--«)Ktf-ffl + '^(7-7U) 



ij,(l!ih-3«.ltf-«' + (7-7)*l + 3(i-.l[»/J-» + ",ft-7l)) 



with analogona exprasloos for Q and R, and 

.-'^W7-7)-^(J-ffll[sjJb-|^.("-I^) 

with analogous expressions for p and y. 

Replace P, Q, S and a, p, y by these values in eqnatioDS (1) and (2), for example, 
the first of each, perform the differentiations indicated, and we have 

. , ,- , - ,. d rn sinu v*u~\d{r-r'i\ 

-^•{Gr;'°",-,-™".].T^'"-''-'--«-" 

iM ...... „Gooyk' 
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imtii ( rn mu cos « "i „„ 

(F-r) 
r n* <KMU 3b 8I11U 3c«u"l\ 

+ l",W-»'+(»-T)'J-li-»)t«itf-«+".ft-y)ll 

fn' coau 3fi lina 3cm»-1\ 

_ 4*it*ro J o*** " 4»Tl% D ■in u 4nH'o n cob m 

which gives th« tarailUr ralation (ct. formnlae (12)) between the veloeity of pro- 
pagation and the medinin conatAnti ; and (the Brat of equation! (2) ) 



h,^-^)] 



4™'/ Btau d[4J ^,., d f- Bin«nd [?-rH 
.■ \(r-rfdS-,)*i^d(f-r)Ur--^fJd(j-,)l 
.._fr» «»- . ■m. -l JtJ.l d r«0O5j^ .to.-ld(r-r) 

lere [^J=a,[{x-i)»+(y-y)»]-{I-i)[a,(i-3:) + a,lji-y)], 

J<[n,(x-a;) + o,(y-y)], 

M!]=«,[(5-x|'+(>->l'l-(y-y)Wi-«)+«,(i-")l. 

[BJ = 2a,[(S _ i:)» + (y - y)' + (i - s)»] - 3a,[(S - ar)' + (i - »)^ 
+3{y-y)[o,(i-3;}+<i,{z-z)], 
=^'{i|r^2ta,(y-y)-o,(i-=)!+[«,|i-!]-a,(y-y)l(f-r) 

Cn coBW SBinu'll 

. ,- , ,- ,,.- r n^iinu Sncoiw fiBinu~|l 



. r ,- 1 la flii(er"<>""» , «in«n, n*Bin(i> Srcmu 6>inu\ 

'(",(7-r)-">S-«l["-^,+j5^j,]- »■■'>■ 
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13. Show that the oomponent amplitude coeSiiuents &;> t^ ''* "^ fonnubM 
(104h(l06) Me given by the eipreeaioDB 

^ = a„ 

b2 = ii3COfl H- a,Bin/i, 

b, ^ OgBin /I + OjCoa fi, 

where /a denotes the nngle between the s uid z (y and ^) axes (cf. Fig. 35). 
This IB evident froni the annexed figure. 




Fio. S 



14. CoitannfonnuUe(104)-(106). 

If we denote the component amplitude coefBcientB of the force acting in the 
primary electric wave (101) along the ib, y, x, aies by J„ A^ A^ and those along 
the X, y, z axes by A^, A^, A,, the following relation! will evidently hold 
between these components : _ 

.4,=JaCos/<-.A,sin(;i, J- {*) 

.J.^Jijsin/i+l.cosfi. J 
where /t denotes the angle between the coordinate axes z and £ or y and y 
(cf. formulae (a), Ex. 1.^). 

By Figure 35, we have now the following relations between the directioD-ooeiuea 
B, ft 7 «nd a, (3. 7 : 

^ -^S^ -ysin^+zcos;. 

(cf. formulae (a), Ki. 13). or, since here z=0 (cf. p. 213), 

p=^— -^=-co»(r, y)oos/i= -ooB{ir/2 + *)ooB*i 



Replace a, p, y in the expressions for the component amplitude coeffidenta 
A,, A^ A, (cf. formulae (104)) by these values, and we have 
A, ^a,sin*^ + (ogsin ^ ci»^ ~ djSin ip sin ;i)cos ^, 
Jj=Oj(co«»0 + Bin'^ ainV) + («]«* * + a,Bin^iiin,i)sin#cos>i, j 
iJ,=:a,(cos*0 + ain'^cosV)-('(]Cos^--agBin#coa^)8in^sin/i. 



:l - 
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On replaeiug the 2'6 by tbese values Id formulae (a), we then find the following 
ntlnea for the A'b : 

.4i=[a,sui#-f ((iiOO«;i-a,un/i)<iO80}uB^, 
A^=lajtm^ + (o^coB^ - (E,sin/i)caa ^]coa ^, 

which, by fonnalse (a), Ex. 13, a»n be written 

J] = (binn^ + biCoi0)iin^, '\ 

-4, = (6,siD« + 6aCO«0)ooa*, J- (c) 

tcf. formnlae |1M)). 

Similarly, on replacing a, p, y by the above values in analogooB relation* to 
(a), whicb will hold between B^, B.^ B, and B^, B,, B^ the component amplitude 
coeScieota of the foroe acting ia the aecondary electrin wave along the x, y, i 
and X, y, z axes respectively, we find (cf. formulae (104) and (106)) 

B^ = B,coe^-B3Bin^=(-ia,~3^,)ooa>i~(2a,-3i^()un/i, 
Sa = ^sin /I + Bgcosfi - (2ag - 3l,)Bin M + (2ix, ~ 3^*^)008 fi, 
where ]i„ A^, A, are given by formulae (b), which we can write in the form 

B| — 2(ajCoa^-ajsln/i}-3(.iloCO*ft-^,un*i), 

B] — 2(ajBin^ + iijCoa/t)-3[.^2Biuf( + JjjCOB/i), 
or, by formulae (a), Ex. 13, and (a) and (cl above, 

Bi = 26, - 3 (fr, Bin ^ + A,coB 0) Bin ^, 

A,=26,-3{&,Bin« + 6,oo«#)coa«, 

B, = 26i-36,= -ij 
(of. formulae (105)). 

Laitly, replace i, p, y by the above valnea in analogona relation* to (a), 
which will hold between the component amplitude coefficienta C„ C^ &, along 
the X, y, s axe* and thoee C[, C^, C, along the x, y, z axes of the force acting 
in the magnetic (primary and seoondary) wave, and we find, by formnlae (106). 
(7,= -(a,Bin>i + a,coB>i)Biii0, 

Ct= -(Oj«UlAl+IIaOOBx)COB0, 

(rj=a,Bin* + ((it,coe(i-o,»inM)ooa*, 
whicb, by tormuUe (a), Ex. 13, can be written 
Ci^-iiBin^, 



<cf. f<»7nalaa(106)). 
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CHAPTER VIII. 

PROPAGATION OF ELECTROMAGNETIC WAVES THROUGH 
CRYSTALLINE MEDIA. REFLECTION AND DOUBLE 
REFRACTION ON THE SURFACE OF BIAXAL AND 
UNIAXAL CRYSTALS; TOTAL REFLECTION. 

Aftolottopic lledU; the OryrtalB. — Isotropic media are thereby 
characterized that the constants of electric and magnetic induction 
retain one and the same values in all directions, that is, the electric 
and magnetic displacements or moments are independent of the 
directions of action of the forces, the displacements always being in 
the directions of action of the forces themselves {cf. formulae 
(3 and 4, i.)). On the other hand, media, in which the constante of 
electric and magnetic induction assume different values according to 
the directions chosen, are known as " aeolotropic " (cf. p. 7) ; such media 
will, therefore, evidently be characterized thereby, that the moments 
do not, in general, take place in the directions of the forces acting. 
The only aeolotropic media, within which light or electromagnetic 
phenomena can be investigated to any degree of accuracy, are now 
the crystalline ones ; of these the best suited for investigation are the 
transparent crystals, all of which are known as poor conductors. Let 
us, therefore, confine our ensuing investigations to the behaviour of 
light and electromagnetic waves in aeolotropic insulators. 

The 0<ni8taato of Electric and Magnetic Indnetion. — Experiments * 
have shown that there are, in general, three directions in any aeolo- 
tropic insulator or crystal, in which the constant of electric induction 
assumes a maximum or minimum, and that these three principal 
directions or axes always stand at right angles to one another 

*C(. L. BoltzmBim ; " ExperimentalDnMranobuiig iiber du Verhalten nicht 
leitender Korper unter dem Biuflum elektrischer Kr&fte," Pogg. Antudtn, v. 153, 
1874. 
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{cf. p. 7) ; forcw acting aloug these aires will, therefore, evidently 
give rise to displaceinentB or oscillations aloTig the same. On tbe other 
hand, all attempts to detect any appreciable change in the value of 
the constant of magnetic induction with respect to direction have 
failed. In the following we may, therefore, assume that the constant 
of magnetic induction is independent of the direction chosen. 

Hszwell's Eqnationfl for Oryst&lline Medift. — ^We choose the 
three principal directions or axes, along which the constant of electric 
induction becomes a maximum or minimum, as axes of a system of 
rectangular coordinates x, y, a and denote the respective values of 
that constant D along those axes by i)„ D^, D^. We then make 
the plausible assumption that, if there be any change in the value 
of the constant of magnetic induction M with i:«spect to direction, the 
directions of its maxima and minima coincide with those of the con- 
stant of electric induction D. Similarly, we shall denote any such 
principal values of M along the x, y, z axes by M■^, M^ and At^ 
respectively. Maxwell's fundamental equations for the variations of 
the component electric and magnetic forces P, Q, R and a, j3, y respec- 
tively acting in any aeolotropic insulator or crystal can then evidently 
be written 

Pj dl ~ dz dy 



D.dR 



dx dz' 



dy~~^ 



..(1) 



(cf. formulae {6, i.)) and 



..(2) 



M^d^ dR dQ 

v^ dt" dy~ dz' 

M^d^^dP^^dR 

v^ dt dz dx' 

M%d_y^dQdP 

v^ dl dx dy 

(cf. p. 7), where Sg denotes the velocity of propagation of electro- 
magnetic (light) waves in any standard isotropic insulator (vacuum). 

If we denote the component electric and magnetic moments, to 
which the component forces P, Q, R and a, j8, y give rise, by A', Y, 
Z and a,h,c respectively, the following relations then hold between 
the moments and the forces : 

" 3«, " 



4s- 



4)r* 



..(») 
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(cf. formulae (7, i.)) and 
M, 



■(*> 



Plane-Waves. — The electromagnetic state in any crystal is now 
defined by the above equations (l)-(4) ; of the djfi'erent possible states 
only the oscillatory one interests us here. What oscillatory states are 
now consistent with these equations, that is, what forms of electro- 
magnetic waves can be propagated through the given medium t It is 
now possible to show that the crystalline medium defined by the 
equations 0)~(^) ^ capable of transmitting only linearly polarized 
plane-waves, and these, in fact, only under certain restrictions. The 
problem before us is, therefore, to determine the manner in which a 
plane-wave will travel through a crystalline medium, that is, as we shall 
see below, to determine the direction (directions) of oscillation and 
the velocity (velocities) of propagation that must prevail in such a 
wave, in order that it may travel in any assigned direction through 
that medium. We have now seen on p. 11 that plane-wave motion 

is always represented by a function of ( t ± - V where t denotes the time, 

S the distance of any wave-front from any given point and v the velocity 
of propagation. Let us represent any system of plane electric waves 
that can be transmitted through the given crystal in the familiar form 

<m'"V'«) (5) 

where a denotes their amplitude. We denote the direction-cosines of 
the normal to any wave-front of this system of waves at any point 
P on the same referred to the principal axes x, y, 2 of the crystal by 
\, fi, V, and those of the direction of oscillation at that point by |, 
% (, as indicated in Fig. 37 below ; A, ^ v are to be regarded here 
as given, whereas $, 7, fare to be sought Lastly, let the point, from 
which the distance s to the point P is measured, be chosen as origin 
of the system of coordinates x, y, z (ef. Fig. 37). The component 
moments or oscillations X, V, Z at any point P on any wave-front 
of the waves represented by the function (5) will then evidently be 



.r(-i).J 
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By formulae (3) the component electric forces P, Q, S acting at the 
point F will evidently be 

•.'"(-9.1 




To determine the component magnetic forces a, P,y actiag at the 
point P, we replace P, Q, R by these values in formulae (2), and we 
have, on performing the differentiations indicated, 

and analogous equations for jS and y. These equations integrated give 

where we have rejected the three constants of integration, which are 
functions oi x, y, z only, since it is only the periodic or oscillaUiry 
motions that interest us here (cf. p. 29). 

By formulae (4) the component magnetic moments or osoiUatione 
a, 6, c, to which the component forces a, ^, y give rise, will then be 
represented by the expressions 
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'=-T(|-^)-"''"*| <»' 

ParticnlJLr Form of Hazwell'a E^tutiona for naDe-WavaB.— 
The expressions (7) and (8) for the component forces P, Q, Rand a,§,y 

respectively can now each be written in the form «'"' '' times a given 
constant factor, this factor being, of course, different for the different 
components. Upon the diSereutiation of these expressions for the 
component forces with regard to the time I and the coordinates x,y,z,aa 
demanded by our fundamental differential equations (I) and (2), the ex- 
pressions for the differentia) quotients will, therefore, differ from those for 

the component forces themselves by the factors in and , -, 

respectively, so that the differential quotients of equations (1) and (2) 
may each be replaced there by the quantity or component force itself 
multiplied by that respective factor; we can, therefore, evidently 
replace the above differential equations (I) and (2) here by the following 
ordinary linear ones : 



'Jhp 


= ^y 


-'11, 


t'« 




-Ay, 


•f" 


.kf 


-/w 


* a = 

•o 


--Q- 


rt 


'-;^^-«! 


-rf. 




I'P- 


AC 



The validity of the latter equations (11) is also evident from the 
above values (7) and (8) for the component forces P, Q, R and o, A ? 
respectively, whereas the confirmation of the former from the above 
values involves a knowledge of the relations that hold between the 
direction-cosines X, /i, c and f, )j, ^, the medium constants, the ZJ'a and 
M's, and the velocity of the propagation t> of the waves (of. Ex. I at 
end of chapter). 
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Electric uid Hacnetic Oscillations in Wave-Fnoit — Multiply 
equations (10), the first by A, the second by /i and the third by v, 
add, and we have 

equations (IIX similarly treated, give 

By formulae (3} and (4) these two relations can now be written 

>JC+ixr+yZ=0 (12> 

and Aa + /ii + i'c = 0. (13) 

Theae relations, interpreted geometrically, state that both the electric 
and the magnetic oscillations take place at right angles to the normal 
(A, /i, k) to the given wave-front ; that is, they both lie in the wave- 
front itself. 

Electeic IComent at ± to Magnetic Force and Uagnetic Moment 
at ± to Electric Force. — Next, multiply equations (10), the first by a, 
the second by ^ and the third by y, add, and we have 

DiPa + D^Q^ + D^By^O; (14) 

equations (11), similarly treated, give 

M^Pa + M^Q^ + M^y = (16) 

Observe that for M^ = M^ = Mg this last relation becomes 

Pa + Qp + J{y = 0; (16a) 

that is, the electric and the magnetic forces then act at right angles 
to each other. 

By formulae (3) and (4) the relations (14) and (16) can also be 
written 

Xa+r^ + Zy^O (16) 

and aP + bQ + rJi^O; (17) 

that is, both the electric moments and the magnetic forces and the 
magnetic moments and the electric forces act at right angles to one 
another. 

Electric and Magnetic OsciUationa at X for Af^^M^^M^—hy 
formulae (3) and (4) the relations (16) and (17) can also be written 

x« n z, 

»;+»,+»;" <'*' 

•»'' t+^+S-"^ w 

which evidently give 
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Although it would follow from these relations that the electric and 
the magnetic oacillations do not take place at right angles to each 
other, we observe that this most general case, where D^^S^^Df 
Mid Mj^Mj^M^ is only a theoretical one that is perhaps never 
realized (cf. abore) ; until experiment hae refuted the assumption that 
Mi = M2 = Mg, we are, therefore, surely justified in writing the rela- 
tion (18) in the form 

Xa+Yb + Zc = f}, (20) 

and in thus maintaining that the electric and the magnetic oscillations 
always take place at right angles to each other. 

The Particular Case D^^D^^Dg and jWi 5 3fj = itfj. — Before we 
consider the most general empirical case, where D^^D^^D^ and 
jtf J = Wj = JIfg, let us examine the simpler theoretical one, where 
Dj^Dj = ZJg and Mj^M^ = M^, the most general form for the medium- 
constants in so-called " nniaxal " crystals (cf. p. 344) ; this particular 
case is not included in the most general empirical one, whereas it 
cannot be deduced from the most general theoretical case, where 
D, 5 ifj 5 Dg and Mi^M^^ M^, since the latter is too complicated 
to admit of an explicit solution (cf. p. 341). Moreover, the brief 
examination of this particular case will throw light on the more 
complicated treatment of the most general empirical one. 

For D,5i>j = i>a = i) and ^,£W, = ifg = J(f the relations (18) and 
(19) can be written in the form 

and DXa + D^(yb + Zc) = 0; 

which give {DiM-DMi)Xa = 

and (DMi-DiM)(n + Zc) = 0; 

hence, since, in general, (D^M - DMj)^0, 

and Vb + Zc=-0 

°^ ^'^ = '^1 (21) 

and Xa+rb + Ze = 0} 

These relations, interpreted geometrically, state that the electric and 
the magnetic oscillations take place at right angles to each other and 
either the former or the latter in planes parallel to the yz-plane. Let 
us now examine these two possible cases. 

Case 1 : Tha Uagnetic Oscillations Paiallel to yz-Fluoa. — Here the 
direction of oscillation of the magnetic oscillations at any point P 
(cf. Fig. 37) will evidently be uniquely determined by the intersection 
of the given wave-front (cf. formula (13)) and the plane parallel to the 
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ps-plane passing through that point. The accompanying electric 
oscillatjone will evidently take place in the given vave-front (cf. 
formula (12)) at right angles to the magnetic oscillations (cf. formulae 
(21)). 

Here a = 0, and fonnulae (10) and (11) thus assume the particular 
form 



1. 



(22) 



'f-p.i.B-',r, '-^y-fP-^Q. 
The first two equations (23) give 

and thia and the last equation : 



Replace jS by this value in fonnulae (22), and we have 

— §=-Ay. -—B~- — y. 

Lastly, replace P, Q, R by these values in formulae (23): the 
first equation then leads to an identity, whereas the other two both 
give one and the same conditional equation between the medium-con- 
stants, the direction-cosines A, /(, v of the normal to the given wave-front 
and the velocity of propagation v of the waves, namely 
^M_\^ yfi + v^ 

Since now A2-H^*-Ki*=l, 

we can write this equation in the form 

that is, the velocity of propagation aqu&red of the given waves, bodi 
electric and magnetic, will, on the assumption of the validity of 
Maxwell's equations (1) and (2), be given by this expression (24), 
which is a function of A, D, Z>j and M (cf. also Ex. 2 at end of 
chapter). 
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It thua follows that the given crystalline mediiim is capable of 
transmitting electromagnetic plane-waves in any assigned direction 
{k, n, v), provided, on the one hand, the magnetic oscillations take place 
at right angles to that direction and to the x-axis and the electric ones 
at right angles to that same direction and to the magnetic oscillations, 
whereby the directions of oscillation of both will be uniquely deter- 
mined, and provided, on the other hand, both oscillations are propagated 
(in the assigned direction) with the velocity determined by formula (34). 

Case 2 : The Electric OBcillatdons Parallel to ^r-Flaoo. — Here the 
direction of oscUlation of the electric oscillations at any point will 
evidently be uniquely determined by the intersection of the wave- 
front and the plane parallel to the ^3 plane passing through that 
point, whereas the accompanying magnetic oscillations will take place 
in that wave-front at right angles to the electric oscillations. The 
further treatment of this case is similar to that of the preceding one. 
In place of formulae (32) and (23) we evidently have 

rB„ , vT)^ ,„ \ (25) 



.-(-'6) 



The eliniinatiou of a, ft y from equations (25) gives 
On replacing Q by this value in formulae (2C), we have 



Lastly, .the substitution of these values for a, /3, y in formulae (25) 
leads to an identity and to the following conditional equation between 
the medium-constants, the direction-cosines A, /i, i* and the velocity of 
propagation v : 



D\M 



^■■'-*'\ (27) 

that is, the velocity of propagation squared of the given electric and 
magnetic waves will be given by this expression (27), which is a 
function of X, D, M and M^ (cf. also Ex. 3 at end of chapter). 
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It thiiB follows that the given crystalline medium ia alao capable of 
trail smitting electromagnetic plane-waves in any assigned direction 
(A, ft, f), provided, on the one hand, the electric oscillationa take place 
at right angles to that direction and to the z-axis and the magnetic 
ones at right angles to that same direction and to the electric 
oscillations, whereby their directions of oscillation will be uniquely 
determined, and provided, on the other hand, both oscillations are 
propagated with the velocity determined by formula (27). 

Oivea Uddium Capable of TraiiBiiiittliig Two Systenu of PUne- 
WaTss with Different Velocities of Propa^tion. — It follows from 
the above that the given medium is capable of transmitting electro- 
magnetic plane-waves of two different directions of oscillation, as 
determined above, in any assigned direction, whereby the velocity 
of propagation will differ for those two directions of oscillation, being 
determined by formula (24), when the magnetic oscillacions are taking 
place in planes parallel to the y^-plane, and by formula (27), when 
the electric oscillations are in those planes. We observe that for 
Mi = M^^M^ the expressions (24) and (27) for the velocities of 
propagation of the two possible systems of plane-waves that may bo 
transmitted through the given medium in any assigned direction are 
the square roots of the quadratic equation (37) in v^ for biaxal 
crystals (cf. p. 343) modified accordingly for.uniaxal crystals. 

For Af J = Jlf formula (24) remains unaltered, whereas formula (27) 
reduces to n » 

It thus follows that for M^ = M (uniaxal crystals in current sense) 
the velocity of propagation of the electromagnetic waves of Case 2, 
where the electric oscillations are taking place in planes parallel to the 
i/>planc, will be entirely independent of their direction of propagation 
{k, ji, v); we observe that their velocity of propagation is then that 
of electromagnetic waves in a similarly constituted isotropic medium 
(insulator) (Z), ^D^ = D^= D). 
For /^| = i> formula (24) reduces to 

whereas formula (27) remains unaltered. Here the velocity of propa- 
gation of the electromagnetic waves of Case 1, where the magnetic 
oscillations are taking place in planes parallel to the y;-plane, would also 
be entirely independent of their direction of propagation ; that is, the 
given waves could be propagated in all directions through the medium 
with one and the same velocity, that of electromagnetic waves in a 
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Bimilarly constituted isotropic medium. We observe that of the two 
possible cases (media), 3f, - M, D^^D and D^ = D, Mj^ M, the latter 
is probably never realized. 

Most Gteneral Case : D, 5 D^ ":£ D,. — Let us now consider the most 
general cose, where 

iJi^DjJSDj and M^r^Mf^M^ 
examining thereby the conditions, under which electromagnetic linearly 
polarized plane-waves may be transmitted in any assigned direction 
(X, /t, 1-) through the crystalline medium defined by these values of 
D and Af. For this purpose we shall eliminate first the magnetic and 
then the electric forces from our fundamental ei^uations (1) and (2) 
respectively, and examine the electric and the magnetic oscillations 
separately. The elimination of u, |8, 7 from equations (1) and that of 
P, Q, R from equations (2) evidently give 

Pg W MjdAdz dx) M^\ 
and similar equations in Q and R, and 

Pfl dt^^'D^'dyKdy' dx) l)^dz\dx Sz) 
and similar equations in /3 and y respectively. 



\ dy\dx dy) 



Replace here the forces P, Q, U and 1 
moments X, Y, Z and a, b, c, and we have 



A 7 by their respective 



and — , 



'o* dP M^ dz\D^ dz ' Dtdx)~ M^ dy\D^ dx D^ dy )' 
1 ^Y^ 1 d(\ dY J_rfX\_l dndZ_l_dY\ 
'0* dt' j)/g dx\U.i dx ~ i/j dy ) M'^ dz\D^ dy D^ dz )' 
]_d^Z_\ d/l_dZ 1 dY\ 1 ±r}_dX_l_dZ\ 
V dt^ 'Sl^dyVOg dy~ 1/^ di)~ M\dx\D^ 'dz D^'dx) 

l)^ dy\M\ d9~Ml'^)~D'^ d^\Sl~ dx ~ M^ dz)' 



1 'i^a_J_ d_/ l_da_\_dh\ 
' dp ~ l)^ dy\M\ dy ~W^'^) 
}^d^b__\^d^(\_db_\_dc\_\_d_(\_.U_ 1 db\ I 
V/'' D^dz\M^d^ M^dy) D^dxKM-^dy M\dx)'\""^ ' 
}_d^_± d f I dc ±_df\_}_d^f 'i db_^dc\\ 
v„' dP~D.,di\W^dx~Mjdz) D^dyW^lz M,^)j 

The Electric OscillittionB. — In order that electromagnetic linearly 
polarized plane-waves may be transmitted through the given medium, 
the above expressions (6) and (9) for the moments X, Y, Z and a, b, c 
respectively must evidently satisfy the difierential equations (28) and 
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(29). Let us first examine the electric oscillations ; we replace X, V, Z 
by their values (6) in formulae (28), and we find the following con- 
ditional equations between the directionnKisines A, ^ >■, which are*giren, 
and those g, ij, ( and the velocity of propagation v, which are sought : 



r,'^^M\lJ,~]J,)''M^\D, It./ 
'1 t-JL(d "•\ AK >i\ 



(cf. also fonnulae (8), Ex. 1, at end of chap.), which for M^ = M.^= M^ = M 
reduce to 

tl'<,-B'^^.'+V),-c■'^vt-J'K|4, \ (30> 

i't~C(>L'+f:')i-A'>.,i-B'r.f,i. I 

-"^ ^'-l$f '^-S^- '"-igi/ ('o^* 

By the geometricat relation 

these conditional equations (30) can be written in the form 

(A'--f^)^=\/, (m-ff^)^ = ^f, {(?-rr-)i=vf, (31) 

where f=A^k^-i-&t^i) + C^v(. (3lA) 

We observe that for M^ M.^M^ the conditional equations cannot 
be brought into this simple form (31) (cf. p. 33G). 

Let ua now introduce into the above formulae that direction (of 
OBcillation), which is at right angles both to the normal (A, /j, v) to the 
given wave-front and to the direction of oscillation (^, if, Q sought ; 
if we denote its direction cosines by ^, i)', f , the following geometrical 
relations will then evidently hold between these direction-cosine* and 
those K 1^ " ""d ii Vj (■ 

i-'-i-i'C V-«-'{, C-i-(->-r, (32) 

theae relations are now not independent of one another, but are 
evidently connected by the three familiar geometrical relations 

»i+ ("I +■■;-».) 

Af+m' + vf-0,l (33) 

K + 'iv'+CC-o.] 

Multiplying now the above conditional equations (31), the first by f , 
the second by ij' and the third by C, add, and we have 
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or, by formulae (33), 

A^^^ + Bi'ti + C^ii'-O (34) 

Next, multiply the conditional equations (31), the first by ^, the 
second by f and the third by (, add, and we have 

J2f + BY + (^f - t*(f* + 1^ + C*) = (^ + ^v + 1^)/ 

or, by formulae (33) and since $^ + 'i'' + C = ^, 

v' = A'S^+lp7,^ + C^(^, (35) 

an equation for the determination of the velocity of propagation r as 
function of A, B, and $, % (. 

Lastly, write the conditional equations (31) in the form 

(-l^. "'-p^J. i-w-J' w 

multiply these, the first by A, the second by /x and the third by f, add, 
or, by fomiuhie (33), 

o-J^^*i/i-^*i/U ("> 

a quadratic equation for the detennination of v- as function of the 
medium constanta A, B, C (cf. formulae (30a)) and the direction-coainea 

\, >X, V. 

Two Directions of OaciUatiou vith DifTerent Velocities of Fiopa- 
gation ; Determination of these Sinsular Directions and Velocitiflfl of 
Propagation.— The conditional equations (31 ) and hence the fundamental 
differential equations (1) and (2) will evidently be satisfied, when the 
above formulae (34)-(37) hold ; these formulae will, therefore, serve, 
provided they can be satisfled, for the determination of the quantities 
sought, the poasible directions of oscillation and the respective velocities 
of propagation in any assigned direction. It follows now from formula 
(37) that there will be two and only two possible velocities of 
propagation for waves transmitted through the given medium in 
any assigned direction (X, /i, v), and hence from formulae (36) that 
there will be two and only two possible directions of oscillation for 
waves propagated in that direction ; on the other hand, it is evident 
from formula (34) that these two directions of oscillation are those 
whose direction-cosines are ^, ij, f and ^, ij, f , that is, the two possible 
directions of oscillation will l>e at right angles to each other and both 
at right angles to the normal (A, /i, v) to the given wave-front (cf. also 
pp. 335 and 336). Theae two possible directions of oscillation in any 
wave-front are now known as the " singular directions." By formula 
(34) the two singular directions (f, jj, f) and (f , ij', f ) sought are now 
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defined aa the directions of conjugate diameters ; on the other hand, 
since they are at right angles to each other (cf. formulae (33)), they 
will evidently bo determined as the principal axes of the ellipse formed 
)>y the intersection of the plane 

\x + ny + vz = 0, (38) 

and the ellipsoid 

^V + B»/ + C^22.i (39) 

Lastly, it then follows from formula (35) that the velocity of propa- 
gation V of the oscillations parallel to either principal axis of this 
ellipse will be determined by the reciprocal value of that principal axis. 

Freanel's ConBtmction. — It is evident from the above that electric 
plane-waves of two and only two directions of oscillation but with diffe- 
rent velocities of propagation can be tinnsmitted through a crystalline 
medium in any assigned direction ; these two possible directions of 
oscillation or singular directions are determined by the principal axes 
of the ellipse formed by the intersection of the plane (38) parallel to 
the given wave-fronts and the ellipsoid (39), whereas the velocity of 
propagation of the oscillations parallel to either principal axis is 
detenoined by the reciprocal value of that axis. This method of deter- 
mination of the singular directions and the corresponding velocities 
of propagation is known as "Fresnel's construction." It is evident 
that not only the singular directions but also the respective velocities of 
propagation will vary according to the direction of propagation chosen. 

The Optical Axes : Biaxal and Uniazal OrystaU ; the Ordinanr and 
Sxttaordinary Oscillations.— It follows from Fresnel's construction for 
the determination of the two singular directions of oscillation and the 
respective velocities of propagation that there are, in general, two direc- 
tions of propagation (A, n, v) in a crystalline medium, each of which will 
give one and the same velocity of propagation for both singular direc- 
tions ; these two directions of propagation are now evidently determined 
by the normals to the two planes (38) that intersect the ellipsoid (39) 
in circles As the circle has no principal axes, it will follow that the 
oscillations in these two particular wave fronts may take place in any 
direction. The two directions of propagation thus characterized are 
now designated as the " optical axes " of the medium ; crystals posses- 
sing two such optical axes are, therefore, termed "biaxal crystals. 
For A^B, A ~C or B^C the ellipsoid (.')9) will degenerate to one 
of revolution, and the two planes (.38) that intersect it in circles 
will evidently coincide with each other. In such crystals there 
will, therefore, be only one direction, in which both (all) oscillations 
will be propagated with one and the same velocity, whereby, aa 
above, the oscillations themselves may take place in any direction 
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at right angles to that direction; this direction of propagation evidently 
coincides with the axis of revolution of the given ellipeoid of revolution, 
which for £= is its x-axis. CrystalB possessing only one such optical 
axis are, therefore, known as "uniaxal" crystals. It follows now from 
Fresnel's construction, modified for uniaxal crystals {A>B^C),* that 
. the sho r te r axes of the ellipses, formed by the intersections of the 
planes (38) and the ellipsoid (39), will have one and the same length 
for all directions of propagation (X, n, v), and hence that the oscillations 
that take place parallel to those axes will all be propagated with one 
and the same velocity (cf. also below) ; as this common velocity of 
propagation is now that of plane-waves transmitted through a similarly 
constituted isotropic medium, the oscillations propagated with that 
common velocity are, therefore, designated as the " ordinary " oscilla- 
tions qr n^vea. The other oscillations, or those that take place parallel 
to thele^er axes of the ellipses, will he propagated with velocities that 
are proportional to the lengths of those t^^sjci. above); since now, by 
Fresnel's construction, the length of the lenger axis of any such ellipse 
evidently varies with the direction of propagation chosen, these oscilla- 
tions will be propagated with different velocities, and they are thus 
known as the " extraordinary " oscillations or waves. 

Actual Deteimination of the Velocities of Propacation of tha 
Ordinary and Bxtiaordinary Waves. — To determine analytically the 
velocities of propagation of the two possible systems of plane-waves 
that may be transmitted in any assigned direction through a biaxal 
crystal, we must solve the above quadratic equation (37) in tfi; 
multiplying it out, we have 

.... + £5(7US + A^C-'i>? + A^&vi =. ; 

which gives 

±Vp^" ^'^TJ^^-(^'-f^) ^^^(^^-.g')v'pi. (40) 
+ 4(^''-6'')(/P-C'2)AVJ t 

Suppose now that A^>B^>C'^ — we can evidently always choose our 
system of coordinates so that this be the case ; the expression under 
the square-root sign will then be positive and hence its square-root 
always real, and the given quadratic equation will have two real 
roots. Before we consider further these two roots for biaxal crystals, 
let us examine the particular form assumed by formula (40) in uniaxal 
crystals. Take B^ = C^, that is, the x-axis as optical axis; the ex- 
pression for v' will then reduce to 

#.J(2C=i' + (^" + C')fr' + >')±s'[-(.4'-6")(^'+"?jr) 
* We are tuisuniing liere. as below, that A>B(^C). 
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or, by the geometrical relation A* + /*'+>'* = I , to 

which gives the two simple values for v^ 

»d lyS-iA'-n,'} <«"> 

The fonner of these values is evidently the velocity of propagation 
squared of the ordinary waves (cf above) ; it corresponds to that 
root of the quadratic equation in i^, where the positive sign has beeTi 
chosen before the square-root sign in the general expression (40) for r-; 
similarly it is easy to show that for A^ = B' the positive sign must be 
chosen before the square-root sign, in order that we may obtain the 
velocity of propagation of the ordinary waves. If we use this as 
criterion in discriminating between the two possible systems of waves, 
the ordinary and extraordinary (refracted) ones, in biaxal crystals 
(A>B>C), the velocity of propagation squared of the former would 
be given by the expression 

■ («) 



+ ^/[(^^ - Cl A« -{J'- V')i,' - {A' 


-lr'),'j' 


+ HA-'-CKB'-C)K','} 




and that of the latt«r by 




r.'-H(B' + C)k> + {jt' + C):^'+{A' + ]l>),' 




- v'KiC - U')i.' - (A' - Of > ~ tA' 


-a--).']' 



+ 4(^a-C"){ifS_C^)AV*j. 

Determinatioii of Posltioti of the Optical Axes. — We have already 
observed that in biaxal crystals there are two directions (X, /a, v), 
known as the optical axes of the crystal, along either of which both 
(all) systems of waves, the ordinary and extraordinary ones, are propa- 
gated with one and the same velocity ; this is, here 

which by formulae (41) and (42) can l)e written 
[{S» - C=) AS - (A"- - C^)iJ.^ - (A-' - if-') .^]-' + 4 (A-' - C-')(B^ - C^) A V - 0, 
where A, B, C are to be regarded as given and A, /i, i* are sought. 

Since now, by assumption, A*>B!^>C^, both terms of the leftrhand 
member of this conditional equation will be positive; the given 
equation can, therefore, evidently be satisfied only when 

{B'-'-C^)K^- {A^ -C^),^^-{A-i-h^)v^~Q 
and +(^^ - C=)(B2 - CS)AV* = 0. 
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That these two conditional equations ma; be satisfied, we must now 
evidently put either 

Ai* = and (^*-C^)ft«-{^^-B2)^,» = 
or ,^'! = and {B*- C«}V-('4-- ^)''2- = 0- 

Together with the geometrical relation \^+ii,^ + >^ = l, these con- 
ditional equations between the direction-Gosines >^ th v sought and the 
medium constants A, B, C would evidently give the following values 
for the former : 

^1 -"' /*! -/f3_C2' ■ B^-C 

, , ^2 - ;;* „ „ , }p-&- 

Since now, by assumption, A^> Jl^>C'^, ii~^ would be negative and 
hence ^t^ itself imaginary. The former values A„ ^, v^ for the 
direction-cosines k, ft, v would, therefore, have no physical meaning 
and must thus be rejected ; the latter values are, therefore, the ones 
sought ; we can write them in the form 

where we have dropped the index 2. These values correspond to 
four directions (A, ji, i) of normal, two of which are evidently 
oppositely directed to the other two ; they are now familiar to us as 
the expressions that determine the directions of the normals to the 
two circular cross-sections of the ellipsoid (.'iM). Of the four directions 
determined by these values for A, /i, r it is customary to choose 
as optical axes two that make an acute angle with one another; let 
two snch directions be 

, (13*) 

1 uniaxal crystals (A >jB= (') these values reduce to 
A.= l, ^ = v=0, 
the (positive) ^-axis (cf. p. 344). 

Velocit7 of Propagation along the Optical Axes. — Let us, next, 
determine the velocity of propagation of waves transmitted along 
either optical axis. We have just seen that this velocity is 
characterized by the vanishing of the square-root expression in the 
general formula (40) for r^ ; the velocity sought will thus be given by 
the expression 

r^ = i[{jr- + <."-)k^ + {A-' + C')p^ + {A^ + B^),^]. 
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If we choose ae optical axea the two determined by formulae {43a), 
wc find, on replacing here A, /i, v by those values, 

r,:r,:B>; (44) 

that is, all (both) waves will be propagated along both optical axea 
with one and the same velocity. 

The Anglea betwdea Optical Axes and Normal to WaTe-Fnmt 
as Variables.— It is often convenient to refer our formulae to the 
optical axes instead of to the coordinate axes x, y, z employed above 
(cf. p. 331). For this purpose we introduce the angles u^ and u^ which 
the Dormal (A, ^ v) to the given wave-fronts makes with the optical 
axes. These angles are now evidently determined by the following 
expressions in terms of the direction-coeines A,, {i^, v^ and Aj, /i^ fg of 
the optical axes and those A, ft, v of the normal to wave-front : 

cos u, = AA, + /j^ + yv^ 
and C0at»3 = AAj+>i/ij+iTj, 

or, since hy formulae (43) /t, = /i2 = here {A>B>C), 

cos Wj = AAj + KK, 
and cos tij = AA^ + w^. 

If we choose as optical axes the two determined by formulae (43a), 
we find, on replacing here A,, i-j and A^, i-^ by those values, 

and co8«, = Ay-j^-^-.^-,,_^„, 

, . , . , /!j^- 6'^ cosw, +cos«„ '\ 
which give A = ^-^_ ^ 1^ s, 



hence ^.=^1 - A^- v^ ! 

that is, k, fi, V expressed in terms of the angles u, and Uj and the 

medium-constants (cf. formulae (30a)). 

Velocity of Piopaf&tion expressed is Terms of », and i'^— To 
express the velocity of propagation (cf. formula (40)) in terms of the 
new variables v-, and Wj, we must determine the two expressions 

(/(« + C*)AS-K^HC')/'* + M* + A*)'^ 
and [(B«-CS)AS-(^S-C»),*2-(^i-B=).^2-h4(^*-6-i<)(j5»-C*)AV^ 
as functions of those variables. For this purpose we replace A, /i, i- by 
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their values (45) in terms of Uj and u, in these expreasiona, and we have 

and 

[{fi! - C')i> - (A' - C)ii' - {A- - B')^Y + HA' - C')(P - C=) XV' 



, 4(if'-n 



.r, ,<"-C' , A'-c ,-11 



.{A'-C'y>[(p>-fr-i(p-+t') + n 

■ COS «, + COS Uj , COS H, — cos u„ 
where ^ = i-^ ' and q—- '^ ■> 

or, oil replacing j> and ij by their values, 

and [(ff*-C^)X=-(.4«~Oi'-(^2_^)^?]2^.4(^!__C2)(£*_C5)AV* 

= (^i'-(7>)^[co8»u,eos2u2-(cos2u, + co8X) + l] 

= (A''' - C'-)-sin-Uj8in-iij. 

Replace the giieii expressions by these in formula (40) for v^, and 

we have „ A' + C''- A^-C' , ^ . ,,., 

t^= .,- -^ cos(i/j±aJ, (46) 

that is, the velocity of propagation expressed in terms of the angles U| 
and Wy which the optical axes make with the normal to the given 
wave-fronts. 

Expressed in terms of u, and u„ the velocities of propagation of the 
ordinary and the extraordinary waves would, therefore, eridently be 
given by 

V= ., - o co8(«, + ig 

^ - \ (4CA) 

and r,-= ^ -^ — coa(«i-t(j) I 

respectively (cf. p. 345). 

Digitizecy Google 



ELECTROMAGNETIC WAVES IN CRYSTALS. 



349 



The Hagnetic OsciUatioUB. — A similar treatment of the magnetic 
momentB of formulae (29) shows that a crystalline medium is also 
capable of transmitting in any assigned direction (X, fi, v) two systems 
of magnetic waves, whose directions of oscillation are at right angles 
to the electric oscillations that can be transmitted in that direction 
and whose velocities of propagation are those of the respective electric 
waves (cf. Ex.'s 7 and 8 at end of chapter). 

The Eay.^The rather abstract conception "ray" plays such an 
important part in the theory of light, that we should hardly feel 
justified in making no mention of it here ; it is often introduced, 
because certain formulae, as those of reflection and refraction on the 
surface of a crystaUine medium, assume simpler form, when referred to 
the "ray" than to the normal to wave-front {cf. pp. 366-367). We 
can now define the " ray " as the direction determined by the normal 
(taken in the direction of propagation of the wave) to the plane 
that passes through the direction of action of the resultant electric 
force P, Q, R and that of the resultant magnetic force a, j8, y or, if w« 
assume that 3/, = M.^ = Mg, that of the resultant magnetic moment a, h, c. 

Belatdre Position of Bay to Forces and Uomeats. — By formulae (12) 
and(l3)both the electric and the magnetic oscillations X, K, ^andti, b,c 
respectively at any point (cf. Fig. 37) take place at right angles to 
the normal A, /i, k to the wave-front at that point, whereas, by formula 
(16), the resultant electric moment X, Y, Zand the resultant magnetic 
force a, fi, y make a right angle with each other, as roughly indicated 
in the annexed figure. If we assume that M^ = Mj = Mg, the resultant 




magnetic moment a,b,c will then be in the direction of action of the 
resultant magnetic force a, fi, y, that is, the latter will also lie in the 
given wave-front at right angles to the resultant electric moment. By 
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formula (17) the resultant electric force P, Q, R acts at right angles 
to the resultant magnetic moment a, h, r. or, if Mi = M^ = Mj, to the 
resultant magnetic force q, /5, y; since now the latter (a, b, c) then 
(M-i = A{„ = Afj) makes a right angle with the resultant electric moment 
X, y, Z, it follows that the resultant electric force /', Q, It will lie 
in the plane that passes through the resultant electric moment X, ¥, Z 
and the normal A, /i, i- to the given wave-front ; let us denote the 
angle, which the resultant electric force P, Q, It makes with the 
resultant electric moment X, Y, Z, by *. By our above definition 
the ray is now determined hy the normal to the plane that passes 
through the direction of action of the resultant electric force P, Q, R 
and that of the resultant magnetic force «, /3, y or moment a, b, c 
^M^ = M^= i\fg) ; since now the resultant electric force P, Q, R lies in 
the plane that passes through the resultant electric moment X, V, Z 
and the normal A, /*, i- to the given wave-front, making the angle t 
with the former (direction), and the resultant magnetic force or 
moment is normal to this plane, the ray will lie in that same plane, 
making the same angle t with the normal A, ;i, v to the given wav&- 
front. The ray evidently stands in the same relation to the electric 
force as the normal to the wave-front to the electric moment. 

DeteiminatioD of the Angle < betwrna Say and Normal to Wave- 
Front. — Let us now determine the angle f !>etween the ray and the 
normal (A, jit, v) to wave-front, which, as wo have seen above, is identical 
to the angle, which the resultant electric force P, Q, R makes with the 
resultant electric moment A', ¥, Z. If we denote the direction -coHines 
of the resultant electric force i-eferred to the principal axes of the 
crystalline medium by p, q, r, we evidently have 

P ' Q__' ^ _^ _ 

^ JP' + Q^+W ^ JF--+~Q' + R'' *" JP' + Q^+i^' 

Replace here the component forces P, Q, R by their values (7) for 
the plane-waves (6) that can be transmitted in the assigned direction 
(A, IX, v) through the given medium, and we find, by formulae (30a), 
j4^ = ^_ 1 

,.= _ g ^c 

that is, p, q, r expressed in terms of f, ij, (, the direction -cosines of 
one of the two possible (singular) directions of oscillation in the given 
wave-fronts, and the medium constants A, B, C. These relations 
between p, q, t, f, ij, (, and ^4, D, evidently give 



.-(■17) 
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The left-hand member of this equation is now the analytic expression 
for the cosine of the angle between the two directions P, Q, li and 
X, y, Z, that is, the above angle c ; we thus have 

C08«= ,_5 _. ..' 1 

■JA'^' + BS'+U'C' 
or, by formula (35), 

C06t = -, "' (48) 

If we denote the velocity of propagation of the ray by v„ we can 
evidently express cos t in the foi-m and thus write 

hence r\^ = A*^ + Ji*^f- + C*C' {48a) 

Derivation of FottntLlae for Boy. — To obtain fonnulae, where the 
quantities are referred to the ray (/, m, n) instead of to the normal 
(A, fi, v) to wave-front, we must replace ^, ij, ( in the formulae already 
found by their values from formulae (47) in terms of p, q, r and the 
medium constants, whereas in those formulae, where v appears, we 
must introduce the velocity of propagation v, of the ray in its 
pW. 

Replace, first, ^, ij, i by their vahies from formulae (47) iu formula 
(35), and we have 

which by formula (4»a) can be written 

hence i. = ^^ + ^, + J^^, (49) 

an equation for the determination of e, iu terms of p, q, r and A, B, C. 
Next, replace f, i;, f by their values (47) in the geometrical relation 

ff + W + Cf-o 

(cf, formulae (33)) and in fonnulae (34), and we have 

A-i^JP^C-^ " [ (50) 

and pi' + qn' + rC = 0;' 

the latter states that the resultant electric force acts at right angles to 

the resultant magnetic moment or force (jW, = jlf, — Mj). 
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It follows now from formulae (49) and (50) and considerations 
similar to those on pp. 342-343, that the two (singular) directions 
p, q, r and ^ 17', (' of action of the electric force for any assigned direc- 
tion (/, m, n) of ray will be determined by the principal axes of the 
ellipse intersected on the plane 

lx+mj/ + nz = (51) 

by the ellipsoid 

54.+^-' <-'^) 

whereas the velocity of propagation of the respective ray v^ will be 
given by the length of one of the principal axes of that ellipse (cf. 
below). 

Dvtermiuation of (Singular) Directions of Force for any given Kay 
(/, m, n) ; Fresnel's Construction. — We observe that the ellipsoid (62), 
like that (39) employed for the determination of the two singular 
directions of (electric) oscillation, is determined alone by the values of 
the medium constants A, B,G; its principal axes evidently coincide in 
direction with those of the ellipsoid (39), whereas the lengths of these 
axes are the reciprocals of those of the latter ellipsoid (39); these two 
ellipsoids are, therefore, known as " reciprocal " ellipsoids. The deter- 
mination of the two possible directions of action of the electric force in 
any crystalline medium corresponding to any given ray (I, m, n) is 
evidently similar to that of the two singular directions of (electric) 
oscillation in any given wave-front (X, n, v) and is effected by Fresnel's 
construction (cf. p. 343) : we lay namely the plane (51), to which the 
given ray is normal, through the centre of the ellipsoid (52) and seek 
the two principal axes of the ellipse intersected on that plane by that 
ellipsoid ; these principal axes then give the two possible directions of 
action of the electric force for the given ray (/, m, n), whereas the 
velocity of propagation of the ray corresponding to the direction of 
action of the force along either principal axis is determined by the 
length of that axis. 

Equation between Velocity of Propagation of Bay, its Directi<m~ 
Cosinefl and the Medium Oonstants. — The derivation of the quadratic 
equation for the determination of v^ in terms of the direction-cosines 
/, m, n of the ray and the medium -constants A, B, C corresponding 
to formula (37), where o^ is determined as a function of A, ^ v 
and A, B, C, offers certain difficulties, for it involves several purely 
analytical transformations. 

We start from formulae (31) and (31a); by formulae (47) we can 
now write the latter in the form 

/=^»A^ + 5'A") + CM-(^ + «f + w)V^*f + i'*'r'+t.'V 
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or, by figure 38 and formula (48a), 

/=co9(90°-<)pr, = P) 



/=Wp,^-o* (53) 

Replace/by this value in formulae (31), and we have 

Since now the ray {I, m, n), the direction of action of the resultant 
electric force (p, q, r) and the reaultant magnetic moment (f , rf, f ) 
all make right angles with one another, the following analytic relations 
will hold between their direction-cosines : 

t~rr,--qi', m^pC'-T^, n^q^-pr,' 
(cf. also formulae (32)). Keplace here p, q, r by their values from 
formulae (47), and we have 

and similar expressions for m and n, hence, by formula (48a), 

and similarly «vm = A^C - -fi^iS' 

and pr,n = fi'ijf-^3^V- 

Next, replace here f , ?j', (" by their values (32) in terms of A, ^ i- 
and £, I), i, and we can writ« these relations in the form 

= A(^«f* + B*^« + C^f») - |(^*A^+ B^,*, + CVf ) 
or, by formulae (35) and (.53) (cf. formula (31a)), 

hence v^ = Xb-$Jv*-i^ 

and similarly i',jb = /m - ijv'c,^ - 1^ 

and v^n = w-{J7j:^, 

that is, A, ;*, V expressed in terms of I, iii, n, ^, »;, ( and the v'a. 

Replace now A, fi, v by their values from these laat relations in tha 
above form of fonnulae (31), and we have 

hence (^< -«,'){- .A/.,' - »"" 

and similarly {B' - v^^)r) = v,mj''r^ - if 
and {C*-OC = M^''-'''' 
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that is, ^, )}, I expressed in terms of /, m, n, the i^s and the medium 
constants. 

Replace f, t), f by these values in formulae (47) for p, }, r, and we 
hare 

A'_ b^p,'-r' 

' jA'piBW + CV A'-r,' ' 

£» mv.Jr}-^ 

' ■jA'C+IHrf + C'C' *"-''.' ' 

C' ".^'£IE? 

"jA'C + «•,' + C'f" " "<-" " r," 

Lastly, multiply these equations, the hist by I, the second by m and 
the thitd by n, add, and ve have 

AV P^ CW \ r.jij ^ 

or, since lp + mq + nr~0 {d. pp. 349-350), 

. A'P J%' Cn' ,,.. 

"-airji+yrii+eir;,* W 

the quadratic equation in v,^ sought ; by this equation we can deter- 
mine the two possible velocities of propagation of ray for any assigned 
direction (l, m, n) of the same. 

Reciprocal Relations betweea Ray and Nonnal to WaTe-Front.^ — 
A comparison of the above equations (49)-(54} between the forces 
and the raj with the foregoing ones between the moments and the 
normal to wave-front reveals a certain reciprocal relation between 
these two sets of quantities. It is evident that to obtain any 
formula between the forces and the ray, we have only to make the 
following substitutions in the respective formula between the moments 
and the nonnal to wave-front : 



( Ah 



Reflection and Refraction. — The manifold electromagnetic pheno- 
mena exhibited by cryaSIs are to be ascribed indirectly almost 
exclusively to the peculiar behaviour of electromagnetic waves upon 
reflection and refraction on their surface. We shall, therefore, confine 
onr further treatment of electromagnetic waves in crystalline media 
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to the examin&tion of the laws of reflectioo &nd refraction on the 
surface of crystals and their subsequent behaviour, that of the reflected 
and refracted waves, within the same. We shall ex&mine here as 
above only the non-conducting crystalline media (cf. p. 330), We 
choose the dividing-surface between any two such media, for example, 
the cleavage surfaces of two crystals pressed closely together or the 
cleavage surface of a crystal placed in an isotropic medium (air), 
as y^-plane of a system of rectangular coordinates x, y, z with 
origin at that point on the same, where the given electromagnetic 
waves are incident. The principal axes {Dy, D^ Dg) of either 
medium will not, in general, coincide with these axes ; henceforth 
let us, therefore, denote the former axes by x", y*, / (ij', t/^', ?[') 
and retain x,y,z for the latter. 

ICazwell's Eqnatioiu for AMlotroplc Insnlaton. — The electro- 
magnetic state in an aeolotropic insulator or crystal referred to any 
system of rectangular coordinates a^ y, a is now defined by the 
differential equations 

i^dX^d^ dy ^dV^dyda. y 

v^ dt ^"^ ^' v^^'^'^dx 3«' I 

^dZ^da d^ 

v^ dl dy dz 

irda_dB dQ iwdbdP dB 1 



..(55) 



and 



..(56) 



..(57) 



, dt liij dz' »(, dl dz dx' 
4^dc^rfe dP 
v^ dt dx~ dy ) 

(cf. formulae (1 and 2, 1.)), where, however, the electric momenta are 

given by the expressions 

(cf. formulae (», I.)); these D'a are functions of D■^, D^, D^ the 
constants of electric induction along the principal axes x', y*, z' of the 
crystal (cf. p. 331), and the cosines of the angles between these axes 
and the coordinate-axes x,y,z; Dj^ and D,, are, for example, given by 
the expressions 

Bij = D^coo^(x!, 2) + i>jCOS*(i', y) -I- Z>jC08*(i', a), 
Z)ij-Z),co8(it', a;)cos(y', i) + D,coa(a:', y)coa(y', y)-fZ),006(ar, «)ooe(y',«) 
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(cf. p. 8). Since we ahall assume here aa above that Mi = M^=Mg, 
the simple relations (4, I.) will hold between the maguetic moments 
and the magnetic forces. 

The Suifkce-OonditloBB. — Let now the system of coordinatCB x, y, z, 
to which equations (55)-(67) are referred, be that particular one chosen 
above, where the dividing-surface between the two cryatals is taken 
as yz-plane, etc ; our differential equations (55) and (56) will then 
evidently assume the following familiar form on that surface : 

ai = «w ^1 = ^0. yi-To / 

(cf. formulae (3, VII.)), where the index or 1 denotes that the 
component moment or force to be taken is that or t^e sum of those 
acting in the one (0) or the other (1) crystal respectively. 

Inddmt (Electric) Plane Waves aad the Reflected and Befracted 
Waves. — As above, let us represent the component electric moments 
or oscillations X, Y, Z in incident plane-waves that can be transmitted 
in any assigned direction (X, /x, v) through the crystalline medium 
(cf. Fig. 39 below) by the functions 

r..,."('+i), 1 (69) 

where s=Aa;+/iy-i-i'« and «=-;—■•-=■ 

(cf. p. 267), £, 1}, ( denoting the direction -cosines of one of the two 
possible (singular) directions of oscillation in the given wave-fronts 
(A, ^ v). Not only a and A, /t, ►, but also ^, % ^and v, which latter 
can be determined by Fresnel's construction (cf. p. 313) for any given 
direction of propagation (X, /*, c), are to be regarded here as giveo. 
The displacement in any wave-front may of course occur in any 
direction, but, if that direction does not coincide with one of the 
two singular directions peculiar to that wave-front (cf. p. 342), only 
its components parallel to those singular directions will be propagated 
as permanent waves, and, as we have seen above, each with a different 
velocity. This evidently accounts for the familiar bifurcation of waves 
or rays upon entering a crystalline medium. If both media are aeolo- 
tropic, incident waves represented by the functions (59), where ^, i), f 
shall denote the direijtion-cosines of one of the two singular directions 
in the given wave-fronts (A, ft, v), will evidently, in general, be 
bifurcated both upon refractaon and upon reflection^ on the other 
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hand, if the medium (0) of the incident waves ie ieotropic, there will 
evidently be, in general, two refracted waves aud only one reflected 
one. Let us first examine the moat general case, where both media 
are aeolotropic. Incident waves represented by the functions (59) 
will then give rise to two reflected and two refracted waves of the 
following fonn : 

r.-,.,J<-tl, (»'• 

A-«.i.« * ••'J 

where ^o = Aj^+/»^ + v^ {60a) 

and X.-a,(.t '■ '■' , 

Y.-a.v"(-'\ '«!> 

whera «, = \;i; + /tjr+i'A (61a) 

the ordinary and extraordinary reflected waves respectively, and 

ro-=<,«v('-^:l W 

where s^ = \^x^ii^y + v^z, (62a) 

and jr;. «;{;<"('" •'),1 

r:.a:^:t^'-'\ [ m 

where «.' = K'^ + t^.'V + '','', (63a) 

the ordinary and extraordinary refracted waves respectively. 

If we can determine the A, /i, v's of the above functions (60)-(63a) for 

the reflected and refracted waves, we can find by Fresnel's construction 

(cf. p. 343) the respective ^, rf, ('a and v'a ; that is, the latter quantities 

may be regarded here as known, provided the former can be determined. 

• Cf. foot-Dot«, p. 358. 
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Detennination of the A, /i, v'a and a's of Beflected and Beltacted 
Waves from Snrfkce-Conditilona. — To determine the A^ /i, v'a and the 

a's of formulae (60)-(63a), we make use of our suriace-conditiona (58), 
which can be written in the explicit form 

Qo'+e;-o+«o+e. (s*)* /3;+0>/3+^,+j8„ t (ss)* 

Replace the X's by their values on the given dividing surface, x = 0, 
in the first condition (64), and we evidently have 

oSo" -r .C. L (66) 






This condition must now hold for all values of v i^nd z, that is, at all 
points on the given dividing surface ; this is evidently only possible, 
when both 



and --5;=--;, — --=--9« — ', I 

The above formulae will now assume a much simpler form, if we lay 
the plane of incidence (of the incident waves) in either the xy or the xz- 
plane of the above system of coordinates x,i/, z; let us choose here, as 
in Chapter VII., the former as plane of incidence. We observe that 
the generality of the given problem will in no way be affected by 
this choice of the plane of incidence, for the only restriction put 
upon the above system of coordinates was that the x-axis be normal 
to the given dividing surface, whereas the y and ^^axes were left 
entirely arbitrary in that surface. 

x^-Plane as Incidence-Plane. — For the ay-plane as plane of incidence 
v^O, and the latter of the two conditional relations {66a) will thus 
assume the form v'-'v' = v— 1'=0- (67\ 

that is, both the reflected and the refracted waves will also be propa- 
gated in the plane of incidence, the ^-plane. 

If we now denote the angle, which the normal to the wave-front of 
any incident wave makes with the x-axis, here the angle of incidence, 

■•Here the index (o in Fig. 39) referring to the ordinary waves, although 
similarly written, is not to be confounded with that zero (0) employed above {cf. 
bvnmlae (58)); M it is aJwaya evident which index is referred to, we shall 
attempt no further discrimination in orthography. 
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by <^ and the angles, which the normak to the wave-fronts of the two 
reflected and the two refracted waves make with the positive and 
negative z-axis respectively, here the angles of reflection and refraction, 
by 00, 0, and ^j', <^,' respectively, as indicated in the annexed figure, 
we can then write the direction-cosines A. ft, \ fi^, etc. in the form 
A = C0H^ 11.= -sin^ 1 

Xo-eos^^ /io = 8in*(n X, = cos^„ /*. = Bin.^„ > (68) 

Aj' = - COB 0o', fjL^ = sin 0b', V = - cos 0,', /*,' = ain 0,' J 
(cf. the annexed figure). 




Lawa of Beflection and BefracldoiL — On replacing the /t's by their 
values (68) in the former conditional relation (66a), we have 



n 01, sin 0, 



(69) 

the familiar relation (lawa) Ijetween the angles of incidence, reflection 
and refraction and the velocities of propagation of the incident, reflected 
and refracted waves. 

OsdUatioiiB in Incident, Beflected and &«ltacted Wares Tofeired 
to Inddencft-Pla&e ; the Azimuth of Oscillation.— Since the above 
incident, reflected and refracted waves all lie in one and the same 
plane, the plane of incidence, we can refer their directions or planes 
of oscillation to that plane. The angle, which the direction or plane 
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of oscillation in any wave makes with its incidence plane, is now 
known ae its " azimuth " of oscillation. If we denote the admuths of 
the above incident, the two reflected and the two refracted waves hy 
B, $Q 0, and 0,,' 0.' respectively, we can evidently write their component 
momenta in the form 
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with similar expressions for the component moments 
of the extraordinary reflected vave, and 






n*.-« 



^i- 



■K' * 



with eimilar expressions for the component moments of the extra- 
ordinary refracted wave (cf. Fig. 39 and formulae (60)-(63a) and (68)). 
The Incidont Hagnetic Waves ; their AmpUtnde of OacUlation. — 
Since, by assumption, M^ = M^ ~ ATj in either crystal, the above electric 
and the accompanying magnetic oscillations will take place at right 
angles to each other (cf. formulae (30)); we can, therefore, represent 
the component moments of the magnetic OBoillations that accompany 
the incident electric ones (59) by the functions 



..(71) 



b-Ait"'-'*'\ I 

where A denotes their amplitude of oscillation, and ^, )}', f , ^eir 
direction-cosines of oscillation, are connected with the direction-cosines 
{, i;, ( of electric oscillation and those A, ^ ^ of normal to wave-front 
by the relations 
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{cf. formulae (32)). Replace in these relations \ /i, c and $, >f, f by 
their values (67) and (68) and the following respectively referred to 
the above system of coordinates (zy-plane as incidence-plane): 

f = co3flsin<^, i) = cosffcos^, {=sinC 
(cf. Fig. 39), and we have 

^ =■ sin ^ sin <f>, >;' = sin fl cos ^, f = - cos 0. 
Replace f, rf, (' by these values in formulae (71), and we can write 
the component magnetic moments in the form 

a— .i^siD^sin^ci ' ' 

tJ, >''°*-'"'* ) I 
6=^BinScos*« ^ ■■ ''' I ■■ 

c- -Aeosee ^ ' ' ) 

(of. formulae (70)). 

To determine the amplitude A of the magnetic oscillations (72), we 
make use of the first equation of formulae (56), which evidently 
reduces here (xy-plane as incidence plane) to 
iw dX^ dy 
V dt Sy* 
where we are writing v for the velocity of propagation of electro- 
magnetic waves in the standard medium (vacuum) instead of v^ which 
we have been employing above for the velocity of propagation of the 
ordinary reflected wave (cf. formulae (60)*). Replace here X by its 
value from formulae (70), and we have 

— ' — f=yy- 

which integrated gives 

im . M'-- — ^ ^) 






By formulae (4) {M^ = Mj=Mf=if), we thus find the following 
expression for c : 

M, ,.(,- '•'•*;■"* ) 

A comparison of this expression for c with the above (cf. formulae 
(72)) shows that the amplitude A of the magnetic oscillations (72) 
that accompany the incident electric ones (59) must be 



where a denotes the amplitude of the latter. 
«Cf, toot-note, p. 368, 
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The expressions (72) for the component magnetic moments o, b, e 
oaa thus be written ; 

d*= — = -asin^siiK^e ^ " > 

jlft, ,,(1-'-^*-'™*) 

&■> --^-aain tfcoBi^« v ' , 

The Bftflected and Be&acted Magnetic Waves.— Similarly, we can 
write the component moments of the reflected and refracted magnetic 
waves that accompany the reflected and refracted electric ones of 
formulae (70) as follows : 

Mr . m(t >"^*t+'™*' \ -1 



*) 



..(73) 



_*. ,-.(,-'**+^~*.) 



with similar expressions for the component moments of the extra- 
ordinary reflected (magnetic) wave, and 

V= -£'V^.,i„5^.,^^^V"('-'^*'*''"~-\ I (74) 

u;,- / . viln»'o-j-cg.tf, v 

V--/-<cosfl«V^ "• ■', ) 

with similar expressions for the component moments of the extra- 
ordinary refracted (magnetic) wave. 

Since, by assumption, there is no variation in the constant of magnetic 
induction in either crystal, the component farces acting in the above 
magnetic waves will be proportional to the respective component 
moments, the expressions (72)-(74). 

The Amplitudes of the Beflected and Bef^^cted Waves and tlu 
Snrface-Oonditions, — We have seen above that the two conditional 
relations (66a), or, if referred to the incidence- plane, (67) and (()9), 
must hold, in order that the first surface-condition (64) may be 
satisfied; the latter will now evidently be satisfied only, when the 
following conditional equation holds between the 't's and the f 's ; 
Oo'io' + <i.' = af + ««fo + a^- 

*'We write a, Of, a'n for the component mngnetic momenbi a, Og, a', to dis- 
tingaish them from the Mnplitudea a, Og, a',. 

L. .«..„Googlc 
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or, if referred to the incidence-plane, the following equation between 

the a'a and the ffa and <f>'a : 



..(75) 



a,,' COB 0f,' sin ip^' + a,' cos $,' sin ^,' 

= o cos fl sin ^ + ffifi cos 6^ sin "^ + a. cos $, sin ^ 
we obtain the former equation, on replacing the ^'s and v'a by their 
values (66a) in the surface condition (66), and the latter on replacing 
the ^'b hy their values in terms of the ffa and ^'a (cf. formulae (70)) 
(the a^-plane as incidence-plane) in the former. 

The Snrfkcft-Conditioiu (6A). — On the assumption of the validity 
of the conditional equation (75), we have one equation for the deter- 
mination of the a'a. To obtain other equations for the determination 
of these four unknown amplitudes a^, a„ a'g and a'„ we must mate 
use of our other surface-conditions (64) and (6S). Let us, first, 
examine the latter surface-conditions and of these the second one; 
we replace there the ^s by their values (cf. formulae (72a)-(74)) on 
the given dividing surface, if = 0, and we have 

- »,\' sin flj' cos ^o'fl ^ "o ' -p.'tt.'sin^/cos-^.'e \ "• ' 

= -twsinflcoBi^e ^ ■ ' -KCda,, sin ^d cos <^u « ' ^t ' 

-n;/t, sin 6, COS •^. e ^ "• '. 
By formula (69), which will evidently hold here, since the surface- 
conditions must hold for all values of y (s) and t, this surface-condition 
leads to the conditional equation 

- Vg\' sin 0^' cos 'p^ - vja,' sin 6,' cos ^,' 

= - fu sin d COS ^ + v^a sin 6^ cos <fi^ + v,a, sin 0, cos ^,. 
By the same formula (69), we can now express the «'s as functions of 
the ^'s, and thus writ« this conditional equation in the form 

- Ofl' sin 0^' sin ^q' cos <fio' - a,' sin 0,' sin <f>,' cos >t>,' \ .„„ 

= -asin^sin^cos^-(-a,8infloSin0pCO8^oH-a.sintf,ain.^.cos<^^/ ^*°^ 
Similarly treated, the other two surface-conditions (65) lead to the 
conditional equations 

M'(a^- mo 0^' sin'' <t>t-+a:ein0:6iv?i>:) \ ^^ 

-■ M(a sin sin* ^ -i- (lu sin 0q sin' i>^ + a, sin 0, sin' ^,)/ 
and o^' cos 0^' sin <i>^' + a.' cos 0.' sin >l>,' 

= a cos 9 sin <^ + dg cos ^g sin •ji^ + a, cos $, sin ^, ; 
the latter ia the conditional equation (75) already derived from the 
first surface-condition (64) 
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The BnrfiKe-Oonditions (61) between the 0*8 and the R»; the 
Bxpression for Q.— The four Burface-conditions just examined give 
only three independeut conditional equations (75)-(77) for the determi- 
nation of the four amplitudes a^, a„ u'g and a', sought. To obtain a 
fourth equation, we must have recourse to the two remaning aurface- 
conditious (64); let us examine here the second one. We must 
now express the Ca of this surface-condition in terms of known 
quantities, aside from the four unknown ampHtudes sought; let us 
first seek that expression for Q. For this purpose we introduce a 
third system of rectangular coordinates x', ^, f with origin at 0, the 
n origin of the two systems 3^y,z and ^, y', s* already employed ; 




the z'-asjs of this new system shall coincide with the normal from to 
the wave-fronts of the incident wave and the y-axis shall be taken 
parallel to the common direction of oscillation in those wave-fronts, 
as indicated in the annexed figure. Referred to this new system 
of coordinates the component electric moments of the incident wave 
(59) can evidently be written 
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The componente of this resultant moment Y' parallel to the 
principal axes a!, if, / of the cryatal {of the incident waves) are 
evidently 

r=r'eog(/^y') = oeoB(y', y")e'""^'"^'^, 1 ('8) 

ir = r"oos(«', /)=ocoa(2', /)«"('■*''). J 

The component electric force Q acting parallel to the y-axia of 
the system of coordinates x,y,z can now evidently be written in the 
form 

Q. = Fciy^{x, y) + l2'cOB{y', y) + ircoB(e', y), 

where P", Q, S denote the component electric forces acting parallel 
to the principal axes of the crystal (cf. Fig. 40) ; since P, Q, R are 
the component forces acting parallel to the principal axes x', y*, ^ of 
the crystal, we can put 

F-^x; cf.^r; Ji-.^z' 

(cf. formulae (3)) and thus write the expression for Q in the form 

0=4^1 ^eo8« y) + ^cofl{y', y) + -^cos(/, p)\ 
or, on replacing here X', Y', S by their values (78), 

cos(x^. y' ) co8(/. y) -] '■■('+t) I 

cos(k', y'), cos(y', y°) and cos(3', y") are the direction-coeines of the 
resultant electric moment Y" with respect to the principal axes /, y', / 
of the crystal, that is, the direction-cosines ^, t\, ( of formulae (6) ; 
these direction-cosines are now related to the direction-cosines p', q', / — 
the p, q, r of formulae (47) — of the resultant electric force F with 
respect to the principal axes, by the formulae 



(79) 
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(cf. formuUe (47)), where, according to the present notation, we are 
denoting the direction-cosines of the resultant electric moment V 
and the resultant electric force F with respect to the principal axes 
^1 !t, ^ of the crystal by f , »j', C and p', q, r' respectively. By 
formulae (30a) and (48a) these expressions for ccm(x', //'), C0B(y', jr") 
and COS (y, ^) can be written 

C0B(/. y-) = 57).Afr', 

where v, denotes the velocity of propagation of the ray. 

By these values for the direction-cosines we can now write the above 
expression (79) for Q in the form 

Q = '^'^^^[p'coa(x; y) + s'co8(,v', yj-f/cosC^-, y)]**^'"^^ 



iwarvj^ 



:^„)."<'*?) 



QQ<i(F, y)«" °', (80) 

where (F, y) denotes the angle between the direction of action of the 
resultant electric force F and the y-axis (cf. Fig. 40). This cosine can 
evidently be replaced by the quotient -^, where F^ denotes the com- 
ponent of the resultant force F parallel to the y axis. 

The component of the resultant electric force F in the direction 
of the resultant electric moment Y' is now 

J*'cos« 
and its other component in the direction of the (negative) normal 
to wave-front Ji'sin t 

(of. Figs. 38 and 40), where t denotes the angle between the resultant 
electric force F and the resultant electric moment Y' (cf. p. 350). 

The components of .Fcosc and Faint in the plane of incidence, the 
icy-plane, are evidently 

f cos (COS e and /"sin. 
respectively, where 6 denotes the azimuth of the given oscillations, 
Uld hence the components of these two component forces parallel 
to the ^axis 

/'cosccos^cos^ and .Fsintain^ 

respectively (cf. Fig. 40). 

The total component electric force acting parallel to the y-axis, P^ 
will thus be /', = (co8<cosffcos^ + sin«sin<^)/', 
hence ^J^" <^os f cos cos ^ -1- sin < sin ^. 
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Replace coe{F, y) = FjF by this value in th« above expression (80) 
for C. wid we have 

or, since by formulae (48) and (ISA) 



*).'-("^. 



e = '"^-"(coHeoo8^ + tan.Bin*)e V^W (gj) 

The EzpreBsionB for Q^ anA Q,. — The determination of the ezpresaions 
for Qg and Q, is Himilar to that for Q. The position of the auxiliary 
system of coordinates x^, y^, z^ for Qg is also roughly indicawd in 
Fig. 40, We find, as above, 

and a similar expression for Q^ 

On evaluating cos {F^ y) we observe, however, that the components 
of Ffl cos tfl COS ^0 *"*^ ^0 ^" H P*r*"el t*> the y-axis must evidently be 
written 

- /"(I cos tfl cos ^0 cos ^0 and Fpaintjain^o 

respectively (cf. Fig. 40), and hence the final expression for 0^ in 
the form 

Oo- -— "1^(008 tfa cos ^a- tan «(, sin *>*"^'^'»'; (82) 

similarly, the evaluation of fxx{F„ y), etc., and the final expression for 

Q.- 

The Ezpreuions for Q^ ajid Q,'. — The expressions for Q^ and Q,' 
will evidently be similar to that (61) for Q ; we find 

g^' = ^o>«:!^(coae;coB*,' + tan<sin.^,>'''('"^) (83) 

and a similar expression for Q,'. 

DfliiTatioii of th« two renuinisg Conditional EQuatifoiB from th« 
Snrfoce-OondltlonB in Q and R. — Replace the ^s by their values on 
the given dividing-surface, x^Q, in the second surface-condition (64), 
and we find, by formula (69), 

a^v^*M' (cos 8^ cos i^o' + tan t^ sin ^g') 

+ a.'v^'^M" (cob $,' cos 4>,' + tan «,' sin i^,') 
= av^M (cos 9 cos <^ + tan < sin 0) - afy^ (cos fl^ cos <^(, - tan «„ sin ^^) 
- tt^,* Jf (cob #, CO* <^, - tan «, sin -p,). 
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or, on expresaing the c'a a^ functions of the <fiB, 

+ o,' sin'^,' (cos 6,' coH <^,' + ton t,' sin ^,') I 

= ffl sinV (cob e cos 1^ + tout Bin .^) J- (84) 

- Ofl sin^i^o (cos ^u COB (/lu - tan (^ ain'^ti)) I 

- a, ain*^. (cos $, cob iji,- ton t. sin $.), J 

where we have put M" = M (of. foot-note p. 398), the fourth conditional 
equation for the determination of the four amplitudes a^ a^ a^ and o,'. 
The last surface-condition (64) similarly treated leads to a fifth 
conditional equation, which is similar to (64) but is not independent of 
those already found. 

Snmmarr. — The conditional equations (75)-(77) and (84) evidently 
suffice for the determination of the four unknown amplitudes a^ a„ 
Qg' and a/. These amplitudes are, strictly speaking, the only remain- 
ing unknowns in the above equations ; we observe, however, that the 
relation (69) between the <^'s and the n's gives only the ratios between 
the sines of the former and the latter. To find the ^'s and f's of 
the reflected and refracted waves, for example the ^g and v^ of the 
ordinary reflected wave, to which any incident wave of angle of 
incidence ift and veloci^ of propagation v gives rise, we first determine 
the direction-cosines \, ji„ ?(, (A, /i, v) of the normal to the wave- 
froiitfi of that wave with respect to the principal axes x, y', z* of the 
crystal as functions of ^g and the cosines between those principal axes 
a!, y', ^ and the coordinate-axes x, y, z, to which the ^ven dividing-surface 
is referred (cf. pp. 355 and 368) ; these direction-cosines are evidently 
given by the expressions 

X(, = COS ^ cos {x, X) -(■ sin <(.„ cos (j;', y), 
/ig = cos ^0 cos (/, 2) + sin 0^ cos (/, y), 
Vp = co8^oeoa(j', i)-(-ain<^uC08(s', y); 
we then replace K^ /v ''0 (^ ft ") by these values in formula (40), 
and wo thus obtain an equation between ^^ and Vgfv); by this equation 
and the relation (69) between ^ ^y, t and v^ we can then determine 
<^g and )'o uniquely as functions of <^, f, the medium constants A, B, C 
and the cosines between the coordinate-axes x', y', z' and x, y, z, all 
of which are given. 

Th« Oeneial Problem and its Solution. — The actual solution of the 
conditional equations (75)-(77) and (84) with respect to the four 
unknown amplitudes offers no material difficulties. We observe, 
however, that the further examination of the resulting expressions for 
this most general case, where both media are aeolotropic, is of little 
interest, since an empirical verification of the results could be 
obtained only with difficulty, whereas, on the other hand, quite 
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flimilar reaulta con be deduced more readily from the simpler equations 
that hold for the particular case, where ouly one of the adjacent media 
is aeolotropic. The particular case generally investigated by ex- 
perimenters, and thus of special interest here, is now that, where the 
waves pass from an isotropic into an aeolotropic medium. We shall, 
therefore, confine our ensuing investigations to this particular case. 

TIm Hedinm of the Inddent Wares Isotropic. — Here Fg = F, = i), 
so that there will be only one system of reflected waves instead of two, 
and the four unknown quantities vrill evidently be the two amplitudes 
dg' and a.' and the resultant amplitude a^ and azimuth ^^ of the re- 
flected waves of that single system. The conditional equations (75)-(77) 
and (84) will then, by formula (69), evidently assume the simpler form 

Off' cos #0' sin ^' + 0.' cos 0.' sin <^,' = (acos tf + o, cos tfj) sin <ft. 
Of,' sin ^o' sin <l>^' cos i^o' + a,' sin 8,' sin <l>,' cos <)>,' 
= (a sin C - «! sin tf,) ain ^ COB ^ 

(lo' sin 6g' sin'^o' + «.' si" ^.' sin*^,' = (o ain 6+a^sin ^,)8in*<^ j- . ,,(85) 
and a,,' sin'^p' (cos 8^' cos ^0' -t- tan t^' sin 1^') 

-1- a.' sin-<^,' (eos S,' cos 4>.' + tan *.' sin ^.') 
= (a COB fl - dj cos 6^) sin^i^ cos ^ 

The Uniradlal Asimaths. — The examination of the conditional 
equations (85) can now be greatly simplified by the introduction of 
the Bo-called "uniradial" azimuths employed by MacCullagh;* these 
arimuthe are those two particular ones 9 of the incident waves, which 
bring about the extinction of either the ordinary or the extraordinary 
refracted waves ; let us denote them by 6, and 6g respectively. Such 
particular values of are consistent with our conditional equations (85), 
for put there, for example, a,' = 0, and these equations will reduce to 
the following, which can evidently always be satisfied : 

A^' COS flu' sin >p^' — (« cos &„ + A^,„ cos 9j_o) sin </>, "j 

Aa sin Oq' sin ■^' cos ipa — (a sin 60 - ^^j „ sin Q,,o)sin ^ cos •^ 
^o'sin6'j'8in*^'»>(a8inGo + vii.jsin6j„)sin*^ ,- (86a) 

and Aq sin'^,' (cos 0^' cos ^n' + tan (,,' sin ^o') 

= (acos0p-.-/,.pCOs8,,o)sin^0cO3^, J 
where 8].(„ Aj_^ and Aq denote the particular values assumed by 0^, 
aj and a^' respectively for that value 9g of of the incident oscillations, 
which brings about the extinction of the extraordinary refracted 
waves; here O^, 6,,o, A^^,, and ^„' ^^^ evidently the four unknown 
quantities, whereas a, <l>, 4^', 0^' and «n' are either given or can 
be determined as functions of given quantities (cf. above), being 
entirely independent of the value of the azimuth of the incident 



* Traiuaclioiu o/tht Irith Academy, vol. 1 
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oscillationB. Since now the equations (85a) can always be satisfied, 
the four quantities 0,, 6, „, j4| „ and A^ being determined uniquely 
thereby, it follows that there will always be a particular value 6g of Q 
for each and every angle of incidence ^, which will bring about the 
extinction of the extraordinary refracted waves. Similarly, it is 
evident that there will always be a particular value 9. of 6 for every 
value of ^, for which the ordinary refracted waves will be extinguished ; 
this value 6, and the corresponding values of the three other unknown 
quantities e,„ ^,., and A^ will evidently be determined by similar 
equations to the above (85a) ; we obtain these equations on replacing 
there the index (</)* by e. For brevity we shall henceforth drop 
these indices, and the equations in question will then hold for either 
uniradial azimuth B^ or 6,. 

It follows from the above that for any given angle of incidence ^ 
there are always two uniradial azimuths 6^ and 6„ that is, two values 
of B, for which either the extraordinary or the ordinary refracted 
waves respectively will be extinguished ; these uniradial azimuths will 
evidently differ for diflerent values of i^ and, in general, from, one 
another for any given ^. 

Determmatlon of the Uniradial Asmnths. — The actual determination 
of 6, 6„ A^ and A' from equations (85a), (after we have dropped 
the index (o)*) offers no difficulties; solved with regard to asinB, 
y^isinO,, acos8 and j4,cos9„ they evidently give 



ai\aQ = A' eiaff 
jijBinO," - A' sm 

acos0 — .^'co8#' -. 



sin0' sin(i^ + <^') 



n (^ ein 'i<^ 
■ BJn ■^' 8in(^-^') 
sin (^ sin 3<^ 
in^ COB g'(sin 2<j.+sin 2 ji') + 2 tan c'sin" j.' 

2 cos ^ sin 20 
n 0' cos ^sin('^ + ■^')cob(0 - ^') + tan t'ain'^' 
cos ff sin 2<^ 



■ ' Biu0 2co8f Bin2<^ 

_ ,, flrsin^' cciayain(^-0 ')cos(0 + '^')-tant'Bin'i^' _ 
sin* cosffainS-t ' 

hence 

tanO = 



nysin(.^ + *-) 



COB ff'ain('^ + 0')cos(i^ - •^') + tan I'sin** 

sin ffmii^i - <ft') 

COB ^sin (■/! - 0')cos(i^ + <!>') - tan «'Bin*i^' 
* Cf. foot-note, p. 338. 
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and 

■^,c!OBe,~»co.e "" "'"""''- *'' °"''»-^'''')-"° '''"'*', 

' ' coBt/'ain(</i + <^')C08(^-^') + taii«8in*<^ 

Hini^ sm(*p + ^) 
.., a, a ein ^ COS 9' Bin 3i^ 

A COB tf = a cos W ^— ^7 ■ —/, . r— 777 ;-; n — I — a , . T 

from which the values for A^ and A' follow directly. 

If both media are isotropic, <' = and formulae (86) reduce to 



tane = 



» „ tani'' 

ton O, = - — — j;^, 

' coa(i^ + ^) 

' coa(* + .^')' I {86a> 

tane'= tanecoa(^-f). J 
Obaerve that these expressions for the azimuths are identical in form 
to those (41) found in Chapter VII. for two isotropic media. 

Appazeat Similarity between EzpreBaions for Oomponent-Ampli- 
ttideB at ± to Incidence-Plane of Reflected and Be&octed Oscillations 
along Uniiadial AzimuthB and those for same Component Amplitndes 
in adjacent Isotropie Media ; Similarity only for Feipendlcnlar 
Indduics. On comparing formulae (87) with those (18 and 19, VII.) 
(cf. formulae (34A, VII)) for two isotropic media, we observe that 
the component amplitudes of the reflected and the refracted oscilla- 
tions at right angles to the plane of incidence are given by the same 
expressions in both cases, whereas those in the plane of incidence 
undergo changes, when the isotropic medium 1 (of the refracted 
waves) is replaced by an aeolotropio one. Waves incident on the 
surface of a crystalline medium would, therefore, be reflected and 
refracted apparently according to the same laws as on the surface 
of an isotropic medium, when their oscillations were taking place at 
right angles to their plane of incidence; for put &-'w/2 in formulae 
(87), and we have . - , ,., 

A sine = fl"" ''P"P J 
' I 8in(^-i-'^')' 

Wicosei"=o, 

.. . „, sin ■^ ain 2^ 



^'008^- 
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hence tan 6, = tan ^ = co , 

or ei = ff'-.B-/2 

* 8in('^ + ^')' 

., Gin <^ sin 2^ 
8m</>' ain(<^ + ^')' 

the ezpressionB (18 and 19, VII.) (cf. fonnulae (34a, VII.)) ab-eady 
found for adjacent isotropic media, vhen the incident osoiUations were 
taking place at right angles to the plane of incidence. These formulse 
(89), although identical to fonnulae (18 and 19, VII.) in form, differ 
from them materially in the following respect : The angle of incidence 
^ was entirely arbitrary in the latter, whereas only those two (one) 
nilues of <^ are compatible with the former, for which 6 = ir/2 is an 
uniradial azimuth. To det«rminB those values of ^, put 6 ^ 9, =^ ^ = ir/2 
(cf. formulae (88)) in formulae (86) for 9 and 0„ and we have 

tan (' sin*^' Uin t' sin'^' ' 
hence ^ = <^' a. ; 

that is, the two values of i^ sought evidently coincide here. 

For iji=<f,' = the expressions (89) for A^ and A' become now 
indeterminate ; to find their real values, we write them in the form 





n'''*' 


0O.+ 


-0O.+ 






C0.+ 


+ COS^ 




,„««* 


811 


-i™.* 



sind>'sin<i> j- , „ j 
^ -. ,,coa<l> +cosip 
aini^ 

replace here ^^, by its value -, (cf. formula (69)), put then ^=(^'-0, 
andwehave A,= -a-~^,, A' = 2a — "^-^^ ;l (90) 

these expressions are now identical to those for the component ampli- 
tudes of the reflected and refracted waves, to which waves striking the 
surface of an isotropic insulator at perpendicular incidence (cf. formulae 
(36, VII.)) give rise. For waves incident on the surface of a crystalline 
medium (and whose oscillations are taking place at right angles to their 
plane of incidence) we must, therefore, replace formulae (89) by these 
particular ones (90) and modify our above statement as follows : The only 
angle of incidence, at which waves (whose oscillations are taking place 
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at right angles to their plane of incidence) will be reflected and re- 
fracted on the eurface of a crystalline medium according to the same 
latrs oa on the surface of an isotropic insulator, is perpendicular inci- 
dence, 1^ = 0. The validity of the following more general statement 
then follows directly from the above development (cf. fonnulae (87) 
and (86)) : The only angle of incidence, at which waves will be reflected 
and refracted on the surfaces of crystalline and isotropic media according 
to the same laws, is perpendicular incidence. 

The Oeneral Problem ; AzImntlL of Incident Oflcillations Aibitruy. 
— Formulae (86) and (87) evidently hold only for the two particular casea, 
where the azimuth of the incident oscillations is one of the two uniradial 
asimutha. The general case, where the azimuth $ of the incident oscil- 
lations is entirely arbitrary, can be treated as follows : We determine 
as above the two uniradial azimuths that correspond to the given angle 
of incidence <!> and resolve the incident oscillations of arbitrary azimuth 
along those two azimuths; each component will then give rise to only 
one refracted wave, the one to an ordinary and the other to an extra- 
ordinary wave. Since now these component oscillations take place 
along uniradial azimuths, each can be treated singly as above, the 
azimuths and amplitudes sought being determined by formulae (86]L 
and (87) (cf. also below). 

Determiiia,tion of Oomponent Amplitudes of Incident OsdlUtions 
along Uniradial Aximnths.^To determine the component-amplitudes 
a^* and a, along the uniradial azimuths 9^* and 6, respectively of 




oscillations of azimuth $ and amplitude a, we represent these ampli- 
tudes and azimuths in any wave-front graphically as in the annexed 
figure, where a is the diagonal of the parallelogram, whose sides Og 
* Cf. foot-Dot«, p. 308. 
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and a, are.Bought The figure evidently gives the following geometrical 
relations between these quantities and the auxiliary ones a, fi, a, ^: 



tane,' 




tane,' 

On eliminating a and /? from the last four relations, we have 
a cos 9 tan 0„ - a » /3 tan 60 
and nBin^~/3Une. = a; 

which give die following values for a and j8 : 

^_^ (aing-coBi9tan9,)tane(, 
tan 6fl - tan tJ, 
and g_^co sgtane<,-sin tf 

'^ tanBfl-tane, ' 

Replace a and j8 by these values in the first two relations, and we 
find the following values for do and a^ the component amplitudes along 
the uniradial azimuths Og and 9, respectively : 

sin fl - cos S tan 9, ^ 



..{9i) 



" sin bj- cos Oo tane, 

J Bin 6 - cos tan 6n 1 

""^ "•-' ....e.-co.B.t.ne. ') 

where 6p and 6, are to he replaced by their values from formulae (86). 
TIm AmpUtndes of the Two Beftacted Waves. — The amplitudes A^ 
and A,' of the two refracted waves will evidently be determined by 
the formulae 

^'sing'=flsine-g!LJi ""^-^ ] 

sin<^, sin{<^ + </i,) I 

and I (92) 



)sr-o,cose,- 



n2« 



n^,'cosf/sin(^+^,')co8(i^-i^.') + tant,'sin'i(>/J 
(cf. formulae (87)), where k is to be replaced by (o)* for the ordinary 
and by e for the extraordinary wave and the component amplitude 
o. by its respective value from formulae (91). 

The BeBtiltant Amplitude and Azimuth of tlie Beflected Oadl- 
I&tionB. — The amplitude a, of the reflected oscillations will evidently 
be the resultant of the two component amplitudes ^i,, and Ai_,, whose 
values are determined by the formulae 

* Cf. foot-not*, p. 358. 



.„ Google 



REFLECTION AND REFRACTION IK CRYSTALS. 375 



I ,Bm9. ,= -a.gine. . ■ - — p'id 
em{<t> + <f>,) 



(93) 



. „ „ eosff, 3in(ii-ii. Icosf-i + d,)- tant, ,, , 

A, ,COSe, ,= ffi.C0B6, 7 i, ■ ;T rTT 7T ?7T — I ■ ■ ... ' ■> I 

(cf. formulae (87)), where k is to be replaced by (o) and e respectively 
and a, by its respective value from formulae (91). 

The resultant component of the two component amplitudes Aya >LDd 
Ai_. at right angles to the plane of incidence is evidently 

,^ • sin (•/> + ■^, ) 

and their resultant component in that plane 
^,,0 cos 9i,o + -^1,. cos 6,., 

= ya coae co8^>'" (' A-'J'.')'^('A + 'A.')-ta nt.sinV.' -gg^j 
.^ ' ■cosfl.'sin('^ + <i».')co8(^ - 1^,') + tant.sin^^,'" 

The amplitude a, of the reflected oscillations will, therefore, be 
given by the expression 






"'^^ rn-.fl cosg>in(.f.^^. ' )coa(.j. + .^;)-tan..sin«.^; f „,, 
_^, ' ■cosfl.'sin(*+^.'>co8(^-.^.') + tanf.8in^*;J ^ ' 



and their azimuth 0^ by 



■^ ' "cosC,'8in(^ + *^.')cos(^-i^.') + tan<,' 

The general problem can thus be treated as follows : We determine 
first dg and a, as functions of a, 0, B^ and 6, by formulae (91), then 
the 6.'e as functions of ^, <!>,', $,' and t,' by formulae (86) and lastly 
<^,', 0,' and (,' as functions of ^, », etc. by Fresnel's construotioo (cf. also 
p. 368) ; the amplitudes Aq and A,' of the two refracted waves then 
follow directly from formulae (92) and the amplitude a, and azimuth d, 
of the reflected wave from formulae (94) and (95) respectively. 

Ooincicteiice of the TTniradial Aximatlia of the Reflected Oscillations ; 
the Angle of Folarizatilon.^It is evident from formulae (93) that there 
is at least one angle of incidence >}>, for which the uniradial azimuths 
6, s and 9,., of the two component reflected oscillations along those 
azimuths will coincide with one another. The condition that these 
two uniradial azimuths coincide is 

tanG, (| = tan9, „ 
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which, by formulae (93), can evidently be written in the fonn 
tane ^"(^ "'^o' ) coago'ain (# + i^ n')co8( ^ - ^') + tantp'rin'^' 
* rin{* + ^') ' cos^o'siD (* - ^o')««(* + ^') - tan«o'8iii'<^' 
= tan6 ^'' (*"*•') eo8fl,'8in(* + <^,')coa{4>-^/) + tan«,'siD'4,' 

'8111(4' + ^,') ' c(»d,'ein(4> - ^,')cos(* + ^,') - tam/sin*^." j 
where 4> denotes the angle of incidence soughL It le evident from 
this conditional equation for the determination of * that * will be 
a function of (6,), 0,', tj, etc., but not of the azimuth S of the incident 
osciUstione ; we obsei've that the component amplitudes a, and a, along 
the uniradial azimuths Bg and 6, respectively are alone functions of this 
azimuth 6 (cf. below). For any given case (crystal and reSecting sur- 
face given) * will, therefore, be deterrained by one and the same value 
for all values of d. On the other hand, since for any given 4> there 
are only two uniradial azimuths 6^ and 8^ waves incident at that angle 
4> will all be reflected in one and the same plane (^,X whatever lie 
their azimuths of oscillation. If we let ordinary or non-polarized 
waves fall on the surface of a crystal at this particular angle of 
incidence *, they will, therefore, be reflected as linearly polarized 
ones; this angle 4> is thus known as the angle of polarization (cf. 
also p. 270). We have now found in Chapter VII., when waves were 
incident on the surface of an isotropic insulator at the angle of 
polarization, that only the component oscillations at right angles to 
the plane of incidence were reflected ; we observe that this is not the 
case here, where the reflecting surface employed is that of a crystal^ 
for, by formula (95), the azimuth 0^ of the reflected oscillations will, 
in general, l>e quite arbitrary, and not ir/3 (cf. Exs. 23 and 34 at 
end of chapter). The conception that only the component oscillations 
at right angles to the plane of incidence are reflected for the angle of 
polarization is not, therefore, in general, identical to that of polarization. 
The Besoltaat Amplitade of the Beflected OscillatioiiB for Anfls oS 
Polatisation. — I..astly, we observe, although the angle of polarizatioD 
4 and the two respective uniradial azimuths 6,aaiid Q,. of the refected 
oscillations, which are then equal, are entirely independent of the 
azimuth 9 of the incident oscillations, that the resultant amplitude 
Rj of the reflected oscillations is then a fimction of that azimuth, 
for a, is, by formula (94), a function of no and a, and the latter are 
functions of 6 (cf, formulae (91)). 

Total Beflection. Aximntli of Zaddent OscUlatlona an UnindiaL 
one. — The above formulae for reflection and refraction evidently hold 
only for pnrtial reflection, that is, for the two cases, where 
V > V.' and v < r,', but sin ^ < — ,. 
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The following cases thus remaiD to be examined : 
V < p,', but sin <^ > — „ 

and V < V,', but either — > sin ^ > — 7 or — ^ > sin <^ > -,, 

Only the former of these cases is, strictly speaking, one of total reflec- 
tion, aince either the ordinary or the extraordinary refracted wave only 
is totally extinguished in the latter. Let us oxamine here the case 
of total reflection. The treatment of this case is evidently similar 
to that of total reflection (from the formulae for partial reflection) on 
the surface of an isotropic insulator : we obtain namely the formulae 
sought, on replacing in the formulae for partial reflection on the 
surface of a crystalline medium the real angles of refraction ^' 
and 1/..' by the complex ones (^ + i<^o') '■^^ l^ + i'^.') respectively 
(cf. pp. 285, 287, and 290). Since the two refracted waves are 
extinguished almost immediately upon entering the crystal (of. pp. 
287 and 291), only the reflected oscillations will be of interest here. 
Let us now examine the reflected oscillations first for the particular 
case, where the azimuth of the incident oscillations is one of the two 
nniradial azimuths 6^ or 6. ; for partial reflection the resultant ampli- 
tude and azimuth of the reflected oscillations were then determined 
by the formulae ^ ■ o _ ■ ftSin^"^-^') % 

' ^~ sin(^ + lli')' 

their component amplitude at right angles to the phine 
incidence, and 
. ,, „eostf'sin(d)-<t')cos(i + <A')- taix'sii*'*' I 

A, COSO, "O COSU Ty--. — A — —,-/- 7-, - ,;;-—;- r--~oT:t 

' ' costf sin(^ + ^)cos(if>->i')-t-tan£ sm'^ / 

their component amplitude in the plane of incidence (cf. formulae 
(87)), where the index (0) or e to 6, 6„ 1^' and t' corresponding to 
the uniradial azimuth 6g or 0, respectively has been dropped (cf. p. 370). 

For total reflection we must now replace the real angle ^' by the com 
plex one ir/2 + 1<^' in formulae (97) for the component amplitudes sought, 
that is, wo must put there 8in'^' = 8in(jr/2 + i<^') 
and 006.^'= -t ^/sinV/2+T^')^i, 

(cf. p. 286). The expression for the component amplitude at right 
angles to the plane of incidence will then assume the form 
A sine = -asine - ' «'" ^ n/ sin"V72 + W)^_\ - cos -^ B in(ir/2 + i^ ') 
-tsin'^ ^/8in-(J^/2 + i■^') — I +coB<^8in(ir/2+»^') 



..(97) 



+ tain 2^ mu(ir/2 + 1^') s^8'in^(ir/2 + i^') - 1]. 

Digitizecy Google 



378 ELECrROMAGNETIC THEORY OP LIGHT. 

To determine the real amplitude aud change in phase of the 
respective component oscill&tions, we must now bring this expresaion 
into the normal form 

, . _ a sin 6 ., *■■ 

A, sin 9, = - -i-sT — —,T-^ — rr^^* 
' ' sin*^-ain*(K-/2 + t^) 



where N and ">, are sought in terms of >f> and (jr/2 + i<t>') (cf. Chapter 
VII., Total Ketlection). On comparing the real and the imaginary 
parta of the above expression with the respective ones of this ex- 
pression, we evidently have the two following equations for the deter- 
mination of N and <u, : 

sinV + cos 2^ sin^(ir/2 + i<j/) = JVcos w, 
and sin2^8in{r/2-t-y^')v/sin^()r/'2 + ii^')-I=^sin<Ui, 

which give JV^sinV - sin^(ff/2-f»"^') 

and „„.,.E!il*™<''2 + '*V™!M+5fI3. 

We can thus write the above expression for the componeat ampUtude 
at right angles to the plane of incidence in the form 

i swtaB '!-" '_*'<n('/'+it1^"l""(-;S+**'l-l 

Wi8inei= -08ine,e >i.>ii*+c-j«>i,.>(./2+,t') - (98J 

It follows from this expression that the given component oscilla- 
tions at right angles to the plane of incidence will undergo a change 
only in phase upon total roflection, the same result, which we found, 
when oscillationa taking place at right angles to the plane of incidence 
were totally reflected on the surface of an isotropic insulator (cf. 
p 285) ; we obser\-e, moreover, that this expression for the change in 
phase is identical to that found in Chapter VII, where the reflecting 
surface was that of an isotropic insulator (cf. formulae (49, VII.)). It 
thus follows, when the incident oscillations are taking place along 
either uniradial azimuth, that their component oscillations at right 
angles to the plane of incidence will be reflected in the same manner 
as on the surface of an isotropic insulator. 

Let us next examine the component amplitude of the given reflected 
oscillations in the plane of incidence ; for total reflection the expression 
for this amplitude will evidently assume the form 

co8tf'[sin0sin(:r/2-Hif)+ico8^s/8in2(;72+if)^] 
. „ a - tan t' 8in^(ir/2 + i<f>'} -„_, 

^.cose, =rtcose — ' - -—. ^^ ^-^,, (V9) 

' ' cosfl-[8in*ain(,r/3-(-if)-»co8^v/sin>/2-Htf)-Tl 

+ tan t 8in'(ir/2 + {•!>) 
(cf. formulae (97)), where, however, the azimuth ff and the angle c', 
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both of which are functions of <^' (cf. above), are to be expreseed in 
terms of x-/2 + i<i>' in place of i^' ; as the actual determination of these 
quantities would now demand rather dilate geometrical investigations, 
which for the general caae are of no special interest, we shall imagine 
the same as already determined and in the desired form 

cosff^/i + i/a and tan «' = A, + tA^, (100) 

where f^, f^ k^ and Aj shall contain (ir/3 + i-^') only in the form 

sin(ff/2+»»^') and J^^ {ir/ 2 + {'}>') -1 
<cf. pp. 283 and 286). 

Replace cos ^ and tan t' by their values (100) in formula (99), and 
we CMi writ« the component amplitude sought in the form 

(/, + t/J)[sin*sin(J^/2^-t^')+t■cos*^/8inV/2 + «*')-!] 

^,cose =acoseK— ^(A,+ rt,)sinV/;2 + i£) __^ 

CA + t/i)[Bin^sin (jr/2 + i<fi') - icoa<f>J&in!'{irj2 + vfi') - 1]' 
+ (Aj + iAj)ain*(jr/2 + if) 
/jsin <^ sin ()r/2 + {•)>') -/jcos ^V8in*(jr/2 +if ) - 1 

- Ajsin*(n-/3 + i<^') + j[/,co3 ^Vsin*(x/2 + if) - 1 

^ + Asjn * wn (7r/2 + if) _ AjSin''(5/^2_+ .f|[ . 

/,sin <l> sin(n-/2 + irj,') +/jCos <l>'Jsiu'{7r/2 + i'j'') - 1 

+ A,ain«()r/2 + i*') + i[-/iC0sf>/sin2(a-/2 + if )-l 
+/,Bin <^ Bin(ir/2 + uf,') + AjSin«(jr/2 +(f )] 
multiply both numerator and denominator of this expression by 
/jsin <^ 8in(T/2 + i<^') +/^08 ^VsTn-f^a + if )- 1 

+ A,sin*(x/2 + i^') - i[ -/,cos ^s/sin^(a-/2 + if ) - 1 
+/g8in.^ain()r/2 +if ) + A2sinV/2 + if)] 
and we find, on separating it into its real and imaginary parts, 

(A" +/!*) [cm'* - COS 2* sin2(x/2 + ii>')] - (A,» + A,S) 

XBin*( W2 + if) + 2(/ A-/A)coa<ArinV/2 + if) 
x^^mV/2^-if ) - 1 +2i[(/,»+/j«)sin*cos<^ 
X 8in(jr/2 +if )v/ain^(x/2 + if ) - 1 

^,eoaa=floose,^^^*o/4i_)!!L*^'.('/l+>f^^^^ , 

' ' C/i' +/,^)[sin^(^/2 + if) - cos'^g - 2 UA-fA) 

X cos *sin«(ir/2 + if )s/aiA={)r/2 + if) - 1 
+ 2(/A +/jA,)8in i^8in'(ir/2 + if ) 
+ (A,'^ + Aj=)sin'(7r/2 + if) 
which can be written in the normal form 

^,cose, = ocoseA'e'-', (101) 
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where N and (Uj are evidently determined by the expresBions 
(/,* +/j«)*[c08^./. - 8ill^(,r/2 + i*')]s + 4 C/ifts -/^,) 
X ein*(5r/2 + 1^') [cos*^ - 8in*(jr/2 + 1^')] 
X [(/i'+/i')c<« *V8in»(>r/2 + t*-)-l - C/A -A^i) 
X 8in^{ir/2 + ii,-)] - {A,a + A,«)ain*(.r/2 + i^') 
>:{2(/i*+A^)[coB«^-eoB2<^8inV7r/2+i^')+4t/,A,-/A) 
X COB * 8in« (5r/2 + ti^') s/Sn«(a-/2 + if) - 1 - (V + V) 

ATa- xsin <(W 2 + tj.')l _^___nfl-H 

xcos<^siii2(T/2 + if )x/Hin*(jr/2 + if ) - 1 - 2{/iAi+/A) 
x sin ^8in*{ff/2 + if ) - (Aj* +Aj*)ain*(ir/2 + wf>'))' 
and 

(A^ +/,2)sin 2<f. sin (,r/2 + i.^') V£ii^W2 + i0') - 1 

X sin V/2+»^2lH/i^ - /A) "^os ^ sin" {»/2 + if ) 
X y8in2(3r/2 + tq)') - 1 

Acttul Detenoination of ff and t. — We have observed that the 
actual determination of ff and c' or /,, /j and A,, A, respectively (cf. 
formulae (100)) would demand dilate geometrical inveetigations ; on 
the other hand, the determination of c' or A,, A, as functions of ff or 
/i,/j and the other variables offers no material difficultiea, at least for the 
particular case, where the principal axes x', t^, / of the crystal coincide 
with those a, y, «, to which the reflecting surface is referred. Let us 
examine here briefly this particular case. By formula (f), Ex. 14, at 
end of chapter, the angle «', which the ray makes with the normal 
to wave-front, is now determined by the following expression in 
terms of v, if, </>, ^', $", la and the medium constants A' ff C, when 
the principal axis x' of the crystal coincides with the normal (z) to the 
reflecting surface : 



s/ji'*cos^^sin*f +■ /f''(co8 C cos <t> cos u' - sin ffsin w')^ 

+ C'<(co8 ff COS •(>' sin u' + Bin ^ COS w')* 
where m' denotes the angle, which the principal axis / or z' of the 
crystal makes with the coordinate axis ^ or ^ respectively, to which the 
reflecting surface la referred. For the given case, u' ^ 0, this expressioD 
for cos (' reduces to 

,__ _ _ t/^ ^ 

>/A'*coa^ffBin'-t>"+S'*coa"tfcoa^' ■rt;'*sin»ff'' 
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or, if we replace here v' by ita value in terms of % ip atid <l> from formula 
(69), to 

To obtain tbe expression for coe t for total reflection, ve must now 
replace the real angle <^' in this expression for cos c' for partial reflection 
by the complex one ir/2 + 1<^' ; we then have 

,^ i^sm^^2 + if) _ ____/io4i 

" HinVN/[(-4''-jB'')Bin2()r/2 + jf ) 4-i'*]oMi"«f'"+ C'^fon^H'' ^ 
or, on writing COB therein the complex form/, + t/j(cf, formulae (100)), 



C0S('=i> 



_^8in«(^/2 + i^)_ 



sin* * V[(^'* - iJ'*)sinS(x/2 + *>■) + {ff* - 1,'<)](/, - i/J" + C* 
which gives 

l[{A'* - B-*iaiaHir/2 + 1^') + (If* - C*) ] 

**° * tf^sin^V^ + iy) ' ~ • * ^ 

To bring this expression for tan«' into the desired form A^+iAj (cf. 
formulae ( 1 00) ), we square it and separate it into its real and imaginary 
p&rta ; we then And the two following equations for the determination 
of the two real functions A, and A, in terms of /j, /j, ^, v, do (ir/2 + i^') 
and the medium constants A', S, C: 

ifi' -U){(A'* - S'*)sinH^I2 + i<t>') + {£■* - C'*)]8in** 



+ C* sin* <^-V* Bln*{ir/2 + itft) , , 



(105) 



l'(,r/2 + i0') 
and M[(^'* - ■ff')aiD'(7r/2 + 1^-) + (.g-* - C'«)]8in*.^ 

«*sin«(7r/2 + i*') "'^'^ 

Upon the determination of h^ and A^ b'om these two equations we 
could then express tan ^ in the desired form h-y+ih^ 

Lastly, we observe that for the given particular case the azimuths 
$^ and 0,' would be determined in complex form by the directions 
of the principal axes of the ellipse intersected on the plane 

iVii;?0^/a?rqb')-T i + sin{W2 + .»=0\ , 

by the ellipsoid A'h? + B^+C-^z-'=\] ^ ' 

(cf. formula (i), £x. 14, at end of chapter). 

The Beenltant TotaUr BeAected Oscmations Elliptically Polarized.— 
It follows from formulae (101)-(103) that both the amplitude and phase 
of the above component oscillations in the plane of incidence will undergo 
changes upon total reflection, and, moreover, from the complicated 
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form of the expressions for thoae quantities, that these changes will not 
be the same as those suffered by oscill&tions taking place in the plane of 
incidence on the surface of an isotropic insulator (cf. formulae (62)-(67) 
VII.) ; in this respect the given component oscillations in the plane of 
incidence mil differ from thoae at right angles to that plane, the latter 
aloDe being totally reflected as on the surface of an isotropic insulator. 
It i^ thus evident that the resultant totally reflected osc liations, to which 
incident oscillations taking place along either uniradial azimuth 6g or 
6, give rise, will, in genera!, be elliptically polarized. We determine 
the two uniradial azimuths, on replacing in the expression for tan 6 
for partial reflection (cf. formulae (66)) the real angles of refraction 
•^o' and ^,' by the complex ones Trj2 + i<l>g' and r/i+iif; respectively 
and also the ffe and c's by their values, determined as formulated above 
(cf. formulae (I02)-{I06)), in t«rms of *, «, ir/2+.i^', A', ff, C and 
the direction-cosines between the two systems of coordinates /, y , if 
and X, J/, t; it is evident that the two uniradial azimuths will also be 
given here by complex quantities. 

The General Problem: Azimuth of Incident Oscillations Arbitnuy; 
Totally Beflected Waves Elliptic&llr Polarized. — The formulae for the 
general problem on total reflection, where namely the azimuth of 
oscillation of the incident waves is arbitrary, can be deduced from 
those above for the two particular cases, where the azimuths of osiil- 
lation are the two uniradial ones, and in a similar manner to that, 
in which the general formulae for partial reflection were obtained 
from those for the two particular cases (cf. pp. 373-376). We 
observe that the two component oscillations at right angles to the 
plane of incidence of the component oscillations taking place along 
the two uniradial azimuths undergo each a change in phase, different 
for each component, but none in amplitude, whereas the two component 
oscillations in the plane of incidence of the component oscillations 
along the two uniradial azimuths undergo changes both in amplitude 
and in phase, and each component different ones. The resultant 
totally reflected oscillations will, therefore, he elliptically polarized, 
but evidently not in the same elliptic paths as when the incident waves 
are reflected from the surface of an isotropic insulator. 

Extinction of one of the Befhuted Wares ; the Besnltaut B«flected 
Waves also Elliptically Polarized. ^The treatment of the two paracular 
cases 

v<v,', hut ^>sini^>— i and — >sin^>-j 

mentioned above evidently presents no further difficulties. Here either 
only the ordinary or the extraordinary refracted wave is extinguished ; 
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in the former case 0^' only ia, therefore, to be replaced by the complex 
angle Tr/2 + i^^', whereas (f>,' remaine real; in the latter 4*^' remains 
real and ^.' is to be replaced by ir/2 + t^,'. In the determination of 
the uniradial azimuths and the other variables a similar distinction 
is also to be observed. It ia evident that the resultant reflected 
oscillations will also be ellipticalljr polarized here, but in the two 
cases differently and also differently from waves that are totally 
reflected either from the surface of that crystal or from that of an 
isotropic insulator. 

I. Show thst forrookae (10} are latietied by the particnUr values (7) and (8) for 
the compoiieot electric and maguetic foroes P, Q, B and a, /3, 7 respootively, 
providad the given waves are propagated with the velucity v, where 









Replace P, Q, S and a, p, y by their values (7) niid (6) respectively in forniuUo 
{10), and we have 






on multiplying these eqoatioiu. the first hy {, the secoDd by 1) and the third by f, 
and adding, we evidently God, since C + <j' + f*=l, the aliove expression for tb« 
velocity of propagation v. q.B.D. 

2. Show, for the particular case, where Di^D^^D^-D, if,^Ut = Af,-M 
and the magnetic oBcilliitiiiiiB (9) ure takiug place in planes parallel to the ^-plane 
(cf. Pig. 37), that the general expression (a), Ex. I, for if reduces to that (2t> 
found in text. 

Here a=a. 

thai is, by formulae (9), 

(.r-i-i^o. (Dj=i>,) u> 

In addition to this relation between the direction -cosines \, /i, * and {, 1], f, we 
obtain another relation l>etweeii these quantities, on differentiating formulae (6), the 
general expresaious for the component electric moments X, Y, Z for plane-wave- 
motion, the first with regard to x, the second to y and the third to %, and adding ; 
we have then ^ 

(of. formula (Sa)). 
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Formulae (1), whioh oui, by fonnolui (3), bs written id the form 

*»;oir_rf>_rf« 
t^ dt ~dx dz 
4* dZ^_da dp 
fo di ~dy dx 
give DOW, when differcDtiated, the firat with regard to x, the aecond to y Mid tlw 
third to I, and added 

4» ±(dX dr^dZ\_ 
tij dt\dx 
hence for wave-motioa (cf. p. 10) 

FormnU (b) c«ti, therefore, evidently be iati«fied only when 

M+i^+'S:=0- (o) 

Beiide this and the above relatloD (a) between the direction-ooeinee X, fi, v and 
-f, T< fi ^e have tbe followiDg familiar geometrical odbb for the direction-ooalnea 
themMlvel : 

f + V + i* = l (D) 



^dy + dz)-^ 



{«) 

general expnauon (a), Ex. l, for 



Put now iJj= D, = D and Jfj= Jfs= Jf 
*^, and we have 

'^-''» L Ml) ^'MDjMDi' MD 

;m,r >v XV XMft 
_x.£j- _^ AV.mn 

=;^[''"(i*+i'+n-^{{M+/"i+»n] 

+ ^^ W(ni - /ifl + /»f (^f - "j)], 
which by the above relations (a), (c), (d) and (e) redncea to 

lAstly, the eliniiii&tion of ^ and f from tbe three relations (a), (c) and (d) gives 
the following vatne for {* in t«rma of \, /t, r: 
(■=1-W 
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Repliice f ' by this value in tiie above ex[H^nion for t^, and we h»>vt 

3. Show for the particular com, where 2),5i>a=Z»i=A M^^Mi=Mf=M 
And the electric oBcillatioiiB (6) are taking place in plaoes parallel to tbe y«-plane 
(cf. Fig. 37), that the general expresaion (a), Ex. 1, for i^ reduces to that (27) 
foDnd in text. 

Here J[=0, hence, by formulae (6), 

f=0 (4) 

As ID the preceding example, the same relatiooB (c), (d) and (■), Ex. 2, evidently 
faold here. 

On putting D,=Dt = D and M,=Ms=if in formala (a), Ei. 1, we find the 
•ame general eipremion (F), Ex. 2, for t/'. By the above relatione this expreaaion 
reduces now here to 

where q and [ are to be replaced by their values In terms of X, /i, r. The ^ven 
relations evidently give the following values for >) and f : 

,,= ± j=; wtd f= ^^1^-= 

(cf. formnlae (a), Ex. 2, and (a) for choice of signs). 

On replacing i; and fby these values in the above expression for tfl, we find 






i. Compare the results obtained on pp. 336-339 for the case, where Dj^D^—Dj 
«nd 3fi^it, = Mp with those found for the moat general empirical case, where 
A S A ?: -Dj but Jf , = Jtf, = Jff 

A, Show that formulae (4Sa) reduce to 

(of. formula (44) ) for waves propagated along the optical axes. 

6> Show that formulae (46a) reduce to the following in the aniaxal crystals 
B=C: 

*nd v.'=A' - {A' - C») ooa»« 

(ct. formulae (40a)), where tti=i(j=u. 

7. Determine the form (plane of oscillation, etc) of plane magnetic wave that 
«aD be transmitted in any assigned direction (\, fi, r] through a crystalline medium. 

We represent the component magnetic momenta a, b, e acting in any plane- 
wave in tbe form 

„«,■,'■(-;) 

b=bi,j'eV'^) 
c«6f,'e'"v"«i) 
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where {,', if,', f,' denote ita directfoD-coaiiiBB ot OBCilktioD in mi; wftTe-fronb 
»t the diatancB 

from the origin of tbe ajatem of coordinates x, y, t (cf. Fig. 37), b its smptitude 
at OMillation ftud v, ita velocity of propagation ; liere X, ;i, v and b are given and 
it't ^'i ti wnght. 

Replace the momentB a, b, c by their Talaea (a) in fonnaloe (29), and we find on 
putting M^ = M^=M^ the fallowing coDditiooal equations between tbe given 
quantities, \, it, r.b and A, B, C, and those lougbt, {,', tri'> fi' : 
v,%' ^CfliMf,' - \n,-) - BV(Xf,' - ..{,'), 

On introdnoing here that direction, which is at right angles to tbe norma) 
(K, H, w) bo the given wave-front and to the direction of oscillation Hi', i)/, f,'> 
•ODght, we can write these conditional equations in the form 

..V-'^V.-Cxf., [ (B> 

(cf. formulae (38)), where {,, ^|^, i^ denote tbe directioo-cosinea of that direction. 

Multiply these oonditioDal equations (a), the second by r and the third by /i, 
anbtract, and we have 

=J■(l-^«)f,-^(tt'*.%+C^i■,); 

or, since ti = "Ii' - ^ifi' 

(cf. formulae (32)), 

(X»-V)fi = 



-Pi'tfi^/t/i and ((7'-V)f, = i'/,J 



(C> 

milarly, we find ' 

Theee equations are iimJUr in form to those (31) and (31a) fonnd in text for 
plane electrio waves ; the following formulae will, therefore, hold here for the 
magnetic waves : 

A%(,' + S%n,- + C»t,t,- = 0, (D) 

t.,»=-4V+B>.h»+ff,» (■> 



(cf. pp. 341, 342). Observe the similarity between these formulae and those 
(34)-(37) for the electric waves : v and f, i), f of the latter are replaced here by v, 
and f„ 17,, fj respectively, whereas {', i;', f ara identical to {/, i;,', fj'. It thns 
follows that the magnetic oscilUtiona will take place at right angles to tbe electrio 
ones that oan be propagated through the given medium, whereas the velocity of 
propagation of either of the two possible aystenu of plane magnetic waves that can 
be transmitted through the medinm will evidently be that of tbe electric waves, 
whose oscillations are taking place at right angles to the magnetic oecillations 
(cf. formulae (k) and (F)), that is, t\ may be replaced here by v. 

S. Determine the amplitude of the magnetic oecillations that accompany the 
•leotrio oscillations (6) of amplitude a in any assigned direotion (X, /i, r] through 
a crystalline medium. 
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We repreaeDt the component moments a, b, e of the magnetic oaciltatioua in 
qneation in thv form («) emploved in the preceding example ; here however their 
resultant amplitude b is not t;iven bat u loughL Bj formulae (4) the componeot 
forraa a, JS, y acting iu the*e nioguetic oecillatiuni con then be written in the form 

, •'..'■('■•' 

7=3, «-. 

where we have put W, = ^j = ,\f, and replaced £,', ij,', i",' and Bi by f, ij', f and p 
reapeotirely (cf. Ex. 7). 

Replace now P, V, ^ by their values (7) and a, fi, y by the above volaefi (a) in 
formulae (11), which always hold between the component electric and magnetic 
forces acting in electromHgnetic plaiie-waveB, and we find the following oooditional 
equations for the determination of the amplitude b in terms of known quantities : 

''^=v''[d,-dJ- '^^->U''^)' ^'^=if"U"5-J- 

Sqtiikred aod added, these equations evidently give 

. ^^ U^,"3?J *W"oJ *ta"W i 

Observe that b is here a fnnctinn of the directioo of pn^iagation (X, /i, r). 

9. Show that the following reUtion holds between the resultant electric foroe 
F and the resultant electric moment Y" prevailing in electromagnetic waves 
transmitted tbrangb a crystallioe medium ; 

*wmyM i mfHf 

(ct. formula (80). where Q= F,). 

10. Examine, as in Chapter VII. , the rotation of the plane of polarization npon 

of waves incident at different angles ^ 

1 1. Examine the geneial problem on reflection and refraction on the surface of a 
crystal for perpendicular incidence. 

Here, ^ = 0, hence ^ = #,' = {cf. formula (60)), and the expresdons (93a] and 
(93b) for the component -am pi itudes at right angles to and in the plane of 
incidence respectively of the reflecteil oscillations become indeterminate; to find 
their real values, we write the general expressions in the form 

^-Ti cos *,' - CO* ^ 
5: ^,.»ine,.= - 5:a.Bin9.S12:as 



i».')-t. 
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replace here —. ^. <>]' ita nlue ~ from formaU (69), then put ^=^.' = 0, and we 

^"^ " 2 A, .»ine"..= - 2 «.8u.e,— "-;) 

•-'■• ■-*■• "+_"• ' (A) 

and 2 -ii,.«w©i.<= 2 «,cote,^^^ I 

.-«,. .^. v + v. J 

The eiprewioEu (92) for the coraponent-unpUtudM of the (two) re&Bcted waves 

alw become indeterminate for •^ = ^,'=0; Bimilarly, we find the following real 

valnea for those eipretdons : 



^^]. 



..(■I 



J.'eo8#,'=2o.c«e, 



where ic — and e. Observe that both these (B) and the above formulae (a) no 
longer contain the angle t,'. 

Xhe eipreasiona (8Q] for the oniradial azimuths 8, and 8,,, also beoome indeter- 
minate for = ; similarly, their real values are found to be 

e.=ff.' and e,,, = -#,'; (c) 

the nniradial azimuths of the incident oscillations will, therefore, coincide here 
with those of the two refracted oscillation* (in the crystal), which can be deter- 
mined by Freenel's construction (cf. p. 343). 

Since now for ^ = 0, 0o' = *»'. there will be no bifurcation of the incident wave* 
upon their passage into the crystal ; the azimuths Bf,' and I),' of the refracted waves 
will, therefore, evidently coincide with the two singular directions (cf. p. 342) at 
right angles h> their common direction of propagation •pt' = ^'=0 ; we have now 
seen on p. 343 that the singular directions are always at right angles, that is, 

e.'-e,'=±rf2 (D) 

By formulae (c), the expressions (91) for the component-amplitude* a„ and a. 
along the nniradial admuths 6, and 9, respectively wilt a«sanie here the form 
ainS- cosfltantf,' 
""" " sin *o' - cos flo' tan «." 

sin - COB tan B„' 
"•="SnS.'-co.#;tanfi;" 
or, by the relation (s) between the two admuths tf,' and 6,', upon the elimination 
of the latter, the simple form 

a„=acoa{8 - e„-), 
a,= ±atin{8 ~ e,']. 
Replace a, and a, by these and 9, and O,. , by their valaes in term* of & and 
St from formnlae (c) and (d) in formulae (a) and (b), and we have 

2 Ji,.«n ©i..^ - afsin e,' coB(e - S„') ^^ -l-cofl 9,' sin(« - flj'} ^^^Tj. I 

2 J].. cose,.. =orcosflo'cos(tf-S,')g-^'-'^ *»'"'"(*- VJ^T^n I 
and ^,'=2a C0B(fl - «,') , ^tt-" 1 

*'""'°!,''° [ W 

^;=±2«sin(«^0^-4j^,.J 
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The former eipreuioiu evidently give the following v^nes for the reBulhtiit 
amplitude anil azimuth of the reflected OBcUlatioDi : 

and " ' \ ■-''*' 

^ ■iDVcO.<J-a,')(.--t.„ ') (p + T T,')+COgfl„'BiD (9-fl,')(p + Vl(P-r/ l 

On oompftring these formulHs with those (33, VII.) that hold on the surface of mi 
isotropic insulator, we observe that, aside from the (two) refracted waves with 
common direction of propagation but of different azimuths of oscillation tiud 
velocities of propagation in place of a single refracted wave, the reflected 
oscillations are quite difierently constituted in the two cases. 

12. Show that for = 00' formulae {f| and (o). Ex. 11, reduce to 

' (f + PeJJ-j 

and «, = o '' ■ " ■ ''". , tan9i= -tanS^'^ -tan*. 

Observe the similarity in form between these formulae and those (36, VII.) (cf. also 
formulae (34) and (Ma), Chapter VII.) for two adjacent isotropic insulaton. 

13. Examine the problem on reflection and refraction on the surface of a crystal 

for the partiuular case, where ^ + ^,' = ir/2. 

There are evidently two angles of incidence </; for the one of which + ^' = »/2 
and for the other + ^.' — ir/2 -. let us examine here the former case. 

For K = formoUe (87) assume hare the form 
.4 ,,, sin e,,g ^ a, sin Og cos 2^, 

J.o«ose,.= ^0ocose„ ,^'"'' 

^ ' 2ooB«, t»n# + tan<p 

.i4,' sin tfg' = 2[ii, sin e« sin* ^ 
A,- cos «„■ = 2ag cos Q, ^_-^|!i^5j-— , 
and formulae (86) the form 



Og is to be replaced by this particular value in formulae (91) for the compoaent- 
ampUtndee a, and a, along the two nnlradial azimuths Bg and 6, respectively. 
Observe that theae amplitudes remain here functions of the azimuth 8 of the 
incident oscillations ; it thus follows from fonnnUet9fi) that the re«Dlte>nt azimuth 
B, of the reflected oscillations will vary for different values of 9. We have now seen 
in Chapter VII. on isotropic insulators that toT^ + ^' = rj2 the resultant azimuth of 
the reflected oscillations was not a function of the azimuth of the incident ones ; 
it thus follows that ordinary electromagnetic (light) waves incident at the angle 
^-i-^,' — t/2 will be reflected as linearly polarized waves only when the reflecting 
surface is that of an isotropic insulator (cf. also p. 376). 

14. Examine the problem on reflection and refraction for the particular oaae, 
where the waves pass from an isotropic into a crystalline medium and the normal 
to the reflecting surface employed is parallel to one of tJie principal axes of the 
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Let lu t«ke here tfaat crou-aection of the cryiUl as reBecting-aurface, whoae 
normal ia parallel to ita principal axis z* ( l>j). Tbe cuordiDate-oiee x and ^ in 
Pigure 40 will then coincide, wliareMS the uiglea between the other two paira of 
AiBa, y, y' and t, z', will become eqoaJ ; let aa denote this common vigle by w', 
M indicated in Fig. 42 below. 

For tbe giveo problem MsiueU'g equ&tions for the «Iectric and magnetic 
momenta will retain their general form (65) and (36), only the relations (5T) between 
the electric momenta luid the electric forces in the crjatal will aaaiiine simpler 
form i we evidently have here 

co»(j;', a;) = l, cos (i', y) = 0, oo«(;r', i) = 0, ^l 

cost/, a:) = 0, ooflfy-.y) = «»«', cc«(y', 2) = coi(»- + «'l= -aino,', t (a) 
coB(r', a;) = 0, coB(i', y) = co»(90°^«'l = sinM', costj-, i) = c«u' J 
(ct. Figure 42), and hence 

D'a = 0. D'a=D,'a«i'«' + D,'ainH,: !>■„ = (;),'- fl/}»in«'ooB«', [...(b) 
iy„=0, iy„ = {nt' - D,')Bm a' coBa', I>'j, = i),'BiQV + 2)j'coe'w' I 
(of. p. 355). 

Replace the D"» by theae values in forranlae (67), and we have 



+ (D,'- 



,«'*-), I 



2' = ^[(D,'-Z),')siiiw'oos«'Q' + (i),'BinV + D,'ooBV)fl'] 

within the crystal, where all quantities ahall be characterized by the inaertloD of 
the '. 

The angles t^' and t,' are determined by the formnla 

(cf. formnla (4S)), where {/, ^/, f,' denote the direction-oosines of oscillation in 
the refracted waves k (jt = and e) referred to the principal axes x^, y', i' of the 
crystal, vj their velocity of propagation and A', B", C the constants of the 
crystal (cf. formulae (30*)), ITie variables f,', ^.', f,' can now be expresaed as 
functions of $,', ^,', the variables introduced on pp. 358-360, and tbe direction 
oosines between the two systems of coordinates z, y, z and ^, y", z* (cf. Fig. 40) ; 
for the given case, which is repreaented graphically in Fig. 42 below, the 
former can now readily be expressed in terms of 0.', $,', and the above angle iJ, 
as follows : 
The component of the resultant amplitude a.' along the ary-plane is 
o/cosfl.' 
and ita com[>onent parallel to the z-axis a,' sin 0.' ; 

the component of a,' cost,' parallel to the x=a:'-axia a,'coB#.'sin^,', 

„ n.'costf,' „ y-axis a,' DOS 0,' cos ^,', 

,, a^'ainS,' ,, y'-axia -a/einS.'ainu', 

„ a,' coe 0/ cos ^,' ,, y'-axisa,'cDS0,'cos0,'cOtu' 

and „ a,' cos 0,' cos ^.' , , ^'-axis a,' coa 0,' om ^/-sin »'. 
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The reanltuit <M>niponeDt smplitDdeE will, therefore, be 

a.' cos S.' ain 0/ parallel to the a^'VcU, 

a,' (coH 0,' COB ^.' coa b/ - sin f,' bId i/) parallel to the y'-B. 
And a.'(oos#,'coa^.'Binu' + siiiS,'cDsw') paraJlel ti 




The dlnotion-coainea X,', /i,', IJ of the normal n, to the wave-frmt* of the 
refracted waves k (referred to the principal axe* x*, y', s* of the cryatal) can 
evidently be expreased here aa f ollowi in terms of ^,' and «i' : 

ii.' = co«(n.',y') = oo«(n.',a:)coe(y',i) + coB(B.',v)co»{sf',v) + coB(ii.',t)co8 (/,*), I 
or. since here cos(/, z)=0 and cosfn,', i) = (of. Fig. 42], [***) 

M,'=coB{n.',y)co«(y',jr) = im#,'coe«', J 

and Btmilarly v.' = BiD^,'sinw' 

<ct. Fig. 42). 

By formulae (38) and (39) the azimath 0,' of the refnotad oeciUationa t ii 
determined by one of the principal itxe* of the ellipse in 

by the ellipaoid A'H'*^S^'*^C'H-* = \.) 
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To expresa these eqoatioDS in terniB of the variables ipj, a', etc (referred to the 
coordiiuktaa z, y, r), we observe that the following relatiotiB hold bore between tbe 
two B;Bt«ins of coordinates x, y, t and x', y*, z' : 

y'=yi»su'-swiiu', 
l'=yiin«' + ioosiii' 
(of. Fig. 42). Replace x', y', z' by these and X;', ^', r.' bj' the above values {«> 
in formulae (u), and we have 

-co6*/t + «iD*,'y=0 \ ,. 

and .^''!B»+B^(ycos«'-iBin«')" + (7»(ffBin</ + icoe«')'=l: / 

the anmnth 0.' determined by one of tbe principal axes of the ellipse intersected by 
these two surfaoea (i) will thui be a function of ^,', a' and the mediDin constants 
A\ B, C 

By formula (40) and the above values (o) for X,', ^t,', »,' we can write th« 
velocitjr of propagation of the refracted waves k here in the form 

i'.'' = i{(^ + C'*)eoeV,' + (J'' + C7'')sinV,'cosV + [^'' + fi^)sinV"n'«' 

.^ /[(a''-C"')co»iV.'-(il''-C '''>BinV. 'fMV-(.d'*- g')siiiV.'sin^7p l 
\ +4(,4''-6''')(^-C'')8inV.'caiiV.'">«v/ 

^ A -J'^Ln'».' + gM-sinV7"c^'«>') -C'-t ^V.' 1 sinVV^'.7)f \ [ "> 
1 +4(.,4'»-C'')'{S^-C")«in'*.'e<»V.'oo«v/J 

(for the choice of sqnare root-^gn see p. 345j. On replacing here f,' by its valne 
from fonnnia (69), we obtain an eq^uation for the determination of ^.' as functioa 
of 0, V, w' and the medium constants A\ B , C, all of which are given ; for the 
actual determination of ^,' see the euauiug particular caaea of the given geneisl 
one, for which the given equation will assumo simpler formB. After having thus 
determined ^,', we could then express v,' by formula (j) in Urais of ^, p, u' 
and A', R, C. 

Upon the determination of 0.' and v,' in temia of ^, v, u' and A , B", C, we 
oould then express (.' by formula (r) in terms of the latter and B,', which ft,') 
could be determined by formulae (l), as formulated above, as function of ^/, m' 
aod A', B", C, hence ^, v, u' and A', B', C (ct, above). 

For the given case, where the medium O or that of the incident waves is 
isotropic, we determine fiixt by formulae (86) the uninutial azimlitba 8o and 6, Mb 
functions of ^, ip,', 8,', and <,', then by formulae (91 ) the component amplitudes 
a, and a, along those azimuths as fuuctions of a, B and B„ hence a, B, ip, ^J, 9,' 
and f/, and lastly the amplitudes A^' and Ac of the two refracted wavea by 
formulae (92) and the resultant amplitude Oj and azimuth fl, of the reflected wave 
by formulae (94) and (95) reapectively oa functions of a„ Q„ ^, ^.', 9,' and <.*, 
heuoe a, B, <p, ^,\ BJ and tj, and we then replace in the formulae found the 
quantities ^,', tf.' and f,' by the above valuee in terms of v, ^, w' and A', B, C. 

16. Examine, as in Ex. 14, the problem on reflection and refraction for the 
particular case, where the waves pass from an iaotropic into a cryatslline medium 
and either the principal axis y' (Z>g') or z' {D^) of the crystal coincides with the jr 
or z-axis respectively of the system of coordijiatca x, y, z, to which the reflecUng 
surface ia referred (cf. also Fig. 40). 
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16. Show for the particular ewe of Ex. 14, where <i»' = t), that is, where the 
prinoip^ axe* x', y*, t' of the cryttal coincide with the coordinate-axe* x, y, i 
(of. Figs. 40 and 42}, that formnla (j), Ex. 14, aunmes the simple form 

i7.'»=iU''«In»0.' + £''ooe'^,' + C'»± -Ji - A'^ain'-fi,' - fi"co«i*#,' + O")*], 

bence v/'^C and v,''—A'^Bia'^,' + B^coii'^,' {*) 

(of. p. 345), and then determine ^,', n,', 0,' and (,' In lerma of ^, o and A', S, O', 
and a„ 8„ A^, a, and ff, in ternu of a, B, ^, t> and A', B', C (cf. Ex. 14). 

Replace t^' and t^' by their valaea from formula (09) in formulae (a), and we 

■m ^ _ -5 — 



ainV.'- 



J'^Bin V.'-f J^co>'»,' . 



,.-c and V=:7f a ,:.r^^::ii^ W 



g'BJi.y 

^-"(:4''-B^)ein»#' 

that ia, ^,' and #,' detennbed aa functione of ^ v and A!, B, C. By theoa 
expreBtioni for ^' and ^/ and by formnla (69) we then Sod the followiag valoea 
for v^ and e/ iik terma of ^, v and ^', £*, C : 

~Vu*-(i'*-B")8L 

Since now by ouumption ^'^ > fi^ > C (cf. p. 344), it followa from Freuiel'a 
conatmction for the detennination of the two aingular directions of oacillation in 
a cryatoIUne raedium that for all values of ^,' the one ur longer principal axis of 
the ellipse formed by the interaectioD of the pLitie 

- cos ipjx + sin ^,'y = 
and the ellipeoid A-'s? + B^'^ + CV =1, 

the particnlar form asanmed by formul&e (i), Ex. 14, for u'=0, will ooinoldebere 
with the i-axia of our coordinatea x, y, z, whereas the other prinoipal axis will 
evidently lie in the zy-plone, the plane of incidence; that ia, S.' = v/2 or 
(k=0 and e). By Fresnel's constrnction all oscillations parallel to the z-axia 
will now be propagated here with one and the same velocity (cf. p. 343) ; by 
formulae (b) the oscillations that travel with one and the same velocity of 
propagation for all values of ^,' are thoee of the ordinary refracted wave ; it thua 
follows that e^' = rlZ and fl.'^O, 

Replace ^.', v.', and 8,' by the above values in formula (I), Ex. 14, for t,', and 
™1»™ coei.' = l 



that la, (,' and 



K-(J'> 


-ffV 




'coi'*.' 






'-^--[a-- 


'^B-'i, 


riff 

iin>V>/f> + ^'=(^-» 


-B^)li\ 


iV 




Vr-if' + l 


fi{A-*- 


B"']''uu^<t-A'*\.A'*- 


iTj'sinV' 






:J'*2 


V=o 








tant, 


~"" x^B- 






t,' determined a 




B-.C 


• (cf. Bx. 14). 
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By the above values for 9,' and <,' formalae (8fi) eviilently give 
tan6,= ae and taDe,=0 
or Qt-rji and 9,^0, 

and henoe foiuiulae (01) 

ag=aBintf and a,~aoot8. 

Next, replace ^,', 0.', <,', 0, and a. by the above valaes in formalae (92) for 
the amplilndea. A / and A,' of the two refracted iravea, and we have 

A ' = aaaS " '" * 'i° ^ 

(7' (-.'c' - C""* Bin V + <?' coa #) 

«nd.</ = oooa#"^, ^^i^ 

""*• »ln(0 + Oeoa(^- #.') + — ^—sin#s'ti»-J'«BinVam«*,' 

that ia, ^g' and A,' determined aa fonctiooB of a.B,^,v and A ', S', C (cf. Ex. 14). 

Lastly, replace #,', C.', c,', 6, and a, by the above valuea in formnlie (94) and 

(03) for the reaultant amplitude a, and asimuth ^, of the reflected wave, and 





Hn(*-^')co«(* + 0,')-:^^y^s 






ii*v'»'-,I'>sin>(.iiii»< 




rin(# + *.')coa(*-*.') + :l^j^B 






ii«V«*-^'>«inV«inV; 



I U/«=-C'='fliuV + C'oos*J 



nV[i /' + (.,l''-B^)>ip' 

" Lu>[w>"{^'*-ii'')ainV]eoi 



'iU'} 



tan0, = tan tf 



sin{* + Ocoi(*-#.')+ ^~f^, Bin^s'B'-^'>«in'«i«nV' 

" ji-S'J — 

Biu(0-^')co8{^ + 0,') j^p— Bin*VB'-J"ain*0«in»^' 

= - tan ■*^"'^^'' '^'V - P' «>« ^ 

«^"^'"'BiuV+ C" COB ^ 

^ t ''[o'-U ''-g'lBin V]co B» + .B'Vr'- ^''Bii;V[ t'* + (^'»-g')ginV ] 
''t^[D'-(^''-B'')Bin»^]ooa#-ffs'o'-i4"ainVi'^+U''--fl')ainV)' 
that is, a, and ffi determined u functions of a, S, •/•, » and .4', B", C (cf. Ex. 14). 
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EXAMPLES. 395 

IT> Show for the puticukr caM of perpendicular incidence on the surface of 
• oryttkl (Ex. II), where the normal to the reflecting lurface coiucitlea with one 
of the principal axis, the y-axia (cf. Ex. 14), of the crjital, that the foar unliDOwa 
quantities A^, A,', a, and 0] are determined by the formulae 



.d,'=2oain(ff + 



'(D+C')f" 



»(* + "'),- 



{v^B']B" 



And tan 9, = 



[.ta.,.*,.,(;;|;)%c«.,....,(Ji|)-] 



co«»'ain (fl + .»' Hp-C'l(r+g)-gin«'co3(g + w'Kp + C')(l'- g) 
^«'Biii(« + «'Ki--C"")[i' + ^l+"ooB«'coa(ff + u'}(» + "C')(p-ff)' 
It is evident from Fresnel's conatruution that the two oztmuthii t^ and S,' of 
<Mci]UtioD in the cryatal will be here 

g,'-rji-ia- and #,'=-«' .....(a) 

(cf. Ex. 16), where the relative poaition of the axes x, y, z and x', y", s' is that 
represented in Fignre 42. 

For ^=0, hence ^,'=0, formulae (A), Kx. )G, evidently give 

ii,' = C' and r.' = B' (b) 

[For perpendicular incidence there will be, strictly speaking, two singular 
directioDB of oacillation with one common direction of propagation within the 
arystal, that is, there will be no bifurcation of the incident waves into ordinary 
and extraordinary (ratractcd) ones. Wa cannot, therefore, well discriminate here 
between the velocities of propagation of these two systems of oscillation, whether 
the one or the other value correspond to the velocity of the ordinary or to that 
of the extraordinary wave; for this reason these values for the velocities of 
propagation can easily get interchanged according to the method of treatment 
of the problems in question (cf. following examples}]. 

By formulae (a], formulae (I), Ex. 11, evidently ass ume here the simple form 

a.=o COB (tf + (*'). / 

Beplace 0,', t>.', and a, by the above valnes in formulae (f) and (a), Ex. It, 
and we find the formntae sought. 

18. Show for # = and u' = U that the formulae of l>oth Ex.'s Ifl and 17 for 
the four unknown qusmtities A^, A,', a, and 9, reduce to 



-..(c) 



.X,'=2asin0 



(v+C-)C" 



19. Examine the particnlar case of perpendicular incidence on the surface of a 
crystal (Ex. II), where either the principal axis y' (Z>,') ot x' (i>,') of the crystal 
eoincides with the y or z-axis respectively of the system of coordinates x, y, t, 
to which the reflecting surface is referred (cf. Fig. 40). 
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396 ELECTROMAGNETIC THEORY OF LIGHT. 

20. Ex&tnitie the problem on raflection and reFisction on tbe Burface of a 
crystal (or the particalar cue, where the priucipal axes of the cryatal coincide 
with the ooordinate-axes x, y, z {Ex. ISj &□<! the angle of incidence # ia ao chosen 
that* + ^„' = x/2. 

By Ex. IS, where $ was arbitrary, we had 

Replace here ^g' by its present value 1 = '0). and we find the following value 
and henoe the fallowing Toluea for ^' and ^/ : 

the more general formulae 



U''-.sVp'-M''-cr'i 



2B'C'(i ^- ^''+g'' + C'')* 



+ fl'Vi>>-J'' + 6"'(.* + J'»-S^ + C'')] 



and 

tantf, 

31. Show for the particular case of reBection and refraction on the surface of a 
crystal, where the principal axes of the crystal coincide with the coordinate -axes 
X, y, z (Ex. 16) and the angle of incidence ^ is iio cliosen that ^ + ^' = i'/2, that ^ 
is determined by the equation 

U''-B'')flinV-(ti' + .^'')sinV + "'=0 (*> 

22. Examine the particular coae of reflection and refraction on the surface of a 
crystal, where the principal axes of the crystal coincide with the ooordinate-axea 
X, y, z (Ex. 16) and the angle of incidence ^ is »o chosen that the two unizadial 
azimuths 6i,(and O^. oE the rejected oacillations coincide. 
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Beplkoe 610 and Q,, bj their valnea in terms uf 41, ^,', 9,' and e.' (cf. formulae 
(86) ] in the conditional equation Ojg = Oi, for the determination of ^ and we hav« 

Bin 9.' Bin (^^ W) 

COB e,' sin (*- *o') COS (* + M - t»" '0' biuVb' 

^ Bi ne/Bin(j.- ^. ') 

COB *.' Bin I*-'*,') cos [* + ^') - tan e,' ainW 
(the particular angle of lucideDce ^ determined by this equation wtm denoted by 4 
in text). 

Next, rcplftoa in tbis conditional equation for « 9„' and S.' by th«ir values t/2 
and respectively for the given particular CMe iii''=0 (cf. Ex. 16), and we have 

MP [»■- »»') _. , u) 

b Bin(0-^')cos(* + 0/)-tiinf,'sin'^ 

hence aid(fli-0Q') = O 

or ain(«-*.')ooB(^ + «,')-tan(,'BinV=0. (") 

The former of theee two conditional equatiooB evidently gives either C' = v, which 
corresponds to no dividing surface [with reapect to the z^i^ axis), or 0=^'=O, 
hence ^,' = 0, for which the azimuthe 9,o and 6,j do not coincide, as we have 
Been in Ek. 11 — the left hand member of the conditional equation (A) then 
becomes indeterminate (^0). 

On replacing ^.' snd t,' by their values from Ei. IB for the given case, (/zrO, 
in the latter conditional equation (b), we con write it in the form 

v'[p'-(J'»-fi'»)BinV]ooB0 = irv'u'-^''ainV[i'' + (v4''-ff')ainV], (c) 

the equation sought for the determtnati<Hi of ^ in terms of v and A', B", C" ; 
observe that this eqoation does not contain the azimuth of oBcillation S of the 
incident wavea. 
Equation (c) gives 

-[o' + 2(^'»-B'»)t^ + (<l'>-2B^}S^]B'ainV+(t^-£^)»*=0,(r>) 
an equation of the third degree in sin^ The actual solution of this equation 
and the examination of its roots is of particular interest (of. C. Curry : " On the 
Electromagnetic Theory of Reflection and Refraction on the Surface of Crystals." 
Beport 0/ British AModation, Bristol, IS97). 

23. Examine the problnn on reflection and refraction on the surfaoe of the 
unlaxal crystal A'^ff for perpendicnlar incidence. 

The velocity of propagation v,' within the crystal will be given here by the 



v.'*=\{(B^*0-*){eo^*{3f, i) + co«»(y', !r)] + 2ff*ooS'(i', x) 
±(ff'-C'»)[coB»(«', x) + oos'jy'. a:)]} 
(cf. formula (40) and the expressions on p. 366 for \, ^i^^ rg), hence 

t>o''=^[coB>(a:', a;) + coB'(y', ar) + co8'(t'. i)] 
and fc,'»=C'"[coB»(3:', x) + cw?W, i)] + ff'cos»(i', x). 

or, since cob*(x', i) + cos'(y', z) + co«'(3', arl=l, 

Vt-*=B^ 
and tt,'«=e''sin'(i', x)+B'*c<»\z', x) 

(cf. text to formulae (B), Ex. IT). 

Replace vg'Mid v,' by these values in formulae (f) and (o), Ex. II, which hold for 
the corresponding case in biaxal crystals, and we obtain the formulae sought for 
the determination of the four unknown qnantiticB A^, A,', a, and 0,. 
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398 ELECTBOMAGNETIC THEORY OF LIGHT. 

24. Sbow for perpendicular incidenoc od Che BurfAca <if tha nninx&l crystal 
ff — C that the velocitiea at propagntion of the refracted wavei are given by the 



and v.'*=A'*a.a\x', a:)-*- C""coa»(ie', jc). 

We obtkin the formulae for the four anktiown qiuntitiea A^, AJ, a, Mid tf„ oa 
replacing Vg' and r/ b; Uiese vatuea in formuIkB (r) anil {a), Ei. 11. 

25. Determine for the particular case, where the Qormal to the reflecting 
•arfaee coincides with the principal axis x' {D^') (cf. Fig. 40) of the uniai«l 
oryetal A' =8", tbe velocitiea of propagation and the anglea ot refraction of the two 
refracted wave*. 

For A' =8" formula (j), Ex. H, which holda (or the oorreeponding case in 
biaxal cryitals, asmmee the fomi 

e.'»=i[jB^<l+BinV.'wQ'«'l + C'>(l-Bin>«.'Hn*»') 
± (B^ - C) (006" *,' + ain* *,' cob" «')], 
beiuM 9^-^=3^ 

and p,''={S^-C'»)>in»*,'«in'»' + C^ 

Replace rg' and v,' by these volnes in the relation {69) between the ^'s and the </a, 
and we find the following values for ^' and 0,' in temu at ^, v, ti and 
A',B; C: 

, .^. S-Bin'^, 






?-(iC>-C"«)8inV»i 



and hence the following values for i'/ and v,' in terms of ft, v, u' and A', B", C : 



• p" - (fl^ - 6"»)ainV"in* "" 
36. DetermiDe tbe four nnknown quantities ^g'. A,', a, and 0, in temu of a, 9, 
^, V and A', B', (7 (cf. Ex. 11) for the particnlar case of the preceding example, 
where u' = (ef. also Ex. 16). 

27. For perpendicular incidence the formulae of Ex. 25 for the velocities of 
propagation of the refracted waves assume tbe form 

Vfi'^B' and p.' = C 
{of. tevC ta formulae (B), Ex. 17). 

28. Show for the particalar case, where the normal to the reflecting surface 
coincides with the priocipat axis x' of the uniaxal crystal B' = C', that the 
velocities of propagation and the angles of refraction of the refracted waves 
are determined by the expreasionB 

'"°^'^* "''*~«'-(.^'^-C")sin'*' 

and sm' *, = — ^p— , sin' 0. _ ^ _.^^-^^-^,.^, 

Observe that these expressions do not contain the angle u', a result we eoald have 
anticipated, since for B' = 0' the crystal has no principal axes fo the y: plane. 
Show also that ''o' = *'/2, P-'^O, 

,.-0 and Un..-= ''^--^"'-"; y ''-'''-'°y 
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We conid Abo obtoia these formulae directly, on patting B' = C' in those of 
Ex. IB, where (/ = 0. The fonnnUe for tlie HetermJubtioo of the four unknown 
quaDtiliei A^', A.', Oj and tf, will thus follow directly from those of Ex. 16, where 
w' = 0, if we put there Bt~0'. Observe that ihe Bi(jre«aion for J,' undergoae 
thereby no cluuige, that is, it is imiiisreriftl here, ui fur us the amplitude of the 
ordinary refructed wave is coDcemed, whether the crystal employed be a biaxal 
or au uniaial one. 

29. To obtain the foMnuIne for the particular case of the preceding example, 
where the waves are incident at right angles to the surface of the orystal, we put 
£' = CaQd w' = 0(cf. ESx. 28) in the formaUe of El. 17, the corresponding esse in 
biaial crystals, and we have 






v-C 

Obeerve that these formulae are identical to those that hold OD the surface of 
an isotropic insulator, through whiuh elect romagoetic waves aru propagated in all 
directions with one and the same velocity tr' = C(cf. Chapter Vll.); it thus follows 
that waves incident at right aniiles on the given surface of this uniaxal crystal will 
be reSected and refracted as on the surFace of an isotropic insulator ((/= C). 

30. Show that the formulae of Ex. 20 for the detenninatioo of the four 
unknown quantities Aa, A,', a, and 6, assume the following form on the surface 
of the aniaxal crystal A' = B' : 

A--.«nB ^ 



B [vC' + B'N/B'-ir' + C""] 

and tan9=-tane"'— " V^l±^^lfZ^-^ 

' B> + 0'= ■ vO'-B'-Jv''- ff' + C"' 

31. Examine the problem on reflection and refraction on the surface of the 
tmiaxal crystal A' =3" for the particulur case, where the principal axes of the 
crystal coincide with coordiuate.axes x, y, z and the angle of incidence is so 
chosen that # + 0,'^t/2 (cf. Ex, 21). 

For A' = £' equation {a), Ex. 21, gives the following value for ^; 



■U^ 



(cf . also Ex. 33). 

Replace ^ by this value and put A'^B" iatha formulae of Ex. 16, which hold 
for the correcpondiog case in biaxal crystals where ^ was arbitraiy, and we find 
the following Tslues for the four nnknown quantities sought : 

A '-join e ^'^'^ 

• VXvJf^ + H^-C-' + B-O']' 

A,' = acoaS-K 



vJt^+B^-C+RC 
= 00 hence 9,=t/2. 
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32. Determine the qtunttlies A^, At, a, uid #, for the particnlar cub of 
reflection uid refraction on the snrface oE the uniaxol cryBtal R — C, where the 
Dormol to tbe reSeoling anrftce coincides with the principsJ kxU jf <A the cryitel 
and tbe angle of incidence ^ is ao choaen that ^ + ^'=w/2. 

For the complemental coae, where 0-f^'=r/2, ^ waa determined b; the 
quadratic equation (a), Ei. 21. 

33. For the uniaial crystal A'= ff equation (d), Ex. 22, for the detennination 
of ^ eorretponding to tbe condition e,,=e„ reduces to 

-(p*-S'*)BinV + i^(t^-B^)=0> 

hence gjn'^^ -j— ^ ; 

that ia, here there is only c>ne value of ^ for which 0|s=B|p Obeerre that thia 
value is that (a), Eir. 31, already found for tbe corresponding case, wbete ^ waa 
thereby determined that ^ + ^,'=-r[2. It thus follows that there is one and 
only one angle of incidence 0, for which ordinary light will be reflect«d at 
linearly polarized fropn the surface of the oniaxal crystal A' = S' cnt parallel to 
its (one) optical axis (cf. p. 344), and that angle of incidence is thereby 
determined that + ^.' — r/2, thai is, the angle of incidence and the angle of 
refraction of tbe extraordinary refracted wave must make a right angle with each 

The nnknomi qnantities A^, A,', a^ and 0, will evidently he given here by tbe 
same formulae as those that hold for the corresponding ease, where ^ + ^,' = r/2 
(ct. Ei. 31}. 

Observe that for the aniaxal crystal R — C the equation for tbe determinatim 
of ^ retains here its general form (A), Ex. 21. 

34. For A' = ff-C' = '>f conlirm that the formulae of the above examples all 
rednce to those (cf. Chapter VII. ) that bold on the surface of the isotropic insulator, 
through which electromagnetic disturbances are propagated in all directions with 
one and the same velocity v'. 

35. Examine tbe problem on total reflection on the surface of nnlaxal crystals. 
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